
PROBLEM OF THE WEEK

Solution of Problem No. 12 (Spring 2004 Series)

Problem: Suppose a1, a2, · · · , an are real numbers and |an| >
∑n−1
k=1 |ak|. Show that

f(x) =
∑n
k=1 ak cos kx has at least n zeros for 0 ≤ x ≤ π.

Solution (by Qi Xu, graduate ChE)

Divide the interval 0 ≤ x ≤ π into n subintervals of the same size,(
kπ

n
≤ x ≤ (k + 1)π

n

)
, k = 0, 1, . . . , n− 1.

In each interval we have at one end cosnx = 1 and at the other end cosnx = −1. Hence,

since

−
n−1∑
k=1

|ak| ≤
n−1∑
k=1

ak cos kx ≤
n−1∑
k=1

|ak|,

therefore, at one end,

f(x) = |an|+
n−1∑
k=1

ak cos kx ≥ |an| −
n−1∑
k=1

|ak| > 0,

while at the other end,

f(x) = −|an|+
n−1∑
k=1

ak cos kx ≤ −|an|+
n−1∑
k=1

|ak| < 0.

Since f(x) is continuous, there exists at least one x in this interval such that f(x) = 0.

There are n such intervals, therefore, there are at least n zeros for 0 ≤ x ≤ π.

Also solved by:

Undergraduates: Al-Sharif M.T. Al-Housseiny (Fr. ChE)

Graduates: Sridhar Maddipati (ChE)

Faculty: Steven Landy (Phys, IUPUI)

Others: Georges Ghosn (Quebec), Mordechai Martin Rappaport (Staff, Worcester Yeshiva

Acad.), A. Plaza & M. A. Padron (ULPGC, Spain),

One incorrect solution was received.


