
PROBLEM OF THE WEEK

Solution of Problem No. 7 (Spring 2007 Series)

Problem: Let S be a finite set of complex numbers. Prove that S contains a subset S0

such that

∣∣∣∣ ∑
z∈S0

z

∣∣∣∣ ≥ 1

4

∑
z∈S
|z|.

Solution (by the Panel)

If z = x+ iy then |z| ≤ |x|+ |y|, we have∑
z∈S
|z| ≤

∑
x+iy∈S

|x|+
∑

x+iy∈S
|y|.

Set X+ = {x+ iy ∈ S : x ≥ 0}, X−, Y+, Y− are similarly defined. It is easy to see∑
z⊂S
|z| ≤

∑
z∈X+

x+
∑
z∈X−

(−x) +
∑
z∈Y+

y +
∑
z∈Y−

(−y).

One of these 4 sums is the largest, ≥ 1
4

∑
|z|, say

∑
z∈Y+

y. Set S0 = {z = x+ iy ∈ S : y ≥

0} = Y+. Then ∣∣∣∣ ∑
z∈S0

z

∣∣∣∣ ≥ ∑
z∈S0

y ≥ 1

4

∑
z∈S
|z|.
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