PROBLEM OF THE WEEK
Solution of Problem No. 8 (Spring 2001 Series)

1
Problem: Evaluate I = / / ———— dzdy where R is the region in the upper half plane
r (*+1)y

between the two curves 2z + y* +y =2, 2% + 8y* +y = 1.

Solution (by Mike Hamburg, St. Joseph’s H.S.)

Let f(z) = y > 0 such that 2 +8y?+y = 1. There is only one y > 0 satisfying this because
8y*+y is monotone increasing for y > 0. Then 2z +16y*+2y = 2, so 2z*+(2y)*+(2y) = 2,
so 2f(x) is the upper limit. Also note that f(x) is defined only for |z| < 1. Then

// dzdy :/1 /Qf@)@ dx :/1 (logy}zfm) dx
rR @Dy J i \Jpey v )1+2? —1 f@) )1+ 2

= /1(log(2f(m)) —10g(f(95)))1f_7xxz'

But

log2f(xz) — log f(x) = log 2}{ Y _ log 2

for all z, so this becomes

/1 11C—)§x22 dz = (log2)tan™' m|1_1 = (Ing)(E (=)= .
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