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OUTER LIPSCHITZ CLASSIFICATION OF NORMAL PAIRS OF
HÖLDER TRIANGLES

LEV BIRBRAIR* AND ANDREI GABRIELOV

Abstract. A normal pair of Hölder triangles is the union of two normally embedded

Hölder triangles satisfying some natural conditions on the tangency orders of their bound-

ary arcs. It is a special case of a surface germ, a germ at the origin of a two-dimensional

closed semialgebraic (or, more general, definable in a polynomially bounded o-minimal

structure) subset of Rn. Classification of normal pairs considered in this paper is a step

towards outer Lipschitz classification of definable surface germs. In the paper [5] we

introduced a combinatorial invariant of the outer Lipschitz equivalence class of normal

pairs, called στ -pizza, and conjectured that it is complete: two normal pairs of Hölder

triangles with the same στ -pizzas are outer Lipschitz equivalent. In this paper we prove

that conjecture and define realizability conditions for the στ -pizza invariant. Moreover,

only one of the two pizzas in the στ -pizza invariant, together with some admissible per-

mutations related to σ and τ , is sufficient for the existence and uniqueness, up to outer

Lipschitz equivalence, of a normal pair of Hölder triangles.

1. Introduction

All sets, functions and maps in this paper are germs at the origin of Rn definable

in a polynomially bounded o-minimal structure over R with the field of exponents F.

The simplest (and most important in applications) examples of such structures are real

semialgebraic and (global) subanalytic sets, with F = Q.

There are two natural metrics on a connected set X ⊂ Rn: the inner metric, where

the distance between two points of X is the length of a shortest path in X connecting

these points, and the outer metric, where the distance between two points of X is their

distance in Rn. A set X is called normally embedded (see [3]) if its inner and outer

metrics are equivalent. There are three natural equivalence relations associated with

these metrics. Two sets X and Y are inner (resp., outer) Lipschitz equivalent if there

is an inner (resp., outer) bi-Lipschitz homeomorphism h : X → Y . The sets X and Y

are ambient Lipschitz equivalent if the homeomorphism h : X → Y can be extended

to a bi-Lipschitz homeomorphism H of the ambient space. The ambient equivalence is

stronger than the outer equivalence, and the outer equivalence is stronger then the inner

equivalence. Finiteness theorems of Mostowski [10] and Valette [12] show that there are

finitely many ambient Lipschitz equivalence classes in any definable family.

This paper is a part of a research project with the ultimate goal of outer Lipschitz

classification of surface germs, definable two-dimensional closed germs at the origin.

Inner Lipschitz geometry of surface germs is relatively simple. The building block of

the inner Lipschitz classification of surface germs is a β-Hölder triangle (see Definition

2.7). A combinatorial model for the inner Lipschitz equivalence class of a surface germ
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X is a Canonical Hölder Complex, based on a decomposition of X into Hölder triangles

and isolated arcs (see [2]).

Outer Lipschitz geometry of surface germs is much more complicated. A special case of

a surface germ is the union of a Hölder triangle T and a graph of a Lipschitz function f

defined on T . Two such surface germs are outer Lipschitz equivalent when two functions

are Lipschitz contact equivalent. This relates outer Lipschitz geometry of surface germs

with the Lipschitz geometry of functions. A complete invariant of the Lipschitz contact

equivalence of Lipschitz functions, called minimal pizza, was defined in [4]. Informally, a

pizza for a Lipschitz function f on a normally embedded Hölder triangle T is a decompo-

sition of T into “pizza slices,” subtriangles Ti of T , such that the order of f on each arc

γ ⊂ Ti depends linearly on the tangency order of γ with a boundary arc of Ti. A pizza is

minimal if the union of any two adjacent pizza slices is not a pizza slice.

In this paper we consider normal pairs of Hölder triangles defined in [5], surface germs

X = T ∪ T ′ ⊂ Rn, where T and T ′ are normally embedded Hölder triangles satisfying

natural conditions (17) on the tangency orders of their boundary arcs. Let f : T → R

and g : T ′ → R be Lipschitz functions defined as the distances in Rn from the points in

each of these two triangles to the other triangle. The first question is whether X is outer

Lipschitz equivalent to the union of T and the graph of the distance function f . Simple

examples (see Figure 1) show that the answer may be negative. Another natural question

is whether the minimal pizzas of f and g are equivalent. It was shown in [5] that the

answer to this question is also negative. The minimal pizzas for f and g may even have

different numbers of pizza slices (see Examples 7.8 and 7.9 below).

In paper [5] we defined the στ -pizza invariant of a normal pair (T, T ′) of Hölder triangles,

consisting of the minimal pizzas Λ and Λ′ associated with the distance functions f and

g on T and T ′, characteristic permutation σ and characteristic correspondence τ , where

σ and τ detect relations between certain elements of the pizzas Λ and Λ′ as follows. The

spaces of arcs of T and T ′ contain outer Lipschitz invariant subsets, called maximum

zones (see Definition 3.2). The permutation σ in [5, Definition 4.5] (see Proposition 3.3

and Definition 3.4 below) is encoding a canonical one-to-one correspondence between the

maximum zones of Λ and Λ′. Two pizza slices Ti and T
′
j of Λ and Λ′ are called transversal

if the distance functions of the pair (Ti, T
′
j) are equivalent to the distances from the points

of one of these triangles to a boundary arc of another one. Otherwise Ti and T
′
j are called

coherent (see Definition 4.1). There is a canonical one-to-one correspondence τ between

coherent pizza slices of Λ and Λ′ (see [5, Definition 4.8] and Definition 4.6 below).

The main result of [5] states that στ -pizzas of outer Lipschitz equivalent normal pairs of

Hölder triangles are combinatorially equivalent. In this paper we show that the converse

is also true: The pizzas Λ and Λ′, together with the characteristic permutation σ and

characteristic correspondence τ , constitute a complete invariant of the outer Lipschitz

equivalence class of normal pairs of Hölder triangles. Moreover, given any one of the two

pizzas, and given the permutation σ and correspondence τ (more precisely, given σ and

a permutation ̟ associated with σ and τ , see Definition 7.14) satisfying some explicit

admissibility conditions, a normal pair (T, T ′) with the given pizza, σ and τ exists and

is unique up to outer Lipschitz equivalence. The admissibility conditions are necessary:

they are satisfied by the στ -pizza invariant of any normal pair (T, T ′).

Section 2 of this paper introduces the main tools of our study. We consider the Valette

link [11] of a germ X , the set V (X) of arcs in X parameterized by the distance to the
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origin. It has a structure of a non-archimedean metric space, where the metric is defined

by the tangency order of arcs.

The main advantage of working in V (X), instead of X itself, is the possibility to define

outer Lipschitz invariant sets of arcs in V (X), while the only outer Lipschitz invariant

arcs in X are Lipschitz singular arcs (see Definition 2.11). We describe the properties of

sets and maps in the spaces of arcs corresponding to the geometric properties of surface

germs and their bi-Lipschitz maps. In particular, we give another proof of the theorem of

Fernandes (see [8]) that a map between two germs is outer bi-Lipschitz if, and only if, the

corresponding map between their Valette links is an isometry. We also introduce a notion

of combinatorial normal embedding of a Hölder triangle, in terms of its Valette link, and

prove that combinatorial normal embedding is equivalent to normal embedding.

