PROBLEM OF THE WEEK
Solution of Problem No. 9 (Fall 2009 Series)
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Problem: Let, forn =0,1,2,..., f,(z) be defined by the equation e” f,,(x) = Z
k=1
Show that f,(x) is a polynomial of degree n + 1 with integer coefficients.

Solution (by Gabriel Sosa, Purdue University, West Lafayette, IN)

Let’s consider the matter of convergence first
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So the radius of convergence is oco.
Now I will use induction. Let n = 0. Then
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So fo(x) = .
Now assume that for n = m, f,,(z) is a polynomial of degree m + 1 with integer
coefficients.
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Also notice that [e” - f,,(z)] = U and the term by term differentiation
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is valid for all x. So
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So e fmy1(2) = x - (7 - (fm(2) + [,(2))). S0 fmi1(z) = 2 - (fm(2) + f1,(2))-

Since f,(x) has integer coefficients, so does f/,(z). The degree of f,,(z) is m + 1, so
degree of f], () is m, and degree of f,,(x)+f),(x) ism+1. So frq1(x) = z-(frm(x)+ 1. (2))
is a polynomial of degree m + 2 with integer coefficients.
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