
PROBLEM OF THE WEEK

Solution of Problem No. 12 (Fall 2013 Series)

Problem:

Let 0 < n1 < n2 < . . . be integers.

Prove
∞
∑

i=1

ni+1 − ni

ni

= ∞.

Solution 1: (by Carles Burnette, Graduate Student, Drexel University, PA)

Let i be an arbitrary positive integer. Since f(x) = 1/x is decreasing on (0,∞), we have

1/x ≤ 1/ni for all x ∈ [ni, ni+1]. Therefore

∫ ni+1

ni

1

x
dx ≤

∫ ni+1

ni

1

ni

dx =
ni+1 − ni

ni

,

and so for every positive integer K,

K
∑

i=1

ni+1 − ni

ni

≥

K
∑

i=1

(
∫ ni+1

ni

1

x
dx

)

=

∫ nK+1

n1

1

x
dx = log(nK+1) − log(n1) → ∞

as K → ∞ since {ni} is a strictly increasing sequence of positive integers and is thus

unbounded. It follows that
∞
∑

i=1

ni+1 − ni

ni

= ∞ by direct comparison test.

Solution 2: (by Hubert Desprez, Paris, France)

Now we know that the hamonic serie

(

Hn =

n
∑

q=1

1

q

)

diverges; (with H0 = 0)

p
∑

i=1

ni+1 − ni

ni

=

p
∑

i=1

ni+1−1
∑

n=ni

1

ni

≥

p
∑

i=1

ni+1−1
∑

n=ni

1

n
=

np+1−1
∑

n=n1

1

n
= Hnp+1−1 − Hn1−1

p∞

−→ ∞

Solution 3: (by Perfetti Paolo, Roma, Italy)



q
∑

i=p

ni+1 − ni

ni

>

q
∑

i=p

ni+1 − ni

ni+1

>
1

nq+1

q
∑

i=p

(ni+1 − ni)

=
nq+1 − np+1

nq+1

= 1 −
np+1

nq+1

>
1

2

provided that q is large enough respect to p. This violates the Cauchy–condition and the

series cannot converge. Since the terms of the series are positive, it diverges to ∞.
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