We remind the definition of a pizza from [4], and define an abstract pizza (see Definition

2.19) as a combinatorial encoding of an equivalence class of a pizza associated with a non-

negative Lipschitz function on a normally embedded Hölder triangle. We show that a

pizza, unique up to combinatorial equivalence, can be recovered from an abstract pizza

(see Theorem 2.25). Thus a minimal abstract pizza represents a contact equivalence class

of a non-negative Lipschitz function.

At the end of Section 2 we reformulate the notion of pizza in terms of pizza zones,

Lipschitz invariant subsets of the Valette link of a normally embedded Hölder triangle T ,

where the boundary arcs of pizza slices of a minimal pizza associated with a Lipschitz

function on T may be selected.

In Section 3 we define maximal exponent zones (or simply maximum zones), the pizza

zones of the minimal pizzas Λ and Λ′ on T and T ′, associated with the distance functions

f and g, where the orders of these functions attain local maxima, and introduce the

characteristic permutation σ of a normal pair (T, T ′) encoding one-to-one correspondence

between the maximum zones of Λ and Λ′.

In Section 4 we define transversal and coherent pizza slices of the pizzas Λ and Λ′

and introduce the correspondence τ between their coherent pizza slices. This is a signed

correspondence: since pizza slices of Λ and Λ′ have orientations induced by the orientations

of T and T ′, the action of τ may either preserve or reverse that orientation. To understand

relations between σ and τ , we investigate combinatorial and metric properties of the στ -

pizza invariant defined in [5]. Note that σ and τ are of a rather different nature: the

permutation σ is encoding a one-to-one correspondence between maximum zones of pizzas

Λ and Λ′, which are some of their pizza zones, while τ is a one-to-one correspondence

between coherent pizza slices of Λ and Λ′, which cannot in general be extended to a

one-to-one correspondence between their pizza zones. We start with the permutation υ

and the sign function s on coherent pizza slices induced by τ (see Definition 4.7). The

triple (σ, υ, s) defined for a pair (T, T ′) satisfies allowability conditions (see Definition

4.22) which can be formulated in terms of the pizza Λ on T , based on the properties of

sets of pizza slices of Λ called caravans (see Definition 4.12). A triple (σ, υ, s) is allowable

when these conditions are satisfied.

To combine σ with υ, we consider the disjoint union K of the sets of maximum zones

and coherent pizza slices of Λ, and the corresponding set K′ for Λ′. These two sets have

the same number of elements K. Ordering them according to orientation of T and T ′, we

define the combined characteristic permutation ω of the pair (T, T ′) on a set of K elements

(see Definition 4.19) and show that, given a pizza Λ on T and an allowable triple (σ, υ, s),
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the permutation ω can be uniquely determined, even when T ′ and Λ′ are not known. This

construction is important for the realization theorem (Theorem 7.25) in Section 7.

In Section 5 we consider prove that two normal pairs (T, T ′) and (S, S ′) of Hölder

triangles are outer Lipschitz equivalent if, and only if, their {στ}-pizza invariants are

combinatorially equivalent.

In Section 6 we introduce a combinatorial notion of blocks that allows us to establish

relations between the metric (pizzas) and combinatorial (σ and τ) parts of the {στ}-pizza

invariant, which are necessary and sufficient for the existence and uniqueness, up to outer

Lipschitz equivalence, of a normal pair of Hölder triangles. We do this first in the totally

transversal case, when there are no coherent pizza slices.

For a totally transversal pizza Λ associated with a non-negative Lipschitz function f

on a Hölder triangle T , a family λ0, . . . , λn−1 of n arcs in V (T ), ordered according to

orientation of T , which are either the boundary arcs of T or belong to maximum zones of

Λ, such that each maximum zone contains exactly one of these arcs, is called a supporting

family (see Definition 6.10). The pizza Λ is completely determined by the exponents

βij = tord(λi, λj) and qi = ordλif associated with a supporting family.

Let π be a permutation of the set [n] = {0, . . . , n−1} of n elements. A segment of [n] is

a non-empty set of consecutive indices {i, . . . , k}. A segment B of [n] is called a block of

π if the set π(B) is also a segment of [n] (not necessarily in increasing order). Each non-

empty subset J of [n] is contained in a unique minimal block Bπ(J) of π. A permutation

π of [n] is called admissible with respect to a Lipschitz function f on T (or with respect

to a minimal pizza Λ on T associated with f) if it satisfies the block conditions : βij ≤ βik
for all k ∈ Bπ({i, j}) (condition (24) in Theorem 6.6).

Given a totally transversal pizza Λ with a supporting family of n arcs on a Hölder

triangle T , associated with a non-negative function f on T , and an admissible with re-

spect to f permutation π of [n], there exists a unique, up to outer Lipschitz equivalence,

totally transversal normal pair (T, T ′) realizing the pizza Λ and the permutation π of

[n] compatible with the characteristic permutation σ of the pair (T, T ′) on the family of

maximum zones.

In Section 7 we establish the existence and uniqueness, up to outer Lipschitz equiv-

alence, of a general normal pair of Hölder triangles, based on admissibility conditions,

including the block conditions, for an analog ̟ of the permutation π. In this section

we define pre-pizza (see Definition 7.3) obtained from a minimal pizza by removing non-

essential pizza zones where the action of σ and τ is not defined, and twin pre-pizza (see

Definition 7.6) obtained from a pre-pizza by adding “twin arcs” to ensure that τ is one-

to-one and compatible with σ on the expanded set of arcs. In the totally transversal case,

when there are no coherent pizza slices, pre-pizza is determined by the maximum zones

and twin pre-pizza is the same as pre-pizza. The minimal pizza, unique up to combi-

natorial equivalence, can be recovered from the corresponding pre-pizza, and a pre-pizza

can be recovered from the corresponding twin pre-pizza. Using definitions of pre-pizza

and twin pre-pizza, we define admissibility conditions for the permutation ̟. The con-

struction of ̟ is based on the combined characteristic permutation ω defined in Section

4. The admissibility conditions for ̟ include the allowability conditions for the triple

(σ, υ, s) and the block conditions (39). The main result of this section (and also the main

realization result of the paper) is similar to the realization theorem (Theorem 6.14) for

the totally transversal case in Section 6.
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Given a pizza Λ and an admissible permutation ̟, one can construct a normally em-

bedded triangle T ′, such that (T, T ′) is a normal pair of Hölder triangles with the pizza Λ

associated with the distance function f(x) = dist(x, T ′) on T , and ̟ is compatible with

the characteristic permutation σ and characteristic correspondence τ of the pair (T, T ′).

Some remarks about the figures. We try to illustrate the “dynamics” of the link of a

surface germ X , dependence of the intersection of X with a small sphere on the radius

of the sphere. Accordingly, in our figures X is a curve, a pair of Hölder triangles is the

union of two intervals, and some arcs in X are marked as points. We try to imitate the

non-archimedean metric on V (X) by representing the arcs with higher tangency order by

the nearby points in the plane, and mark some important zones as shaded disks. We hope

it will bring some intuition to the reader.

The second author would like to express his gratitude for the warm hospitality to the

Jagiellonian University in Krakow, Poland, which he visited while this paper was being

written.

2. Preliminaries

Definition 2.1. A germ X at the origin inherits two metrics from the ambient space: the

inner metric where the distance between two points of X is the length of the shortest path

connecting them inside X , and the outer metric with the distance between two points of

X being their distance in the ambient space. A germ X is normally embedded if its inner

and outer metrics are equivalent.

