
PROBLEM OF THE WEEK

Solution of Problem No. 9 (Spring 2009 Series)

Problem: If n is a given positive integer, how many solutions (x, y) does
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have with x and y unequal positive integers?

Solution (by Gruian Cornel, IT, Romania)

If (x, y) is a solution for
1

x
+

1

y
=

1

n
, clearly min(x, y) > n. If not, say min(x, y) = x ≤ n

then 1
n

= 1
x

+ 1
y
> 1

n
, contradiction. So x > n and y > n. We write the equation as

n(x + y) = xy or (x − n)(y − n) = n2 and for r positive r|n2, the solutions are given by

x − n = r and y − n =
n2

r
or x = n + r and y = n +

n2

r
. The only case when x = y

is when r =
n2

r
or r = n and the numbers of solutions (x, y) with x 6= y is d(n2) − 1

where d(n2) is the number of divisors of n2, d(n2) = (2q1 + 1)(2q2 + 1) . . . (2qn + 1), where

n = pq11 p
q2
2 . . . pqmm is the prime factorization of n.

The problem was also solved by:

Undergraduates: David Elden (So. Mech. Engr)

Others: Neacsu Adrian (Romania), Brian Bradie (Christopher Newport U. VA), Mark

Crawford (Waubonsee Community College instructor), Erik B. Eggertsen (Jr. Oak Park

and River Forest HS, IL), Tom Engelsman (Chicago, IL), Elie Ghosn (Montreal, Quebec),

Tigran Hakobyan (Armenia), S. Kirshanthan (St. Anthony’s College, Sri Lanka), Steven

Landy (IUPUI Physics staff), Vijay Madhavapeddi and Poornima Ramu (India), Sorin

Rubinstein (TAU faculty, Israel), Craig Schroeder (Grad student, Stanford Univ.), Steve

Spindler (Chicago), Derek Thomas (EE, University of Lauisville), Sahana Vasudevan (7th

grade, Miller Middle School, San Jose, CA)


