
PROBLEM OF THE WEEK

Solution of Problem No. 12 (Fall 2003 Series)

Problem: Given n points P0, P1, · · · , Pn−1(n ≥ 3), equally spaced on the unit circle.

Determine
∑

0≤k<`<n |PkP`|2.

Solution (by Steven Landy, Fac. Physics at IUPUI); edited by the Panel.

S =
∑

(0≤k<`<n)

|PkP`|2 =
∑

(0<`<n)

∑
(0≤k<`)

|PkP`|2 =
∑

(0<`<n)

∑
(0≤k<`)

|P0P`−k|2

=
∑

(0<`<n)

∑
(0<j≤`)

|P0Pj |2.

(Since |P0Pn−j | = |P0Pj| and |P0P0| = 0.)

S = (1/2)
∑

(0≤`<n)

∑
(0≤j<n)

|P0Pj |2 = (n/2)
∑

(0≤`<n)

|P0P`|2.

Since
|P0P`|2 = (1− e2πi(`/n)) · (1− e−2πi(`/n)) = 2− e2πi(`/n) − e−2πi(`/n),

S = (n/2)
∑

(0≤`<n)

(2− e2πi(`/n) − e−2πi(`/n)) = n/2 · 2n = n2.

Also solved by:

Graduates: Jianguang Guo (Phys), K. H. Sarma (NucE), Amit Shirsat (CS)

Others: Miguel Cañizales-Angel Plaza (ULPGC Spain), Prithwijit De (U.C.C. Cork, Ire-

land), Georges Ghosn (Quebec), Namig Mammadov (Baku, Azerbaijan), Rob Pratt &

Feng Chen (UNC, Chapel Hill), Dr. Troy Siemers (MA-CS, V.M.I.)


