
PROBLEM OF THE WEEK

Solution of Problem No. 4 (Spring 2012 Series)

Problem: Let p(x, y) be a polynomial in x and y with real coefficients. Suppose p(x, y) = 0

for every (x, y) satisfying x2 + y2 = 1. Show p(x, y) is divisible by x2 + y2
− 1.

Solution: (by Sorin Rubinstein, Tel Aviv, Israel)

We regard p(x, y) as a polynomial in the variable x over the ring R[y]. (i.e. p(x, y) ∈

R[y][x]). Since x2 + y2
− 1 is a monic polynomial over R[y] we can divide p(x, y) by

x2 + y2
− 1 to obtain: p(x, y) = (x2 + y2

− 1)q(x, y) + m(y)x + n(y) for some polynomials

q(x, y),m(y), n(y). It follows that m(y)x + n(y) equals zero for every (x, y) satisfying

x2 + y2
− 1 = 0. Then, for every y ∈ (0, 1) the following equalities hold true:
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√
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√

1 − y2

)

+ n(y) = 0

We add and subtract these equalities and obtain that n(y) = 0 and m(y) = 0. Since this

is true for every y ∈ (0, 1), it turns out that the polynomials m(y) and n(y) are identically

zero.

Hence p(x, y) = (x2 + y2
− 1)q(x, y) meaning that p(x, y) is divisible by x2 + y2

− 1.

The problem was also solved by:

Graduates: Dat Tran (Math), Tairan Yuwen (Chemistry)

Others: Manuel Barbero (New York), Pierre Castelli (Antibes, France), Gruian Cornel

(Cluj-Napoca, Romania), Hubert Desprez (Paris, France), Tom Engelsman (Tampa, FL),

Elie Ghosn (Montreal, Quebec), Jean Pierre Mutanguha (Student, Oklahoma Christian

University), Jason Rahman (High School Senior, Hazleton, IN), Craig Schroeder (Postdoc.

UCLA), Patrick Soboleski (Math teacher, Zionsville Community HS)


