
PROBLEM OF THE WEEK

Solution of Problem No. 6 (Spring 2002 Series)

Problem: Sum the series 1
4! + 4!

8! + 8!
12! + 12!

16! + · · · .

Solution (by Chit Hong Yam (Fr. Engr.))

S =
1

4!
+

4!

8!
+

8!

12!
+

12!

16!
+ · · · =

∞∑
k=0

1

(4k + 1)(4k + 2)(4k + 3)(4k + 4)

=

∞∑
k=0

[
1

6(4k + 1)
− 1

2(4k + 2)
+

1

2(4k + 3)
− 1

6(4k + 4)

]
.

Now consider the following definite integrals:∫ 1

0

x4kdx =
1

4k + 1
;

∫ 1

0

x4k+1dx =
1

4k + 2
;

∫ 1

0

x4k+2dx =
1

4k + 3
;

∫ 1

0

x4k+3dx =
1

4k + 4
.

S =

∞∑
k=0

∫ 1

0

[
1

6
x4k − 1

2
x4k+1 +

1

2
x4k+2 − 1

6
x4k+3

]
dx

=

∫ 1

0

∞∑
k=0

[
1

6
x4k − 1

2
x4k+1 +

1

2
x4k+2 − 1

6
x4k+3

]
dx

=
1

6

∫ 1

0

∞∑
k=0

x4k(1− 3x+ 3x2 − x3)dx

=
1

6

∫ 1

0

1

1− x4
(1− x)3dx =

1

6

∫ 1

0

(1− x)2

(1 + x2)(1 + x)
dx =

1

6

∫ 1

0

[
2

1 + x
− x+ 1

1 + x2

]
dx.

Integrating gives

S =

[
1

3
ln(1 + x)− 1

12
ln(1 + x2)− 1

6
tan−1 x

]1

0

=

(
1

3
− 1

12

)
ln 2− 1

6
tan−1(1).

Evaluating, S =
1

4
ln 2− π

24
.

Also solved by:

Undergraduates: Haizhi Lin (Jr. MA)

Graduates: Prasenjeet Ghosh (Ch.E.), Chris Lomont (MA), K. H. Sarma (Nucl E)

Faculty: Steven Landy (Phys. at IUPUI)

Others: Prithwijit De (STAT at U. Coll. Cork, Ireland), Shigenobu Ito (H.S. Teacher,

Tokyo)

Three incorrect solutions were received.


