
PROBLEM OF THE WEEK

Solution of Problem No. 6 (Fall 2001 Series)

Problem: Suppose α, β, γ, δ are real numbers and eiα+eiβ = eiγ+eiδ. Show that, modulo

2π, either

(a) {α, β} = {γ, δ}, or

(b) α = β + π and γ = δ + π.

Solution (by the Panel)

Suppose eiα + eiβ = 0, then also eiγ + eiδ = 0, and we have

ei(α−β) = −1, α− β ≡ π (mod 2π), also γ − δ ≡ π (mod 2π).

Assume eiα + eiβ 6= 0, so that eiγ + eiδ 6= 0. eiα, eiβ are represented by vectors from the

center O to the perimeter of the unit circle C and, by assumption, the angle between them

is < π; 1
2(eiα + eiβ) is the vector from O to the midpoint of the segment from eiα to eiβ .

eiγ is a unit vector from O to the perimeter of C, and if this vector is to the left (right)

of eiα then eiδ is to the right (left) of eiβ because the vector 1
2 (eiα + eiβ) has the same

direction as 1
2(eiγ + eiδ). But then the magnitudes of 1

2 (eiα + eiβ) and 1
2(eiγ + eiδ) are not

the same. Hence eiγ must coincide with eiα or eiβ , {α, β} ≡ {γ, δ} (mod 2π).

Also solved by:

Undergraduates: Haizhi Lin (Jr. MA) Stevie Schraudner (Sr. CS/MA), Eric Tkaczyk (Jr.

EE/MA)

Graduates: Keshavdas Dave (EE), Gajath Gunatillake (MA), George Hassapis (MA), John

Hunter (MA), Chris Lomont (MA), Ashish Rao (EE), K. H. Sarma (Nucl E), Amit Shirsat

(CS), D. Subramanian & P. Ghosh (CHME)

Faculty: Steven Landy (Phys. at IUPUI)

Others: Jayprakash Chipalkatte (B.C. Canada), K. Premkumar (I.I. Sci, Bangalore, India),

Alexei Sedov (Batavia, IL), Jing Shao (Gr. So. China Tech.) Aditya Utturwar (Grad.

AE, Georgia Tech), Dan Vanderkam (Sr. St. Joseph’s H.S., South Bend)

Three unacceptable solutions were received.


