
PROBLEM OF THE WEEK

Solution of Problem No. 5 (Fall 2001 Series)

Problem: Suppose a, b ∈ C (complex numbers) and b 6= 0. Let (x2 +ax+b)−1 =
∞∑
k=0

ckx
k

for |x| sufficiently small. Show that the ratio of determinants∣∣∣∣ ck ck+1

ck+1 ck+2

∣∣∣∣ / ∣∣∣∣ ck+1 ck+2

ck+2 ck+3

∣∣∣∣
is independent of k.

Solution (by Eric Tkaczyk, Jr. EE and MA)

Since we are given 1+0x+0x2 + · · · = (x2 +ax+ b)

∞∑
k=0

ckx
k, the following recurrence

relation must hold:

bck+2 + ack+1 + ck = 0, ∀k ∈ N.

Whence

(1) ck = −ack+1 − bck+2

and

(2) bck+3 = −ack+2 − ck+1.

Thus

ckck+2 − c2k+1 = ck+1(−ack+2 − ck+1)− bc2k+2, by (1)

= ck+1(bck+3)− bc2k+2, by (2)

= b(ck+1ck+3 − c2k+2).

Hence, the ratio of the determinants is b, clearly invariant with respect to k.
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Faculty: Steven Landy (Phys. at IUPUI)

Others: Michael Hamburg (Sr. St. Joseph’s H.S., South Bend), Jing Shuo (Gr. So. China

Tech.) Dan Vanderkam (Sr. St. Joseph’s H.S., South Bend)


