
PROBLEM OF THE WEEK

Solution of Problem No. 5 (Spring 2008 Series)

Problem: For given positive integers a and n, show that there is a positive integer b such

that

(
√
a−
√
a− 1)n =

√
b−
√
b− 1.

Solution (by Elie Ghosn, Montreal, Quebec)

We have:

2
√
b = (

√
b+
√
b− 1) + (

√
b−
√
b− 1) =

1√
b−
√
b− 1

+
√
b−
√
b− 1

= (
√
a+
√
a− 1)n + (

√
a−
√
a− 1)n

⇒ b =
1

4

[
(
√
a+
√
a− 1)n + (

√
a−
√
a− 1)n

]2
.

We can easily verify that this value is a solution of the equation:

Indeed

b−1 =
1

4

[
(
√
a+
√
a− 1)n + (

√
a−
√
a− 1)n

]2−1 =
1

4

[
(
√
a+
√
a− 1)n − (

√
a−
√
a− 1)n

]2
⇒
√
b−
√
b− 1 = (

√
a−
√
a− 1)n.

By using the binomial formula, we have:

b =

[
1

2

n∑
k=0

(1 + (−1)k)

(
n

k

)
(
√
a− 1)k(

√
a)n−k

]2

.

Therefore,

b =


(

p∑
k=0

(
2p
2k

)
(a− 1)kap−k

)2

, if n = 2p(
p∑
k=0

(
2p+1

2k

)
(a− 1)kap−k

)2

· a, if n = 2p+ 1.

Both are integers!
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