PROBLEM OF THE WEEK
Solution of Problem No. 7 (Spring 2015 Series)

Problem:

Let w be the greatest common divisor of m and n. Show that 3“ — 1 is the
greatest common divisor of 3™ — 1 and 3" — 1.

Solution by Craig Schroeder, Postdoc, UCLA

If m = n, the statement is trivial.

If m =0, then w = ged(0,n) = n and ged(3™—1,3"—1) = ged(0,3"—1) =3"—1 =3V —1.
The case n = 0 is similar.

Finally, consider the case n > m > 0 (m > n > 0 is similar). Note that

ged(3™ —1,3" — 1) = ged(3™ — 1,(3" — 1) — (3™ — 1)) = ged (3™ — 1,3" — 3™)
= ged(3™ — 1, (3" — 1)3™) = ged(3™ — 1,3" " — 1)

and
ged(m,n) = ged(m,n —m).

This process can be repeated until m = n, at which point the conclusion is obvious.
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