PROBLEM OF THE WEEK
Solution of Problem No. 9 (Spring 2015 Series)

Problem:

Let D ={(i,j) : i is an integer and j is either 0, 1, or 2}. Find a function i on
D such that for all i, h(i,0) = h(i,2) =0, h(0,1) =1, and h(i,1) = (1/4)[h(i —1,1) +
h(i+1,1) + h(z,0) + h(i, 2)].

Solution by Fedeli Mohammed Elwardi, Student, Mhamed Bouguerra University, Algeria

Let D = {(i,7) : i is an integer, j is either 1, 2 or 3}. We look for a function h verifying
these conditions: for all i,

h(i,0) = h(i,2) =0, h(0,1) =1 (A)

and
h(i,1) = (1/4)[h(i — 1,1) + h(i + 1,1) + h(7,0) + h(i,2)]. (B)

For the conditions (A) it’s easy to think about taking for example:
h(i, ) = j(2 = j)a
where a; is a sequence of reals with ap = 1. Finding a;: the (B) becomes now:
4h(i,1) =h(i—1,1) + h(i + 1,1).

After substituting i by i + 1, we get 4h(i+1,1) = h(i,1) + h(i +2,1) or 4a;+1 = ajy2 + a;.

This set of sequences contain at least a geometric one, let us assume that
a; = cb®  (c,b are reals).

Then
c(b)(b? —4b+1) = 0.

Or b = 24 +/3. This proves that the sequences a; = c¢1(2 —v/3)" + c2(2 4+ V/3)* verifies (B).
The condition ag = 1 implies that c; = 1 —¢;. Now we can say that the function h defined
on D by

h(i,§) = j(2 =) [w(2 = V3)' + (1 — p)(2+ V3)'

where 4 is a constant real is a solution of this problem.
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