For a point x ∈ X and a subset Y ⊂ X we define the outer distance dist(x, Y ) =

infy∈Y |x − y|, and the inner distance idist(x, Y ) as the infimum of the lengths of paths

connecting x with points y ∈ Y .

A surface germ is a closed germ X at the origin such that dimRX = 2.

Definition 2.2. An arc in Rn is (a germ at the origin of) a mapping γ : [0, ǫ) → Rn such

that γ(0) = 0. Unless otherwise specified, we suppose that arcs are parameterized by the

distance to the origin, i.e., |γ(t)| = t. We usually identify an arc γ with its image in Rn.

The Valette link of X is the set V (X) of all arcs γ ⊂ X .

Definition 2.3. Let f 6≡ 0 be a Lipschitz function defined on an arc γ, such that f(0) = 0.

The order of f on γ is the exponent q = ordγf ∈ F≥1 such that f(γ(t)) = ctq + o(tq) as

t→ 0, where c 6= 0. If f ≡ 0 on γ, then ordγf = ∞.

Definition 2.4. The tangency order between two arcs γ and γ′ is defined as tord(γ, γ′) =

ordγ|γ(t) − γ′(t)|. The tangency order between an arc γ and a set of arcs Z ⊂ V (X) is

defined as tord(γ, Z) = supλ∈Z tord(γ, λ). The tangency order between two subsets Z

and Z ′ of V (X) is defined as tord(Z,Z ′) = supγ∈Z tord(γ, Z
′). Similarly, itordX(γ, γ

′),

itordX(γ, Z) and itordX(Z,Z
′) denote the tangency orders with respect to the inner met-

ric. The distance ξ(γ, γ′) = 1/tord(γ, γ′) between arcs in X defines a non-archimedean

metric ξ on V (X).

Proposition 2.5. (See [8].) Let (X, 0) and (Y, 0) be definable germs at the origin of Rn.

A definable homeomorphism Φ : (X, 0) → (Y, 0) preserving the distance to the origin is

bi-Lipschitz if, and only if, for any two arcs γ1, γ2 ∈ V (X) one has

(1) tord(γ1, γ2) = tord(Φ(γ1),Φ(γ2)).
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Proof. We present a proof, slightly different from the proof given in [8]. It is similar to

the proof of the main result of [6]. If Φ is bi-Lipschitz then (1) is obviously satisfied. Let

us show that Φ is a Lipschitz map when (1) is satisfied.

Consider the set W ⊂ Rn × Rn × R defined as

(2) W = {(x1, x2, z) : x1 ∈ X, x2 ∈ X, 0 < z < 1, |x1 − x2| < z|Φ(x1)− Φ(x2)|}

Note that, since Φ preserves the distance to the origin, the set W does not contain

any points with x1 = 0 or x2 = 0. If Φ is not a Lipschitz map, then the closure of

Wc = W ∩ {z = c} contains the point (0, 0, c), for 0 < c < 1. By the arc selection lemma,

the set W ∪ {0, 0, 0} contains an arc γ(z) = (γ1(z), γ2(z), z) parameterized by z ≥ 0,

such that limz→0(γ1(z), γ2(z)) = (0, 0) and |γ1(z)− γ2(z)| < z|Φ(γ1(z))−Φ(γ2(z))|. Then

projection of γ to Rn × Rn along the z-axis is an arc Γ(z) = (γ1(z), γ2(z)) ⊂ X × X

parameterized by z, such that

(3) |γ1(z)− γ2(z)| < z|Φ(γ1(z))− Φ(γ2(z))|.

Let t1 = |γ1(z)|, t2 = |γ2(z)| and t =
√

t21 + t22 = |Γ(z)|, thus z = Ctβ + o(tβ) for some

β > 0 and C > 0. Since Φ preserves the distance to the origin, we have |Φ(γ1(z))| = t1,

|Φ(γ2(z))| = t2 and |Φ(Γ(z))| = t. Since |γ1(z) − γ2(z)| ≤ t1 + t2 ≤ 2t by triangle

inequality, and |Φ(γ1(z))− Φ(γ2(z))| ≤ 2t, (3) implies that

(4) |γ1(z)− γ2(z)| < 2zt = 2Ctβ+1 + o(tβ+1).

Since |t1 − t2| ≤ |γ1(z) − γ2(z)| = o(t), this implies that α = tord(γ1, γ2) ≥ β + 1 > 1.

Since Φ preserves the tangency orders of arcs, we have tord(Φ(γ1),Φ(γ2)) = α, thus

|Φ(γ1(z)) − Φ(γ2(z))| = C1z
α + o(zα) for some C1 > 0, in contradiction with (3). This

finishes the proof that Φ is a Lipschitz map.

The same arguments applied to Φ−1 show that Φ−1 is also a Lipschitz map. �

Definition 2.6. For β ∈ F, β ≥ 1, the standard β-Hölder triangle is (a germ at the origin

of) the set

(5) Tβ = {(u, v) ∈ R2 | u ≥ 0, 0 ≤ v ≤ uβ}.

The arcs {u ≥ 0, v = 0} and {u ≥ 0, v = uβ} are the boundary arcs of Tβ.

Definition 2.7. A β-Hölder triangle is (a germ at the origin of) a set T ⊂ Rn that

is inner bi-Lipschitz homeomorphic to the standard β-Hölder triangle (5). The number

β = µ(T ) ∈ F is called the exponent of T . The arcs γ1 and γ2 of T mapped to the

boundary arcs of Tβ by an inner bi-Lipschitz homeomorphism are the boundary arcs of T

(notation T = T (γ1, γ2)). All other arcs of T are its interior arcs. The set of interior arcs

of T is denoted by I(T ). An arc γ ⊂ T is generic if itord(γ, γ1) = itord(γ, γ2). The set

of generic arcs of T is denoted by G(T ).

Definition 2.8. Two normally embedded Hölder triangles are called transversal if there

is a boundary arc γ̃ of T and a boundary arc γ̃′ of T ′ such that tord(γ̃, γ′) = tord(γ′, T )

for any arc γ′ of T ′ and tord(γ̃′, γ) = tord(γ, T ′) for any arc γ of T .

Definition 2.9. Let T =
⋃

Ti be a Hölder triangle decomposed into normally embedded

subtriangles Ti = T (λi−1, λi), such that Ti∩Ti+1 = {λi}. We say that T is combinatorially

normally embedded if any two triangles Ti and Tj are transversal (see Definition 2.8) and

(6) tord(λi, λj) = min(tord(λi, λk), tord(λk, λj)) for i < k < j.
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Proposition 2.10. If a Hölder triangle T is combinatorially normally embedded, then it

is normally embedded.

Proof. If Ti is a βi-Hölder triangle, where βi = tord(λi−1, λi), then (6) implies that

tord(λi, λj) = min
k:i<k≤j

βk = itord(λi, λj) for i < j by the non-archimedean property of

the tangency order.

