
PROBLEM OF THE WEEK

Solution of Problem No. 7 (Spring 2008 Series)

Problem: Let x, y and z be real numbers in the interval [−2, 1] such that

x+ y + z = 0. Show that x2 + y2 + z2 ≤ 6.

Solution (by Kevin Ventullo, Junior, IIT, Chicago)

If x = y = z = 0, then we are done. If this is not the case, then there must be at least one

positive term and one negative term. Suppose there are exactly two negative terms (say x

and y). Since z must be nonnegative, |z| ≤ 1.

x+ y + z = 0

x+ y = −z
|x+ y| = | − z| = |z|
|x+ y| ≤ 1⇒ |x| ≤ 1 and |y| ≤ 1, since x and y have the same sign.

We then have x2 + y2 + z2 ≤ (1)2 + (1)2 + (1)2 = 3 < 6.

Suppose that exactly one term is negative (say x). Since y and z must be nonnegative,

|y| ≤ 1, |z| ≤ 1.

Thus, x2 + y2 + z2 ≤ (2)2 + (1)2 + (1)2 = 6.

This problem was suggested by Peter Montgomery of Microsoft whose solution is as follows:

x2 + y2 + z2 = 6− (2 + x)(1− x)− (2 + y)(1− y)− (2 + z)(1− z)− (x+ y + z) ≤ 6.

Also solved by:

Undergraduates: Daniel Jiang (Fr. Engr), Rahul Kumar (Sr. ECE)

Graduates: Tom Engelsman (ECE), George Hassapis (Math)

Others: Al-Sharif Talal Al-Housseiny (Shell Chemical, Norco, LA), Manuel Barbero (New

York), Kaushik Basu (Graduate student, Univ. of Minnesota, Twin Cities), Brian Bradie

(Christopher Newport U. VA), Kunihiko Chikaya (Kunitachi, Japan), Prithwijit De (Ire-

land), Mihaela Dobrescu (Faculty, Christopher Newport Univ.), Elie Ghosn (Montreal,



Quebec), Steven Landy (IUPUI Physics), Minghua Lin (Shanxi Normal Univ., China),

Graeme McRae (Palmdale CA), Adrian Petrescu (Univ. of Waterloo Student), Sorin Ru-

binstein (TAU faculty, Israel), Peyman Tavallali (Grad. student, NTU, Singapore), Kevin

Ventullo (IIT, Chicago), Timothy M. Whalen (Faculty, Purdue Univ.)

Problem 6 was also solved by Al–Sharif Talal Al–Housseiny (Shell Chemical, Norco, LA).


