
PROBLEM OF THE WEEK

Solution of Problem No. 2 (Fall 2010 Series)

Problem:d What is the smallest amount that may be invested at interest rate i%, com-

pounded annually, in order that we may withdraw 12, 22, 32, . . . dollars at the end of the

1st, 2nd, 3rd, . . . year, in perpetuity? (For i = 10, the answer is 2310 dollars.)

Solution (by Yue Pu, Freshman, Exchanged student from China)

Let k = i%. At the nth year, we withdraw n2 dollars which is
n2

1 + k
dollars at the (n−1)th

year, since
n2

1 + k
dollars at the (n− 1)th year, together with its interest at the nth year,

is exactly n2 dollars. We do this repeatedly and conclude that n2 dollars’s withdrawal

is exactly
n2

(1 + k)n
dollars at first. Then, the smallest amount S is the following sum of

infinite series

S =
∞∑
n=1

n2

(1 + k)n

⇒ k2S =((1 + k)2 + 1− 2(1 + k))S

=(1 + k)2S + S − 2(1 + k)S

=(1 + k) + 22 +

∞∑
n=1

(n+ 2)2

(1 + k)n
+

∞∑
n=1

n2

(1 + k)n
− 2− 2

∞∑
n=1

(n+ 1)2

(1 + k)n

=1 + k + 4− 2 +
∞∑
n=1

(n+ 2)2 + n2 − 2(n+ 1)2

(1 + k)n

=k + 3 +

∞∑
n=1

2

(1 + k)n

=k + 1 + 2 · k + 1

k

⇒ S =(k + 1)(k + 2)/k3 dollars

when k = i% = 10%, the answer S = 2310 dollars.
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