
PROBLEM OF THE WEEK

Solution of Problem No. 3 (Spring 2009 Series)

Problem: Determine positive integers a, b, c so that the equation ax2 − bx + c = 0 has

2 distinct real roots in the interval 0 < x < 1 and (a + b + c) is smallest possible. Your

answer must be justified without the use of computers.

Solution (by Phuong Thanh Tran, Graduate student, ECE, Purdue University)

Let a, b, c be the positive integers satisfying the given requirements. Then we have:

The equation ax2 − bx+ c = 0 (∗) has 2 distinct roots ⇔ b2 − 4ac > 0 ⇔ b > 2
√
ac (1)

Let x1 < x2 be 2 distinct roots of (*). Then:

x1 =
b−
√
b2 − 4ac

2a
<
b+
√
b2 + 4ac

2a
= x2.

So x2 < 1 ⇔ b+
√
b2 − 4ac < 2a ⇔

√
b2 − 4ac < 2a− b ⇔

{
2a− b > 0

b2 − 4ac < (2a− b)2

⇔
{
b < 2a

4a2 − 4ab+ 4ac > 0
⇔
{
b < 2a

b < a+ c
(2)

From (1), (2), we get 2a > 2
√
ac ⇒ a > c⇒ a = c+ k where k is a positive integer. (3)

Now a + c > b > 2
√
ac (from (1), (2)) ⇒ 2c + k > b > 2

√
c(c+ k) ⇒ 2c+ k − 1 ≥ b >

2
√
c(c+ k) ⇒ (2c + k − 1)2 > 4c(c + k) ⇒ 4c < (k − 1)2 ⇒ k > 1 + 2

√
c ⇒ k ≥

2 + b2
√
cc (4)

b > 2
√
c(c+ k) ⇒ b ≥ 1 + b2

√
c(c+ k)c ≥ 1 + b2

√
c(c+ 2 + b2

√
cc)c (5)

From (3), (4), (5), we have a+b+c = 2c+k+b ≥ 2c+2+b2√cc+1+b2
√
c(c+ 2 + b2√cc)c ⇒

a+ b+ c ≥ 2c+ 3 + b2
√
cc+ b2

√
c(c+ 2 + b2

√
cc)c (6)

The right hand side of (6) is minimized when c is minimized, i.e., c = 1. So

a+ b+ c ≥ 2 + 3 + b2c+ b2
√

1(1 + 2 + b2c)c = 7 + b2
√

5c = 11

The equality occurs when k = 2 + b2
√
cc, a = c+ k and b = 1 + b2

√
c(c+ k)c ⇔ k = 4,

a = 5, b = 5. We can verify that (*) has 2 distinct roots:

x1 =
5−
√

5

10
, x2 =

5 +
√

5

10
and 0 <

5−
√

5

10
<

5 +
√

5

10
<

5 + 5

10
= 1.



So a+ b+ c ≥ 11 and the equality occurs ⇔ a = b = 5 and c = 1.

Also completely or partially solved by:

Undergraduates: Xingyi Qin (Sr. Actuarial Sci.)

Graduates: Chun Kin Au-Yeung (EE), Huanyu Shao (CS), Tairan Yuwen

Others: Brian Bradie (Christopher Newport U. VA), Gruian Cornel (IT, Romania), Mark

Crawford (Waubonsee Community College instructor), Subham Ghosh (Grad student,

Washington Univ. St. Louis), Elie Ghosn (Montreal, Quebec), Ali Gokal (Chicago, IL),

Steven Landy (IUPUI Physics staff), Wei-hsiang Lien (Grad student, National Chiao-Tung

Univ, Taiwan), Sorin Rubinstein (TAU faculty, Israel), Steve Spindler (Chicago), Peyman

Tavallali (Grad. student, NTU, Singapore)


