
PROBLEM OF THE WEEK

Solution of Problem No. 1 (Fall 2009 Series)

Problem: For each odd positive integer n, show that

1 · 3 · 5 · · · (2n− 1) + 2 · 4 · 6 · · ·2n

is divisible by 2n+ 1.

Solution (by Brent Woodhouse, Freshman, Purdue University)

We evaluate the given expression modulo 2n+ 1. For k = 1, 2, . . . , n, note that

2k ≡ −(2n+ 1− 2k) = −(2n− (2k − 1)) (mod 2n+ 1).

Replacing each of the n even integers of the form 2k in the product 2 · 4 · 6 · · ·2n with the

corresponding negative odd integer −(2n − (2k − 1)) to which it is congruent yields the

following:

1 · 3 · 5 · · · (2n− 1) + 2 · 4 · 6 · · ·2n
≡ 1 · 3 · 5 · · · (2n− 1) + (−(2n− 1))(−(2n− 3)(−(2n− 5)) · · · (−5)(−3)(−1) (mod 2n+ 1)

≡ 1 · 3 · 5 · · · (2n− 1) + (−1)n(1 · 3 · 5 · · · (2n− 1)) (mod 2n+ 1)

Because n is odd, (−1)n = −1 and

1 · 3 · 5 · · · (2n− 1) + 2 · 4 · 6 · · · 2n
≡ 1 · 3 · 5 · · · (2n− 1)− 1 · 3 · 5 · · · (2n− 1) ≡ 0 (mod 2n+ 1).

Thus the given expression is divisible by 2n+ 1.

The problem was also solved by:

Undergraduates: Kilian Cooley (Fr. ), Abram Magner (Jr, CS & Math), Artyom Melanich

(Fr. Engr.)

Graduates: Richard Eden (Math), Rohit Jain (CS), Vitezslav Kala (Math), Xin-A Li

(Phys.), Andy Newell (CS), Benjamin Philabaum (Phys.), Sohei Yasuda (Math), Tairan

Yuwen (Chemistry)



Others: Neacsu Adrian (Romania), Andrea Altamura (Italy), Syd Amit (Graduate stu-

dent, Boston College), Brian Bradie (Christopher Newport U. VA), Gruian Cornel (IT,

Romania), Sandipan Dey (Graduate student, UMBC), Mihaela Dobrescu (Faculty, Christo-

pher Newport Univ.), Phil Duval (France), Nathan Faber (CO), Elie Ghosn (Montreal,

Quebec), John Hyde (Hoover, AL), Chris Kennedy (Christopher Newport Univ.), Steven

Landy (IUPUI Physics staff), Sorin Rubinstein (TAU faculty, Israel), Steve Spindler

(Chicago), Sahana Vasudevan (8th grade, Miller Middle School, San Jose, CA), Yansong

Xu (Brandon, FL)


