PROBLEM OF THE WEEK
Solution of Problem No. 5 (Spring 2006 Series)

Problem: Without using a computational device, prove that

3T .27 2
tan — + 4 sin —
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is an integer.

Solution (by Tom Czajka, CS graduate student; edited by the Panel)

Let z = e™/11. Then:
lezewi:_l
I+2)1—2+22 =23 +22 =25 4+20 — 27+ 28 - 22+ 210 =1+ 21 =0
1—z2+22 -2 4+22 - 28 +20 — 2T+ 28 -224+210=0

(1-2°)(z—224+23-21+2°) =1

By Euler’s formula,

k kr . . k7
Z° =C0S — + 1 s ——.
11 11
Therefore,
k b2k
sin -0 = Im(z") = A 2(z_k’ — 2
11 21 2
k Fyzk 1
(:031—71T = Re (2%) = : ;Z :i(z’k—I—zk)
kr  sin(kw/11) 27k -2k 1 2%
tan — = = =1
11 cos(kmw/11) 27k 4+ 2k 14 22k
. 3 1—28 25—l 14+ 2° _ 2 .
an — =1 =1 = —f— = —1 —
11 14 26 25 + 211 1—2° 1—2°

=—i(2(z— 22+ 2% — 2" +2°) = 1) = i(1 — 22 + 22" — 22° + 22" — 22°)

2
dsin = = 2i(272 — 22) = —i(22% + 229)

11
3 2
tan 1—71r + 4sin£ — (1 — 22— 228 + 224 — 25— 229).

Therefore, using the equalities in the beginning of the proof, we get
2

tan 3T +4sin 2T | = —4(1/2 -z — 23 + 2* — 2% — 29)?

= —4((1/2)2 4+ 22 + 20+ 28 + 210 4 218 — 2 — 23 4 24 — 25 29



+2223 — 222% +222° + 2229 — 2232% + 22325 + 22329 — 2225 — 22429 + 22°29)
= —4(1/4)+ 22 + 20 + 28+ 210 + 218 — 2 — 23 4 2t — 25 29

4224 — 22% + 220 + 2210 — 227 4 228 42212 229 — 2213 4 2214)
= —4(1/4— 2422 — 23 +32* =325+ 320 — 227+ 328 — 329 + 3210 + 2212 2,13 1 2,14 4 2 18)
= —4(1/4— 2+ 22 — 23 +32% — 325 + 320 — 227 + 328 — 329 + 3210 — 22 + 222 — 223 — 27)
=—-4(1/4-3+3(1—2+22 =23 4+22 =25 +20 — 2T+ 28 - 22+ 210)) = —4(1/4-3) =11

Also, at least partially solved by:

Graduates: Tom Engelsman (ECE)

Others: Georges Ghosn (Quebec), Kevin Laster (Indiana), Babenko Michail (Stavropol,
Russia), Sandeep Sarat (John Hopkins U.)



