
PROBLEM OF THE WEEK

Solution of Problem No. 1 (Fall 2011 Series)

Problem: Show that x400 + x380 + · · · + x20 + 1 is divisible by x20 + x19 + · · · + x + 1.

Solution: (by Kilian Cooley, Junior, Math & Aero Engineering, Purdue University)

Let f(x) = 1 + x + x2 + · · ·+ x20 and g(x) = 1 + x20 + x40 + · · ·+ x400. f(x) divides g(x)

if and only if every zero of f(x) is also a zero of g(x), including multiple zeros. f and g

are both truncated geometric series, so they can be rewritten as

f(x) =
x21 − 1

x − 1
, g(x) =

x420 − 1

x20 − 1

From which one sees that the zeros of f and g are precisely those of x21 − 1 and x420 − 1

respectively, with the exception in both cases of x = 1 where f(1) = g(1) = 21. Therefore

if f(r) = 0, then r 6= 1 and, noting that r20 6= 1,

r21 − 1 = 0

r21 = 1

(r21)20 = r420 = 120 = 1

r420 − 1 = 0

g(r) = 0

So any zero of f is also a zero of g. Since the zeros of f are clearly the 21st roots of

unity except 1, which are all distinct, every zero of f occurs exactly once in both f and g.

Therefore f divides g. Q.E.D.

The problem was also solved by:

Undergraduates: Seongjun Choi (Jr. Math), Kaibo Gong (Sr. Math), Landon Lehman

(Sr. Phys.), Ogaga Odele (Jr. EE), Krishnaray Sambeth (ChE)

Graduates: Richard Eden (Math), Biswajit Ray (ECE), Reiri Sono (Bio. Engr.), Yu

Tsumura (Math), Tairan Yuwen (Chemistry)

Others: Manuel Barbero (New York), Pawan Singh Chawla (United Kingdom), Hongwei

Chen (Faculty, Christopher Newport U. VA), Gruian Cornel (IT, Romania), Tom



Engelsman (Tampa, FL), Elie Ghosn (Montreal, Quebec), Chris Kennedy (Faculty, Christo-

pher Newport Univ.), Steven Landy (IUPUI Physics staff), Louis Rogliano (Corsica),

Sorin Rubinstein (TAU faculty, Israel), Craig Schroeder (Postdoc. UCLA), Mark Senn

(Engr. Computer Network, Purdue Univ.), Leo Sheck (Faculty, Univ. of Acukland), Steve

Spindler (Chicago), William Wolber Jr. (ITaP), Jiehua Chen and William Wu (The Math

Path), Yansong Xu (Germantown, MD), Thierry Zell (Faculty at Lenoir–Rhyne University)


