PROBLEM OF THE WEEK
Solution of Problem No. 5 (Spring 2010 Series)

Problem: Let R be a given positive real number, and k£ any fixed positive integer.

Show that there are at most finitely many k—tuples of positive integers a, ..., ax such that
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Solution (by Eric Haengel, Sophmore, Math & Physics, Purdue University)

Proceed by induction:

k=1:R=-— = a; = R~!. There is only one choice for a;.
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k>1:R=—+---4+ —. Without loss of generality, assume that a, < a; Vj. Then
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— > — V4. Therefore R < — = a, < —. Hence for the smallest element in the
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k—tuples, there are only finitely many choices, as the elements are positive integers.
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Now consider R = R — — = b 4+ -+ 5 . For each choice of a,, there are, by the
Gn 1 n—1
induction hypothesis, only finitely many choices for by,...,b,_1. Since there are only
finitely many choices for a,, there are only finitely many k—tuples (ai,as,...,a,) with
1
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ai,...,an positive integers such that R = — +--- + —.
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The problem was also solved by:

Undergraduates: Abram Magner (Jr, CS & Math), Yixin Wang (Fr.)

Graduates: Tairan Yuwen (Chemistry)

Others: Neacsu Adrian (Romania), Gruian Cornel (IT, Romania), Elie Ghosn (Montreal,
Quebec), Steven Landy (IUPUI Physics staff), Wei-hsiang Lien (Grad student, National
Chiao-Tung Univ., Taiwan), Sorin Rubinstein (TAU faculty, Israel), Craig Schroeder (Grad
student, Stanford Univ.), Steve Spindler (Chicago)



