PROBLEM OF THE WEEK
Solution of Problem No. 12 (Fall 2014 Series)

Problem:

If a set of real numbers is the union of a finite number of disjoint open intervals
its measure is the sum of the lengths of these intervals. Find a sequence of
subsets of (0,1), each the union of a finite number of disjoint open intervals,
and each having measure at least 1/2, such that the measure of the intersection
of any n of these sets does not exceed 1/n.

Solution: (by Kuang-Ru Wu, Graduate Student, Mathematics, Purdue University)
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Consider S = (O ) U < ) u---u ( , ), where k is a positive in-

"ok 2k 2k ok 7 ok
1
teger. S, has 2*~! disjoint open intervals with length ok S0 the measure of Sy is 3
For any n of these sets, say Si,,...,S),, where the index is strictly increasing, con-

sider the intersection of these sets. From the construction of the set, each open inter-

val in S;, , contains 2(»=tn-1)=1 open intervals of S; . Similarly, each open interval
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in S;, _, contains 2(n—ln—2)=1 gpen intervals of Si, _,, and so on. Therefore, there are
2Un=ln—1)=1 . 9ln—ln—2)=1...9(2=l)=1.9h =1 gpen intervals in the intersection, where the

last term 21 =1 in the product is the number of intervals of S;,. The length of intervals in the
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intersection are all o0 so the measure of the intersection is o oln=ln—2)=1 . o(l2=l)-1,
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ohi—1 — on < —. So, the sequence Si is what we want.
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