
PROBLEM OF THE WEEK

Solution of Problem No. 5 (Fall 2009 Series)

Problem: Given n points on the sphere of radius 1, show that the sum of the squares of

the distances between them does not exceed n2?

When does this sum equal n2?

Hint: Use vector algebra.

Solution (by Richard Eden, Graduate student, Math, Purdue University)

For i = 1, 2, . . . , n, let Pi be one of the n points and ri the vector from the center of the

sphere to Pi. We want to show that
∑
i<j

‖PiPj‖2 ≤ n2. Since PiPj = rj−ri and ‖ri‖2 = 1,

then

‖PiPj‖2 = ‖ri‖2 + ‖rj‖2 − 2〈ri, rj〉 = 2− 2〈ri, rj〉.

Therefore

∑
i<j

‖PiPj‖2 =
1

2

n∑
i,j=1

‖PiPj‖2 =
1

2

n∑
i,j=1

{2− 2〈ri, rj〉} = n2 −
n∑

i,j=1

〈ri, rj〉

= n2 −
〈 n∑
i=1

ri,

n∑
j=1

rj

〉
= n2 −

∥∥∥∥ n∑
i=1

ri

∥∥∥∥2

≤ n2.

Since

∥∥∥∥ n∑
i=1

ri

∥∥∥∥2

≥ 0,

we see that the sum is n2 (i.e. equality occurs) if and only if
n∑
i=1

ri = 0.

The problem was also solved by:

Undergraduates: Clara Bennett (Phys), Andy Bohn (Jr. Phys), Artyom Melanich (Fr.

Engr.), Kun–Chieh Wang (So. Math), Brent Woodhouse (Fr. Science)

Graduates: Rodrigo Ferraz de Andrade (Math), Vitezslav Kala (Math), Tairan Yuwen

(Chemistry)
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