If T is not normally embedded, then there are arcs γ and γ′ in T such that itord(γ, γ′) <

tord(γ, γ′). These two arcs cannot belong to the same triangle Ti ⊂ T , since Ti is normally

embedded. Suppose that γ ⊂ Ti and γ′ ⊂ Tj , where i < j. Let T0 = T (γ, γ′) ⊂ T . If

j = i + 1, then Ti ∪ Tj is a Hölder triangle. Since Ti and Tj are transversal, there is a

normally embedded Hölder triangle T ′ such that T0 ⊂ Ti ∪ Tj ⊂ T ′. This implies that

T0 is a normally embedded Hölder triangle, a contradiction. Thus we may assume that

i < j − 1. If T ′ is a normally embedded Hölder triangle such that Ti ∪ Tj ⊂ T ′, let

T ′
0 = T ′(γ, γ′) be a β ′-Hölder subtriangle of T ′ bounded by γ and γ′. Then the following

four cases are possible:

(a) λi ∪ λj−1 ⊂ T ′
0, (b) λi ∪ λj ⊂ T ′

0, (c) λi−1 ∪ λj−1 ⊂ T ′
0, (d) λi−1 ∪ λj ⊂ T ′

0.

In case (a) we have

β ′ = tord(γ, γ′) = itordT ′(γ, γ′) = min(tord(γ, λi), itordT ′(λi, λj−1), tord(λj−1, γ
′))

= min(tord(γ, λi), tord(λi, λj−1), tord(λj−1, γ
′)) = itordT (γ, γ

′),
(7)

where tord(γ, γ′) = itordT ′(γ, γ′) and tord(λi, λj−1) = itordT ′(λi, λj−1) since T ′ is nor-

mally embedded, a contradiction.

In case (b) we have

β ′ = tord(γ, γ′) = itordT ′(γ, γ′) = min(tord(γ, λi), itordT ′(λi, λj), tord(λj, γ
′))

≤ min(tord(γ, λi), tord(λi, λj−1), tord(λj−1, γ
′)) = itordT (γ, γ

′),
(8)

as tord(λi, λj) ≤ tord(λi, λj−1) and tord(λj−1, γ
′) ≥ tord(λj−1, λj) ≥ tord(λi, λj) =

itordT ′(λi, λj), again a contradiction.

Cases (c) and (d) are similar. This completes the proof of Proposition 2.10. �

Definition 2.11. Let X be a surface germ. An arc γ ∈ V (X) is Lipschitz non-singular

if there exists a normally embedded Hölder triangle T ⊂ X such that γ ∈ I(T ) and

γ 6⊂ X \ T . Otherwise, γ is Lipschitz singular. A Hölder triangle T is non-singular if any

arc γ ∈ I(T ) is Lipschitz non-singular.

Definition 2.12. For a Lipschitz function f on a Hölder triangle T , let

(9) Qf(T ) =
⋃

γ∈V (T )

ordγf.

Remark 2.13. It was shown in [4, Lemma 3.3] that Qf(T ) is either a point or a closed

interval in F ∪ {∞}.

Definition 2.14. A Hölder triangle T is elementary with respect to a Lipschitz function

f on T if, for any q ∈ Qf(T ) and any two arcs γ and γ′ in T such that ordγf = ordγ′f = q,

the order of f is q on any arc in the Hölder triangle T (γ, γ′) ⊂ T .

Definition 2.15. Let T be a normally embedded Hölder triangle and f a Lipschitz

function on T . For an arc γ ⊂ T , the width µT (γ, f) of γ with respect to f is the infimum

of exponents of Hölder triangles T ′ ⊂ T containing γ such that Qf (T
′) is a point. For
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q ∈ Qf(T ) let µT,f(q) be the set of exponents µT (γ, f), where γ is any arc in T such that

ordγf = q. It was shown in [4] that, for each q ∈ Qf(T ), the set µT,f(q) is finite. This

defines a multivalued width function µT,f : Qf(T ) → F ∪ {∞}. If T is an elementary

Hölder triangle with respect to f , then the function µT,f is single valued. When f is fixed,

we write µT (γ) and µT instead of µT (γ, f) and µT,f .

The depth νT (γ, f) of an arc γ with respect to f is the infimum of exponents of Hölder

triangles T ′ ⊂ T such that γ ∈ G(T ′) and Qf (T
′) is a point. By definition, νT (γ, f) = ∞

when there are no such triangles T ′.

Definition 2.16. Let T = T (γ1, γ2) be normally embedded β-Hölder triangle and f a

Lipschitz function on T . We say that T is a pizza slice associated with f if it is elementary

with respect to f , either Qf (T ) is not a point and µT,f(q) = aq + b is an affine function

on Qf(T ), or Qf (T ) = {q} is a point and µT,f(q) = β is a single exponent. If T is a pizza

slice and Qf (T ) is not a point, then a 6= 0, and one of the boundary arcs of T (either

γ̃ = γ1 or γ̃ = γ2) such that µT (γ̃, f) = maxq∈Qf (T ) µT,f(q) is called the supporting arc of

T with respect to f .

Proposition 2.17. Let T be a normally embedded β-Hölder triangle which is a pizza slice

associated with a non-negative Lipschitz function f , such that Q = Qf (T ) is not a point.

Then β ≤ µT,f(q) ≤ max(q, β) for all q ∈ Q. If γ̃ is the supporting arc of T with respect

to f , then µT (γ, f) = tord(γ̃, γ) for all arcs γ ⊂ T such that µT (γ, f) < µT (γ̃, f). In

particular, minq∈Q µT,f(q) = β.

Proof. Since f is a Lipschitz function, we obtain β ≤ µT,f(q) ≤ max(q, β). Using Lemma

3.3 from [4] we get µT (γ, f) = tord(γ̃, γ) . �

Definition 2.18. (See [4, Definition 2.13].) Let f be a non-negative Lipschitz function

on a normally embedded β-Hölder triangle T = T (γ1, γ2) oriented from γ1 to γ2. A

pizza on T associated with f is a decomposition Λ = {Tℓ}
p
ℓ=1 of T into Hölder triangles

Tℓ = T (λℓ−1, λℓ) ordered according to the orientation of T , such that λ0 = γ1 and λp = γ2
are the boundary arcs of T, Tℓ ∩ Tℓ+1 = λℓ for 0 < ℓ < p, and each triangle Tℓ is a pizza

slice associated with f . The pizza Λ comes with the following toppings :

• Exponents qℓ = ordλℓf for 0 ≤ ℓ ≤ p;

• Exponents βℓ = µ(Tℓ) for 1 ≤ ℓ ≤ p;

• Intervals of exponents Qℓ = [qℓ−1, qℓ] for 1 ≤ ℓ ≤ p;

• Affine functions µℓ(q) on Qℓ for 1 ≤ ℓ ≤ p, such that µℓ(q) ≤ q for all q ∈ Qℓ and

minq∈Qℓ
µℓ(q) = βℓ, or µℓ(qℓ) = βℓ is a single exponent when Qℓ = {qℓ} is a point;

• Exponents νℓ = νT (λℓ, f), where ν0 = νp = ∞, νℓ = max(µℓ(qℓ), µℓ+1(qℓ)) for 0 < ℓ < p.

The pizza Λ is minimal if Tℓ−1 ∪ Tℓ is not a pizza slice for any ℓ > 1.

Definition 2.19. (See [4, Definition 2.12].) An abstract pizza P on a set {0, . . . , p} is

a finite sequence {qℓ}
p
ℓ=0, where qℓ ∈ F≥1 ∪ {∞}, and a finite collection {βℓ, Qℓ, µℓ}

p
ℓ=1,

where βℓ ∈ F≥1, Qℓ = [qℓ−1, qℓ] ⊂ F≥1 ∪ {∞} is either a point or a closed interval,

µℓ : Qℓ → F ∪ {∞} is an affine function, non-constant when Qℓ is not a point, such that

µℓ(q) ≤ q for all q ∈ Qℓ and minq∈Qℓ
µℓ(q) = βℓ. If Qℓ = {qℓ} is a point, then µℓ(qℓ) = βℓ

is a single exponent. For 0 ≤ ℓ ≤ p, exponents νℓ are defined as follows: ν0 = νp = ∞

and νℓ = max(µℓ(qℓ), µℓ+1(qℓ)) for 0 < ℓ < p.

