
PROBLEM OF THE WEEK

Solution of Problem No. 14 (Fall 2006 Series)

Problem:

Find all positive integers n such that the decimal expansion of n! ends with 2006 zeros

but not with 2007 zeros. Use of computers or calculators is not allowed.

Solution (by Georges Ghosn, Quebec, edited by the Panel)

The exponent of a prime p in the prime factorization of n! is equal to
∞∑
i=1

[
n

pi

]
which is

a finite summation because

[
n

pi

]
= 0 for i > logp n. Here [x] is the integer part of x.

Therefore, n! = 2a · 5b · · · with a =
∞∑
i=1

[
n

2i

]
and b =

∞∑
i=1

[
n

5i

]
.

But for n ≥ 2, we have b < a, therefore in order to have the decimal expansion of n! ends

with exactly 2006 zeros, b must be equal to 2006.

But b = 2006 =
∞∑
i=1

[
n

5i

]
<

∞∑
i=1

n

5i
=
n

5

∞∑
i=0

(
1

5

)i
=
n

5
× 1

1− 1
5

=
n

4
, therefore

n > 2006× 4 = 8024.

The exponent of 5 in 8025! is equal to

∞∑
i=1

[
8025

5i

]
= 1605 + 321 + 64 + 12 + 2 = 2004.

Therefore, the smallest n for which the exponent of 5 in n! is equal to 2006, is 8035.

Hence the integers are 8035, 8036, 8037, 8038 and 8039.

At least partially solved by:

Undergraduates: Immanuel Alexander (So. MA&CS), Alan Bernstein (Sr. ECE), Nate

Orlow (So, MA)

Others: Mark Crawford (Sugar Grove, IL), Nathan Faber (Sandusky, OH), Yunting Gao

(China), Steven Landy (IUPUI Physics staff), Steve Spindler (Chicago)


