
PROBLEM OF THE WEEK

Solution of Problem No. 11 (Spring 2009 Series)

Problem: The set {3, 5, 9, 29} has the property that the sum of any three of its members

is a prime number. Show that there does not exist a set of five (distinct) positive integers

with the same property.

Solution (by Steve Spindler, Chicago)

Assume that 5 such integers exist and consider their residues modulo 3. If any residue

occurs three times, then the sum of those 3 numbers is divisible by 3, since r+r+r ≡ 3r ≡ 0

(mod 3). The only prime number divisible by 3 is 3, which is not the sum of three distinct

positive integers.

Therefore, no residue occurs more than twice. But since there are 5 numbers and only 3

possible residues modulo 3, all three must occur in the list. But then the sum of these

three numbers is divisible by 3 (0 + 1 + 2 ≡ 0 (mod 3)), again a contradiction. Thus no

such 5 integers exist.

The problem was also solved by:

Undergraduates: Michael Burkhart (So. Econ.), Xingyi Qin (Sr. Actuarial Sci.)

Graduates: Tairan Yuwen

Others: Neacsu Adrian (Romania), Brian Bradie (Christopher Newport U. VA), Haonan

Chen (China), Gruian Cornel (IT, Romania), Ben Eggleston (Teacher, St. Joseph High

School, IN), Elie Ghosn (Montreal, Quebec), Matt Kerns and jeffery Hein (Jr. CS & Math,

Purdue Univ. Calumet), John Hyde (Hoover, AL), Chris Kennedy (Christopher Newport

Univ.), Steven Landy (IUPUI Physics staff), Yajing Liu (Shaanxi Normal Univ., China),

Sorin Rubinstein (TAU faculty, Israel) Craig Schroeder (Grad student, Stanford Univ.),

Derek Thomas (EE, University of Lauisville), Yansong Xu (Brandon, FL)