An abstract pizza is reducible if p > 1 and one of the following conditions is satisfied:

(a) Qℓ = Qℓ+1 = {qℓ} for some ℓ < p.
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(b) Qℓ = {qℓ} 6= Qℓ+1 and βℓ ≥ µℓ+1(qℓ) for some ℓ < p.

(c) Qℓ 6= {qℓ} = Qℓ+1 and βℓ+1 ≥ µℓ(qℓ) for some ℓ < p.

(d) Qℓ 6= {qℓ} 6= Qℓ+1 and Qℓ ∩ Qℓ+1 = {qℓ} for some ℓ < p, and the function µ(q) on

Qℓ ∪Qℓ+1, such that µ(q) = µℓ(q) for q ∈ Qℓ and µ(q) = µℓ+1(q) for q ∈ Qℓ+1, is affine.

An abstract pizza is minimal if it is not reducible.

Remark 2.20. We do not need the signs ± that are part of the definition in [4], since

only non-negative functions are considered in this paper.

Lemma 2.21. Let P = {{qℓ}
p
ℓ=0, {βℓ, Qℓ, µℓ}

p
ℓ=1, {νℓ}

p
ℓ=0}, where p > 1, be an abstract

pizza. If qℓ−1 = qℓ and min(νℓ−1, νℓ) = βℓ for some ℓ > 0, then P is reducible.

Proof. According to Definition 2.19, an abstract pizza is reducible if one of the conditions

(a)-(d) is satisfied. If qℓ−1 = qℓ and min(νℓ−1, νℓ) = βℓ, then one of conditions (a)-(c) is

satisfied, thus the abstract pizza is reducible. �

Definition 2.22. Given a pizza Λ = {Tℓ}
p
ℓ=1, where Tℓ = T (λℓ−1, λℓ), associated with a

non-negative Lipschitz function f on an oriented β-Hölder triangle T , the corresponding

abstract pizza P is defined by setting qℓ = ordλℓf , βℓ = µ(Tℓ) = tord(λℓ−1, λℓ), Qℓ =

Qf (Tℓ), µℓ(q) = µTℓ,f(q), νℓ = νT (λℓ, f). The abstract pizza P is minimal if, and only if,

the pizza Λ is minimal.

Conversely, any abstract pizza as in Definition 2.19 is associated with the pizza of a

non-negative Lipschitz function on a standard β-Hölder triangle Tβ, where β = minℓ βℓ
(see Theorem 2.25 below). To construct such a function, we start with the definition of a

standard pizza slice.

Definition 2.23. Given exponents β and q in F≥1, exponent q̃ 6= q in F≥1 ∪ {∞}, and

a non-constant affine function µ(q) = a(q − α) from Q = [q, q̃] to F ∪ {∞}, such that

µ(q) ≤ q for all q ∈ Q and minq∈Q µ(q) = µ(q) = β ≥ 1, let

(10) φ = φβ,q,q̃,µ(u, v) = uαv1/a

be a function on the β-Hölder triangle Tβ,κ = {u ≥ 0, uκ ≤ v ≤ uβ}. Here κ =

maxq∈Q µ(q) = µ(q̃) > β and uκ ≡ 0 if κ = ∞. Let hβ,κ be a bi-Lipschitz mapping

(u, v) 7→
(

u, uκ + v(1− uκ−β)
)

from the standard β-Hölder triangle Tβ to Tβ,κ, and let

(11) ψ = ψβ,q,q̃,µ(u, v) = φβ,q,q̃,µ(h(u, v)).

The pair (Tβ , ψβ,q,q̃,µ) is called the standard pizza slice associated with β, q, q̃ and µ.

When q = q̃, thus Q = {q̃} is a point and µ(q̃) = β is a single exponent, the standard

pizza slice is defined as (Tβ, ψ), where

(12) ψ = ψβ,q,q̃,µ(u, v) = uq̃.

Lemma 2.24. The function ψ = ψβ,q,q̃,µ(u, v) in (11) is Lipschitz, and Tβ is a pizza slice

associated with ψ, with the affine width function µ(q) = a(q−α) defined on Qψ(Tβ) = [q, q̃].

Proof. Since hβ,κ is (the germ at the origin of) a bi-Lipschitz homeomorphism Tβ → Tβ,κ,

it is enough to show that φ = uαv1/a in (10) is a Lipschitz function on Tβ,κ. Moreover,

as the family of arcs γµ = {v = uµ} ⊂ Tβ,κ, for µ ∈ F, κ ≥ µ ≥ β, is dense in Tβ,κ, it is

enough to show that dφ(u, uµ)/du = (α + µ
a
)uα+

µ
a
−1, and ∂φ/∂v = 1

a
uαv

1

a
−1 restricted to
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γµ, are uniformly in µ bounded in a neighborhood of the origin. Since µ(q) = a(q − α),

we have q(µ) = α + µ
a
. We consider three cases, depending on the value of a.

Case 0 < a ≤ 1. Note that, when κ = ∞, we have Tβ,κ = Tβ and ψ = φ = uαv1/a.

Since q may be arbitrary large in that case, condition 1 ≤ β ≤ µ(q) ≤ q for all q ∈ Q

implies that this is possible only when 0 < a ≤ 1. As the minimal value of q(µ) is

q(β) = α + β
a
, we have α ≥ q

(

1− 1
a

)

≥
(

α+ β
a

) (

1− 1
a

)

. Thus α ≥ β
(

1− 1
a

)

and

α + µ
a
− 1 ≥ β + µ−β

a
− 1 ≥ 0. Thus implies that dφ(u, uµ)/du = (α + µ

a
)uα+

µ
a
−1 is either

monotone increasing function of u for u > 0, or a constant α + µ
a
= 1 when µ = β = 1

and α = 1 − 1
a
. Since this function is bounded as a function of µ for a fixed positive

u < 1, it is uniformly bounded on a neighborhood of the origin in Tβ. This proves also

that dφ(u, uµ)/du is bounded on Tβ,κ ⊂ Tβ when κ 6= ∞. Similarly, ∂φ/∂v = 1
a
uαv

1

a
−1

restricted to γµ is
1
a
uα+

µ
a
−µ ≤ u(µ−β)(

1

a
−1) when 0 ≤ u ≤ 1, as α+ µ

a
−µ ≥ (µ−β)

(

1
a
− 1

)

.

Case a > 1. In that case κ 6= ∞, thus µ ≤ κ is bounded. Condition µ(q) ≤ q is

equivalent to α ≥ q(1 − 1
a
) for all q ∈ Q. Since the maximal value of q ∈ Q is q(κ) =

α + κ
a
, this implies α ≥

(

α+ κ
a

) (

1− 1
a

)

, thus α ≥ κ
(

1− 1
a

)

. We have dφ(u, uµ)/du =
(

α+ µ
a

)

uα+
µ
a
−1, which is bounded since α + µ

a
= q(µ) ≤ q(κ) = α + κ

a
and α + µ

a
− 1 =

q(µ)− 1 ≥ 0. Similarly, ∂φ/∂v = 1
a
uαv

1

a
−1 restricted to γµ is 1

a
uα+

µ
a
−µ which is bounded

when 0 ≤ u ≤ 1, as α + µ
a
− µ ≥ (κ− µ)

(

1− 1
a

)

≥ 0.

