
PROBLEM OF THE WEEK

Solution of Problem No. 11 (Spring 2002 Series)

Problem: Suppose a, b are relatively prime odd positive integers. Show that
∑

0<m< b
2
[a
b
m]+∑

0<n< a
2
[ b
a
n] = a−1

2 ·
b−1

2 , where [x] denotes the largest integer ≤ x.

Solution (by J.L.C. in Fishers, IN; edited by the Panel)

In a Cartesian coordinate system, consider R = {(m,n)|m,n are integers, and

1 ≤ m ≤ b−1
2
, 1 ≤ n ≤ a−1

2
} and also consider straight line ` : y = a

b
x, which sepa-

rates R into two parts: one part has points right-below `, and the other part has points

left-above `. Since [a
b
x] < a

b
x, for given m = 1, 2, · · · , b−1

2 , [a
b
m] is the number of points in

R located right-below `, therefore
∑ b−1

2
m=1[

a
b
m] is the total number of points in R located

right-below `. From y = a
b
x, x = b

a
y, and [ b

a
y] < b

a
g, for given n = 1, 2, · · · , n−1

2 , [ b
a
n] is

the number of points in R located left-above `. Therefore
∑ a−1

2
n=1[

b
a
n] is the total number

of points in R located left-above `. But R has exactly a−1
2
· b−1

2
points, hence

b−1
2∑

m=1

[
a

b
m] +

a−1
2∑

n=1

[
b

a
n] =

a− 1

2
· b− 1

2
.
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