PROBLEM OF THE WEEK
Solution of Problem No. 7 (Fall 2004 Series)

Problem: Prove (without calculus) that cot § + cotg +cot 3 > 3V3 if a, 3,~ are the
angles of a triangle.

Solution (by the Panel)
Let p be the half-perimeter of the triangle, and let a, b, c be its sides. Denote by r the
radius of the inscribed circle. Then
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Therefore, M := cota/2 + cot /2 + cotvy/2 = p/r = pz, where A is the area of the

triangle. We use the fact that for a triangle with a fixed perimeter, the area is maximized

{fcﬁ \/_p2 therefore M > 9/4/3 = 3/3.

when a = b = ¢, and then A = —

Now, we will prove the statement above. It is known that

A= +/p(p—a)(p—1b)(p—c).

_ —b _ 3/2 2
Therefore, A < /p ((p o)+ 3 )+ (P C)> 31)_\/_ %p and this is the
inequality we used (it turns into an equality if and only if
p—a=p—b=p—c<=a=b=c).

Second Solution (provided by T. Pollom, HS student, edited by the panel)

The function cot z is convex on (0, 7/2) because its second derivative is positive. Therefore,

a/2+ﬁ/2+’y/2> .Y
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§(cota/2+cotﬂ/2+cot7/2)Zcot( 3
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