Case a < 0. In that case κ 6= ∞, thus µ ≤ κ is bounded. Condition µ(q) ≤ q is

equivalent to α ≤ q(1 − 1
a
) for all q ∈ Q. Since the minimal value of q ∈ Q is q(κ) =

α + κ
a
, this implies α ≤

(

α+ κ
a

) (

1− 1
a

)

, thus α ≥ κ
(

1− 1
a

)

. We have dφ(u, uµ)/du =
(

α+ µ
a

)

uα+
µ
a
−1, which is bounded, as α + µ

a
= q(µ) ≤ q(β) = α + β

a
and α + µ

a
− 1 =

q(µ)− 1 ≥ 0. Similarly, ∂φ/∂v = 1
a
uαv

1

a
−1 restricted to γµ is 1

a
uα+

µ
a
−µ which is bounded

when 0 ≤ u ≤ 1, as α + µ
a
− µ ≥ (κ− µ)

(

1− 1
a

)

≥ 0. �

Theorem 2.25. Given an abstract pizza P = {{qℓ}
p
ℓ=0, {βℓ, Qℓ, µℓ}

p
ℓ=1}, there is a non-

negative Lipschitz function f : Tβ → R, where β = minℓ(βℓ), such that P is the abstract

pizza corresponding to the pizza Λ = {Tℓ}
p
ℓ=1 on Tβ associated with f .

Proof. The standard β-Hölder triangle Tβ can be decomposed into βℓ-Hölder triangles

Tℓ = T (λℓ−1, λℓ), where 1 ≤ ℓ ≤ p, by the arcs λℓ = {u ≥ 0, v = vℓ(u)}, where 0 ≤ ℓ ≤ p,

v0(u) ≡ 0 and vp(u) = uβ. For each ℓ = 1, . . . , p, let µℓ(q) = aℓq + bℓ.

If aℓ = 0 then Qℓ = {qℓ} is a point and f |Tℓ = uqℓ .

If aℓ > 0 and qℓ−1 > qℓ, or aℓ < 0 and qℓ−1 < qℓ, thus µℓ(qℓ) = β is the minimal

value of µℓ(q) and µℓ(qℓ−1 is its maximal value, we define a bi-Lipschitz homeomorphism

H+
ℓ : Tℓ → Tβℓ ,

(13) H+
ℓ (u, v) =

(

u, uβℓ(v − vℓ−1(u))/(vℓ(u)− vℓ−1(u))
)

,

such that H+
ℓ (λℓ−1) = {v ≡ 0} and H+

ℓ (λℓ) = {v = uβℓ }, and set

(14) f(u, v)|Tℓ = ψℓ(H
+
ℓ (u, v))

where ψℓ = ψβℓ,qℓ,qℓ−1,µℓ is the standard pizza slice (11). In this case, λℓ−1 is the supporting

arc λ̃ℓ of Tℓ with respect to f , f |λℓ−1
= uqℓ−1 and f |λℓ = uqℓ.

If aℓ > 0 and qℓ−1 < qℓ, or aℓ < 0 and qℓ−1 > qℓ, thus µℓ(qℓ−1) = β is the minimal

value of µℓ(q) and µℓ(qℓ) is its maximal value, we define a bi-Lipschitz homeomorphism

H−
ℓ : Tℓ → Tβℓ ,

(15) H−
ℓ (u, v) =

(

u, uβℓ−1(v − vℓ(u))/(vℓ−1(u)− vℓ(u))
)

,
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such that H−
ℓ (λℓ) = {v ≡ 0} and H−

ℓ (λℓ−1) = {v = uβℓ }, and set

(16) f(u, v)|Tℓ = ψℓ(H
−
ℓ (u, v))

where ψℓ = ψβℓ,qℓ−1,qℓ,µℓ is the standard pizza slice (11). In this case, λℓ is the supporting

arc λ̃ℓ of Tℓ with respect to f , f |λℓ−1
= uqℓ−1 and f |λℓ = uqℓ.

Since the standard pizza slice (11) and (12) is a Lipschitz function, and f |λℓ = uqℓ for

0 ≤ ℓ ≤ p, the function f is a Lipschitz function on Tβ, such that P is the abstract pizza

corresponding to the pizza associated with f . �

Definition 2.26. Two pizzas are called combinatorially equivalent if the corresponding

abstract pizzas are the same.

Proposition 2.27. (See [4, Theorem 4.9].) Two non-negative Lipschitz functions f and

g on a normally embedded Hölder triangle T are contact Lipschitz equivalent if, and only

if, minimal pizzas on T associated with f and g are combinatorially equivalent.

Definition 2.28. (See [7, Definitions 2.36 and 2.40].) Let X be a surface germ. A non-

empty set of arcs Z ⊂ V (X) is called a zone if, for any two arcs γ1 6= γ2 in Z, there exists

a non-singular Hölder triangle T = T (γ1, γ2) such that V (T ) ⊂ Z. A singular zone is a

zone Z = {γ} consisting of a single arc γ. A zone Z is normally embedded if, for any two

arcs γ1 6= γ2 in Z, there exists a normally embedded Hölder triangle T = T (γ1, γ2) such

that V (T ) ⊂ Z. The order of a zone Z is defined as µ(Z) = infγ,γ′∈Z tord(γ, γ
′). If Z is

a singular zone, then µ(Z) = ∞. A zone Z is called a β-zone when µ(Z) = β.

Definition 2.29. (See [7, Definition 2.43].) A β-zone Z is closed if there are two arcs γ

and γ′ in Z such that tord(γ, γ′) = β. Otherwise, Z is an open zone. A zone Z ⊂ V (X)

is perfect if, for any two arcs γ and γ′ in Z, there exists a Hölder triangle T ⊂ X such

that V (T ) ⊂ Z and both γ and γ′ are generic arcs of T . By definition, a singular zone is

closed perfect.

Remark 2.30. (see [5, Lemma 2.29]) A zone Z ⊂ V (X) is perfect if, and only if, for

any two arcs {γ1, γ2} ∈ Z there exists an inner bi-Lipschitz map Ψ : X → X , such that

Ψ(γ1) = γ2 and Ψ is identity on V (X) \ Z. If Z and Z ′ are disjoint closed perfect zones,

then itord(Z,Z ′) = itord(γ, γ′) for any arcs γ ∈ Z and γ′ ∈ Z ′.

Definition 2.31. (See [5, Definition 2.22].) Let f : T → R be a Lipschitz function on

a normally embedded Hölder triangle T . A zone Z ⊂ V (T ) is a q-order zone for f if

ordγf = q for any arc γ ∈ Z. A q-order zone for f is maximal if it is not a proper subset

of any other q-order zone for f . The width zone WT (γ, f) of an arc γ ⊂ T with respect

to f is the maximal q-order zone for f containing γ, where q = ordγf . The order of

WT (γ, f) is µT (γ, f). The depth zone DT (γ, f) of an arc γ ⊂ T with respect to f is the

union of zones G(T ′) for all triangles T ′ ⊂ T such that γ ∈ G(T ′) and Qf(T
′) is a point.

The order of DT (γ, f) is νT (γ, f). By definition, DT (γ, f) = {γ} and νT (γ, f) = ∞ when

there are no such triangles T ′.

