
PROBLEM OF THE WEEK

Solution of Problem No. 11 (Spring 2010 Series)

Problem: Show that
1∫

0

xx dx =

∞∑
n=1

(−1)n+1n−n.

Solution (by Youness Oumzil, Lycée Michel Montaigne, France)

1∫
0

xx dx =

1∫
0

ex ln(x)dx =

1∫
0

∞∑
n=0

(x ln(x))n

n!
dx.

Since ∀x ∈ [0, 1], |x ln(x)| ≤ 1,

∀x ∈ [0, 1], ∀n,
|x ln(x)|n

n!
≤ 1

n!
.

This shows that series of functions
∑
n≥0

(x ln(x))n

n!
converges uniformly on the interval [0, 1].

We can then exchange the order of the integral and the sum:

1∫
0

∞∑
n=0

(x ln(x))n

n!
dx =

∞∑
n=0

1∫
0

(x ln(x))n

n!
dx.

Let’s consider the notation:

In =

1∫
0

(x ln(x))n

n!
dx.

Let’s show ∀k ≤ n, In =
(−1)k

(n+ 1)k

1∫
0

xn · (ln(x))n−k

(n− k)!
dx. Let’s call this statement P (k)

and use mathematical induction:

@for k = 0: It is correct because it is the definition of In.

Assuming that P (k) holds and k < n we have:

In =
(−1)k

(n+ 1)k

[
xn+1 · (ln(x))n−k

(n− k)!(n+ 1)

]1

0

− (−1)k

(n+ 1)k

1∫
0

xn+1 · (n− k)

(
1
x

)
· (ln(x))n−k−1

(n− k)!(n+ 1)
dx.



So

In = 0− (−1)k

(n+ 1)k

1∫
0

xn · (ln(x))n−k−1

(n− k − 1)!(n+ 1)
dx =

(−1)k+1

(n+ 1)k+1

1∫
0

xn(ln(x))n−k−1

(n− k − 1)!
dx

By P (n), In =
(−1)n

(n+ 1)n

1∫
0

xndx =
(−1)n

(n+ 1)n+1
=

(−1)n+2

(n+ 1)n+1
. Then

1∫
0

xxdx =

∞∑
n=0

1∫
0

(x ln(x))n

n!
dx =

∞∑
n=0

In =

∞∑
n=0

(−1)n+2

(n+ 1)n+1
=

∞∑
n=1

(−1)n+1

nn
.

The problem was also solved by:

Undergraduates: Kilian Cooley (Fr.), James Gloudemans (So. Phys), Eric Haengel (So.

Math & Physics)

Graduates: Tairan Yuwen (Chemistry)

Others: Neacsu Adrian (Romania), Siavash Ameli (Grad. student, Toosi Univ. of Tech,

Iran), Manuel Barbero (New York), Jim Carrubba (Science teacher, IL), Hongwei Chen

(Christopher Newport U. VA), Gruian Cornel (IT, Romania), Tom Engelsman (Chicago,

IL), Nathan Faber (CO), Kyriakos Georgiou ( High school student, Greece), Elie Ghosn

(Montreal, Quebec), Sleiman Jradi (Freshman, Christopher Newport Univ.), John Karpis

(Miami Springs, FL), Steven Landy (IUPUI Physics staff), Kevin Laster (Indianapolis,

IN), Sorin Rubinstein (TAU faculty, Israel)


