PROBLEM OF THE WEEK
Solution of Problem No. 2 (Fall 2014 Series)

Problem:

A standard six—sided die is rolled repeatedly and a running total is kept of
all the numbers rolled. Which of 2, 6, 1006 is more likely to be one of these
totals? Prove your answer.

Solution: (by Sorin Rubinstein, TAU faculty, Tel Aviv, Israel)

Let us denote for every positive integer n by p, the probability that n is obtained as a

running total. Then, p; = 8 and for every k € {1,2,3,4,5,6} and any positive integer
n > k, the probability that the first number rolled is k£ and the running total is n equals
1

= " Pn—k-
6
Let us compute p,, where m € {2,3,4,5,6}. If the running total is m the first number
rolled is one of m, m —1,m — 2,...,1. Consequently one obtains
_1 + ! + ! + -+ !
Pm—6 6 n 6 P2 6 Pm—1-

If follows that p; < p2 < p3 < ps < p5 < Pg-

For every running total m > 7 the first number rolled is one of 6, 5, 4, 3, 2, 1. Consequently
one obtains

1 1 1 1 1 1
DPm = 6 Pm—6 6 Pm—5 6 Pm—4 6 Pm—3 6 Pm—2 6 Pm—1
which is the arithmetic mean value of p,,_¢,Pm—5-..,Pm—1. Since the mean value is

smaller than or equal to the biggest of the involved numbers with equality only in the case
that all the involved numbers are equal it follows that p,, < pg for m = 7,8,...,12 and,
subsequently for every m > 7.

Hence, it is more likely to obtain 6 than any other running total.
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Michael Tomaine (Bellevue, WA), William Wu (Quantitative Engineering Design Inc.),
Xu Zhang (Visiting Assistant Professor, Math, Purdue)