Lemma 2.32. (See [5, Lemma 2.23].) If f is a Lipschitz function on a normally embedded

Hölder triangle T , then the width zone WT (γ, f) is closed for any arc γ ⊂ T .

Definition 2.33. (See [5, Definition 2.24].) Let T be a normally embedded Hölder triangle

and f a Lipschitz function on T . If Z ⊂ V (T ) is a zone, we define Qf(Z) as the set of all
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exponents ordγf for γ ∈ Z. The zone Z is elementary with respect to f if the set of arcs

γ ∈ Z such that ordγf = q is a zone for each q ∈ Qf (Z).

For γ ∈ Z and q = ordγf , the width µZ(γ, f) of γ with respect to f is the infimum of

exponents of Hölder triangles T ′ containing γ such that V (T ′) ⊂ Z and Qf(T
′) is a point.

The width zone WZ(γ, f) of γ with respect to f is the maximal subzone of Z containing

γ such that q = ordλf for all arcs λ ⊂ WZ(γ, f). The order of WZ(γ, f) is µZ(γ, f). For

q ∈ Qf(Z) let µZ,f(q) be the set of exponents µZ(γ, f), where γ ∈ Z is any arc such that

ordγf = q. It follows from Lemma 3.3 from ([4]) that, for each q ∈ Qf (Z), the set µZ,f(q)

is finite. This defines a multivalued width function µZ,f : Qf (Z) → F ∪ {∞}. If Z is an

elementary zone with respect to f then the function µZ,f is single valued.

We say that Z is a pizza slice zone associated with f if it is elementary with respect to

f , Qf (Z) is a closed interval in F∪ {∞} and, unless Qf (Z) is a point, µZ,f(q) = aq + b is

an affine function on Qf (Z).

Lemma 2.34. (See [5, Lemma 2.25].) Let f be a Lipschitz function on a normally

embedded Hölder triangle T . Let γ be an interior arc of T , so that T = T ′ ∪ T ′′ and

T ′ ∩ T ′′ = {γ}. Then either µT ′(γ, f) = µT ′′(γ, f) and νT (γ, f) = µT (γ, f) = µT ′(γ, f) =

µT ′′(γ, f), or νT (γ, f) = max(µT ′(γ, f), µT ′′(γ, f)) > µT (γ, f). In both cases, DT (γ, f) is

a closed perfect zone.

Lemma 2.35. (See [5, Lemma 2.28].) Let f be a non-negative Lipschitz function on a

normally embedded Hölder triangle T = T (γ1, γ2), oriented from γ1 to γ2. There exists a

unique finite family {Dℓ}
p
ℓ=0 of disjoint zones Dℓ ⊂ V (T ) with the following properties:

1. The singular zones D0 = {γ1} and Dp = {γ2} are the boundary arcs of T .

2. Dℓ = DT (γ, f) is a closed perfect νℓ-zone, where νℓ = νT (γ, f) for any arc γ ∈ Dℓ.

In particular, Dℓ is a qℓ-order zone for f , where qℓ = ordγf . Moreover, Dℓ is a maximal

perfect qℓ-order zone for f : if Z ⊇ Dℓ is a perfect qℓ-order zone for f , then Z = Dℓ.

3. Any choice of arcs λℓ ∈ Dℓ defines a minimal pizza Λ = {Tℓ}
p
ℓ=1, where Tℓ = T (λℓ−1, λℓ)

on T associated with f .

4. Any minimal pizza on T associated with f can be obtained as a decomposition {Tℓ}
p
ℓ=1

of T defined by some choice of arcs λℓ ∈ Dℓ for ℓ = 0, . . . , p.

Definition 2.36. The zones Dℓ in Lemma 2.35 are called pizza zones of a minimal pizza

on T associated with f .

Corollary 2.37. Let {Dℓ}
p
ℓ=0 be the family of pizza zones of a minimal pizza Λ = {Tℓ}

p
ℓ=1

on T associated with f , where Tℓ = T (λℓ−1, λℓ), as in Lemma 2.35. For each ℓ = 1, . . . , p,

the set Yℓ = Dℓ−1 ∪Dℓ ∪ V (Tℓ) is a pizza slice zone associated with f , independent of the

choice of arcs λℓ ∈ Dℓ. Moreover, Yℓ is a maximal pizza slice zone: if Y ⊇ Yℓ is a pizza

slice zone associated with f , then Y = Yℓ.

Definition 2.38. If T = T (γ1, γ2) is a Hölder triangle oriented from γ1 to γ2, then its

Valette link V (T ) is totally ordered: for two arcs λ1 6= Λ2 in V (T ), we define λ1 ≺ λ2
when orientation of T induces orientation from λ1 to λ2 on T (λ1, λ2). This order of V (T )

defines a partial order on the set of zones in V (T ): for two zones Z1 6= Z2 in V (T ), we

define Z1 ≺ Z2 when either Z2 \ Z1 is a zone and λ1 ≺ λ2 for any arcs λ1 ∈ Z1 and

λ2 ∈ Z2 \Z1, or when Z1 \Z2 is a zone and λ1 ≺ λ2 for any arcs λ1 ∈ Z1 \Z2 and λ2 ∈ Z2.

If Λ is a pizza on T , then this partial order defines a total order on the set of all pizza

zones Dℓ and Yℓ of Λ, consistent with the total order λℓ−1 ≺ Tℓ ≺ λℓ on the disjoint union
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of the sets of arcs and pizza slices of Λ induced by orientation of T . If Z is a zone in V (T )

and Tℓ is a pizza slice of Λ, we write Z ≺ Tℓ or Tℓ ≺ Z when Z ≺ V (Tℓ) or V (Tℓ) ≺ Z.

3. Maximal exponent zones and the permutation σ

Definition 3.1. If T and T ′ are normally embedded Hölder triangles, then a pair of arcs

(γ, γ′), where γ ⊂ T and γ′ ⊂ T ′, is called normal when tord(γ, T ′) = tord(γ, γ′) =

tord(γ′, T ). A pair (T, T ′) of normally embedded Hölder triangles T = T (γ1, γ2) and

T ′ = T (γ′1, γ
′
2), oriented from γ1 to γ2 and from γ′1 to γ′2 respectively, is called a normal

pair if (γ1, γ
′
1) and (γ2, γ

′
2) are normal pairs, i.e., the following condition is satisfied:

(17) tord(γ1, T
′) = tord(γ1, γ

′
1) = tord(γ′1, T ), tord(γ2, T

′) = tord(γ2, γ
′
2) = tord(γ′2, T ).

Definition 3.2. (See [5, Definition 4.2].) Let Λ = {Tℓ}
p
ℓ=1, where Tℓ = T (λℓ−1, λℓ) is a βℓ-

Hölder triangle, be a minimal pizza on a normally embedded Hölder triangle T = T (γ1, γ2)

oriented from γ1 to γ2, associated with a non-negative Lipschitz function f defined on T .

Let {Dℓ}
p
ℓ=0 be the pizza zones of Λ, ordered according to the orientation of T , and let

qℓ = tord(Dℓ, T
′) = ordλℓf . A pizza zone Dℓ is called a maximal exponent zone for f (or

simply a maximum zone) and λℓ ∈ Dℓ is called a maximum arc of Λ if one of the following

inequalities holds:

ℓ = 0, β1 < q0 ≥ q1,

ℓ = p, βp < qp ≥ qp−1,

0 < ℓ < p, max(βℓ, βℓ+1) < qℓ ≥ max(qℓ−1, qℓ+1).

