
PROBLEM OF THE WEEK

Solution of Problem No. 11 (Fall 2005 Series)

Problem: Evaluate ∞∑
n=0

n

n4 + n2 + 1
.

Solution (by Georges Ghosn, Quebec)

The series
∞∑
n=0

n

n4 + n2 + 1
converges because for n ≥ 1,

0 <
n

n4 + n2 + 1
<

1

n3
and

∞∑
n=1

1

n3
converges.

On the other hand, we have:

n

n4 + n2 + 1
=

n

(n2 + 1)2 − n2
=

n

(n2 − n+ 1)(n2 + n+ 1)
=

1/2

(n2 − n+ 1)
− 1/2

(n2 + n+ 1)
.

We pose an =
1/2

(n2 − n+ 1)
⇒ an+1 =

1/2

(n2 + n+ 1)
.

Therefore:

SN =

N∑
n=0

n

n4 + n2 + 1
=

N∑
n=0

(an − an+1)

= (a0 − a1) + (a1 − a2) + · · ·+ (aN − aN+1) = a0 − aN+1

=
1

2
− 1/2

N2 +N + 1
.

Finally:
+∞∑
n=0

n

n4 + n2 + 1
= lim
N→∞

SN =
1

2
.
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