PROBLEM OF THE WEEK
Solution of Problem No. 9 (Spring 2010 Series)

Problem: Let f be a given nonconstant polynomial with integer coefficients.

Show that for infinitely many primes p; there is at least one corresponding integer x; with
p; a factor of f(x;).

Solution (by Tom Engelsman, Chicago, IL)
CASE I (ap =0):

If the constant coefficient aq is zero, then for infinitely many primes p;, one just chooses
x; = p;, which simply yields:
f(x;) = 0(mod p;);

i.e., p; is a factor of f(x;).

CASE II (ag # 0):

If the constant coefficient ag is nonzero, then let’s consider for any integer ¢ a trans-
formed polynomial:
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There exists some prime p such that g(3) = 0(mod p) for some integer 3, since g can take
on the values 0, £1 at only a finite number of points. Since g(3) = 1(modt), this shows
that ged{p,t} = 1. Thus one now obtains:

f(aotf) = 0(mod p)

Since t is any arbitrary integer, infinitely many primes p must occur in this way.
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