
PROBLEM OF THE WEEK

Solution of Problem No. 1 (Fall 2005 Series)

Problem: Evaluate the product
∞∏
n=2

n3 − 1
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.

Solution (by the Panel)

Let PN =
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. We need to show that PN converges and to find lim PN .
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, we have
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The reason for this equality is many cancelations but just because the first 3-4 terms

cancel beautifully, does not mean that all of them will. Below, we prove that (1) and (3)

are indeed equal.

Set

P
′

N =

N∏
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n− 1

n+ 1
, P

′′
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N∏
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.

We need to prove that

(4) P
′

N =
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, P

′′

N =
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3
, N = 2, 3, . . .

We will use mathematical induction and will show how to prove the second equality only.

First, P
′′

2 = 7
3
, so it is true for N = 2.

Assume if it is true for N = k, i.e.

P
′′

k =
k2 + k + 1

3
.



We will show that it is true for N = k + 1. Indeed,

P
′′

k+1 =
(k + 1)2 + (k + 1) + 1

(k + 1)2 − (k + 1) + 1
Pk =
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3
.

Therefore, the second statement in (4) holds for N = k + 1 as well.

By the principle of math induction, it is true for any N .

Now, take the limit N →∞ in (3) to get

∞∏
n=2

n3 − 1

n3 + 1
=

2

3
.
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