
PROBLEM OF THE WEEK

Solution of Problem No. 10 (Spring 2011 Series)

Problem: Show that the boundary value problem y′′ + p(x)y′ − λ2y = 0,

y(a) = y(b) = 0, a 6= b, p(x) an arbitrary continuous function on [a, b], does not have a

nontrivial solution for any real λ.

Solution: (by Thierry Zell, Faculty at Lenoir–Rhyne University)

Suppose that the boundary value problem

y′′ + p(x)y′ − λ2y = 0, y(a) = y(b) = 0; (1)

does have a non-trivial solution y 6≡ 0. Since −y is also a non-trivial solution of (1), we

can assume without loss of generality that our solution y has a positive global maximum

M = y(c) on [a, b].

We must have y′(c) = 0, so that

y′′(c) = λ2M. (2)

In the case where λ 6= 0, we already have a contradiction since y′′(c) > 0 would violate the

second derivative test.

But if λ = 0, our original problem (1) becomes a first–order linear differential equation for

y′.

We must have:

y′(x) = y′(0) exp

( x∫
0

(
− p(t)

)
dt

)
. (3)

This expression implies that y′ is either identically zero, or never vanishes; in either ease,

this gives a contradiction.

The problem was also solved by:

Undergraduates: Yixin Wang (So. ECE)

Graduates: Bharath Swaminathan (ME)

Others: Manuel Barbero (New York), Hongwei Chen (Christopher Newport U. VA),

Gruian Cornel (IT, Romania), Tom Engelsman (Chicago, IL), Nathan Faber (CO), Elie

Ghosn (Montreal, Quebec), Steven Landy (IUPUI Physics staff), Denes Molnar (Physics,



Assistant Professor), Sorin Rubinstein (TAU faculty, Israel), Craig Schroeder (Ph.D. stu-

dent, Stanford Univ.), Jason L. Smith (Professor, Phys. & Math. Richland Community

College), Stephen Taylor (Bloomberg L.P. NY), Jiehua Chen and William Wu (JPL)


