PROBLEM OF THE WEEK
Solution of Problem No. 6 (Spring 2009 Series)

Problem: Show that the centers of the squares erected on the sides of a parallelgram, on
the outside the parallelgram, are the vertices of a square.

Solution (by Craig Schroeder, PhD student, Stanford University)

Let the points A, B,C and D be the vertices of a parallelogram centered at the origin.
Let R be the linear transformation that rotates vectors counterclockwise by /2, and
regard the points as vectors. By symmetry, C = —A and D = —B. The points F' and
G are constructed by adding rotated edges to Aso F= A+ R(A— D) = A+ R(A + B)
and G = A+ R(B — A). The centers of the two squares at A are X = (D + F) =
1(A-B)+ IR(A+B)and Y = }(B+G) = 3(A+ B) — 3R(A — B). Observe that
R? = —I and that RY = 1R(A+B) - 1R*(A—B) = 3(A— B)+ 1R(A+ B) = X. Thus,
the diagonals of W XY Z are perpendicular and of equal length. Because of the symmetry
of the problem, W = —Y and Z = —X, so that the diagonals XZ and WY bisect each
other at the origin. This makes the quadralateral a parallelogram. Since the diagonals are
perpendicular, it is a rhombus. Since they are of equal length, it is a rectangle. Since it is
both a rhombus and a rectangle, it is a square.
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