
PROBLEM OF THE WEEK

Solution of Problem No. 5 (Spring 2014 Series)

Problem:

An urn contains n balls numbered 1, 2, . . . , n. They are drawn one at a time

at random until the urn is empty. Find the probability that throughout this

process the numbers on the balls which have been drawn is an interval of

integers. [That is, for 1 ≤ k ≤ n, after the kth draw the smallest number drawn

equals the largest drawn minus k − 1.]

Solution: (by Jason L. Smith, Professor, Richland Community College, IL)

Let Sk be the set of balls already drawn from the urn at step k that satisfy the conditions

of the problem.

Instead of constructing various Sk from scratch, imagine “deconstructing,” starting with

Sn = {1, 2, 3, . . . , n}. The number of possibilities for Sk at each stage of the reverse process

is equal to the number of possibilities at that stage counting in the “forward” direction.

There are two allowed choices to obtain Sn−1 from Sn: remove ball 1 or ball n from set

Sn. At step k of deconstruction, there are likewise two allowed choices (out of a total of

k choices) to obtain the next smaller set: remove either the largest or smallest member.

When only one element remains (set S1), there is just one choice about which ball to

remove. The probability of having an acceptable set Sk at each stage is therefore
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The problem was also solved by:

Undergraduates: Yucheng Chen (Fr, Engr.), Manuel Gutierrez (Jr. EE), Bennett Marsh

(Jr. Engr.), Sthitapragyan Parida (Fr. Engr.)

Graduates: Gabriel Sosa (Math), Tairan Yuwen (Chemistry)

Others: Marco Biagini (Math Teacher, Italy), Pawan Chawla (CA), Hongwei Chen (Profes-

sor, Christopher Newport Univ. Virginia), Hubert Desprez (Paris, France), Sandipan Dey

(UMBC Alumni), Tom Engelsman (Tampa, FL), Steven Landy (Physics Faculty, IUPUI),

Esmaeil Parsa (Lecturer, Iran), Nick Perkins (HS Student, Zionsville, IN), Benjamin

Phillabaum (Visiting Scholar, Physics, Purdue), M. Rajeswari (TA, India), Sorin



Rubinstein (TAU faculty, Tel Aviv, Israel), Luciano Santos (Teacher, Portugal), Craig

Schroeder (Postdoc. UCLA), Patrick Soboleski (Math Teacher, Zionsville Community

HS), David Stigant, David Stoner (HS Student, Aiken, S. Carolina), Hakan Summakoglu

(Antakya, Turkey), Motohiro Tsuchiya (Graduate student, USUHS), Justin Wolfe (Grad-

uate student, Old Dominion U), William Wu (QED Inc.)