(18)

If a zone Dℓ is not a maximum zone, it is called a minimal exponent zone for f (or simply

a minimum zone) and an arc λℓ of Λ is called a minimum arc if either ℓ = 0 and q0 ≤ q1,

or 0 < ℓ < p and qℓ ≤ min(qℓ−1, qℓ+1), or ℓ = p and qp ≤ qp−1. In particular, each

boundary arc of T is either a maximum zone or a minimum zone.

If P is a minimal abstract pizza corresponding to Λ (see Definition 2.22) then ℓ is called

a maximum index of P if conditions (18) are satisfied.

If (T, T ′) is a normal pair of Hölder triangles with distance functions f(x) = dist(x, T ′)

and g(x′) = dist(x′, T ), then maximum and minimum zones D′
ℓ′ ⊂ V (T ′) and arcs λ′ℓ′

of a minimal pizza Λ′ = {T ′
ℓ′}

p′

ℓ′=1 on T ′ associated with g, where T ′
ℓ′ = T (λ′ℓ′−1, λ

′
ℓ′), are

defined similarly, replacing T with T ′ and f with g.

Proposition 3.3. (See [5, Proposition 4.4].) Let (T, T ′), where T = T (γ1, γ2) and T ′ =

T (γ′1, γ
′
2), be a normal pair of Hölder triangles. Let M = {Mi}mi=1 and M′ = {M ′

j}
m′

j=1 be

the sets of maximum zones in V (T ) and V (T ′) for minimal pizzas Λ and Λ′ associated

with the distance functions f(x) = dist(x, T ′) and g(x′) = dist(x′, T ), ordered according to

the orientations of T and T ′. Let q̄i = tord(Mi, T
′) and q̄′j = tord(M ′

j, T ). Then m
′ = m,

and there is a one-to-one correspondence j = σ(i) between the sets M = {Mi}mi=1 and

M′ = {M ′
j}
m
j=1, such that µ(M ′

j) = µ(Mi) and tord(Mi,M
′
j) = q̄i = q̄′j for j = σ(i). If

{γ1} = M1 is a maximum zone of Λ, then {γ′1} = M ′
1 is a maximum zone of Λ′ and

σ(1) = 1. If {γ2} = Mm is a maximum zone of Λ, then {γ′2} = M ′
m is a maximum zone

of Λ′ and σ(m) = m.

Definition 3.4. (See [5, Definition 4.5].) The permutation σ of the set [m] = {1, . . . , m}

in Proposition 3.3 is called the characteristic permutation of the normal pair (T, T ′) of

Hölder triangles.
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Remark 3.5. Since the Hölder triangles T and T ′ are normally embedded and the zones

Mi and M ′
i are closed perfect, Remark 2.30 implies that ξ(Mi,Mj) = 1/tord(Mi,Mj)

and ξ′(M ′
i ,M

′
j) = 1/tord(M ′

i ,M
′
j) (see Definition 2.4) define non-archimedean metrics ξ

and ξ′ on the sets M and M′ of the maximum zones of Λ and Λ′. The characteristic

permutation σ defines an isometry σ : M → M′ with respect to these metrics.

4. Transversal and coherent pizza slices, the correspondence τ

Definition 4.1. (See [5, Definition 4.6].) Let f be a non-negative Lipschitz function on a

normally embedded β-Hölder triangle T , and let Λ = {Tℓ}
p
ℓ=1, where Tℓ = (λℓ−1, λℓ), be a

minimal pizza on T associated with f . Let {Dℓ}
p
ℓ=0 be the pizza zones (see Lemma 2.35)

such that λℓ ∈ Dℓ. We have µ(Dℓ) = ν(λℓ) and qℓ = ordλℓf . Let Yℓ = Dℓ−1 ∪ V (Tℓ) ∪Dℓ

be the maximal pizza slice zones associated with f (see Corollary 2.37). An interior pizza

zone Dℓ is called transversal if qℓ = µ(Dℓ) and coherent otherwise. A pizza slice Tℓ,

and a pizza slice zone Yℓ, are called transversal if either ℓ = p = 1 and q0 = q1 ≤ β or

Qℓ = [qℓ−1, qℓ] is not a point and the width function µℓ on Qℓ (see Definition 2.15) satisfies

µℓ(q) ≡ q. Otherwise, Tℓ and Yℓ are called coherent. A boundary arc γ̌ of T is called

transversal if µ(γ̌) = ordf(γ̌). The function f is called totally transversal if all pizza

slices Tℓ of a minimal pizza associated with f are transversal. Alternatively, f is totally

transversal if either ordγf < β or ordγf = µT (γ, f) for all arcs γ ∈ V (T ).

If (T, T ′) is a normal pair of Hölder triangles, Λ = {Tℓ}
p
ℓ=1 is the minimal pizza on T

associated with f(x) = dist(x, T ′) and Λ′ = {T ′
ℓ′}

p′

ℓ′=1 is a minimal pizza on T ′ associated

with g(x′) = dist(x′, T ), then transversal pizza zones D′
ℓ′ of Λ

′, transversal and coherent

pizza slices T ′
ℓ′ , maximal pizza slice zones Y ′

ℓ′, and affine functions µ′
ℓ′(q) on Q

′
ℓ′ , are defined

similarly, replacing T with T ′ and f with g.

Definition 4.2. A normal pair (T, T ′) of Hölder triangles, where T = T (γ1, γ2) and

T ′ = T (γ′1, γ
′
2), with the distance functions f(x) = dist(x, T ′) and g(x′) = dist(x′, T ) on

T and T ′, respectively, is called totally transversal if the distance function f on T is totally

transversal. It follows from [5, Proposition 4.7] that a pair (T, T ′) is totally transversal

if, and only if, the distance function g on T ′ is totally transversal.

Let T = T (γ1, γ2) be a normally embedded β-Hölder triangle and f a totally transversal

non-negative Lipschitz function on T . Let M = {Mi}mi=1, be the set of maximum zones

in V (T ) of a minimal pizza Λ on T associated with f . We may assume that at least

one maximum zone exists, as m = 0 appears only in a trivial case when ordγf ≤ β for

all γ ⊂ T . Let n = m − 1 when both boundary arcs of T are maximum zones, n = m

when only one of the boundary arcs of T is a maximum zone, n = m + 1 otherwise.

Selecting n + 1 arc θ0, . . . , θn so that θ0 = γ1, θn = γ2, and there is exactly one arc θj in

each maximum zone Mi, we define a decomposition of T into n Hölder triangles T̄j . Here

i = j+1 if {γ1} is a maximum zone and i = j otherwise. Let q̄j = ordθjf and β̄j = µ(T̄j).

Then

q̄0 > β̄1 when {γ1} is a maximum zone, otherwise q̄0 = β̄1,

q̄n > β̄n when {γ2} is a maximum zone, otherwise q̄n = β̄n,

q̄j > max(β̄j, β̄j+1) for 0 < j < n.

(19)
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Lemma 4.3. Let T = T (γ1, γ2) be a normally embedded β-Hölder triangle oriented from

γ1 to γ2. Given exponents {β̄j}nj=1 such that minj(β̄j) = β, and exponents {q̄j}nj=0 satisfy-

ing (19), there exists a totally transversal non-negative Lipschitz function f on T , unique

up to contact Lipschitz equivalence, such that exponents β̄j and q̄j are determined by the

maximum zones of a minimal pizza on T associated with f .

Proof. Given exponents {β̄j}
n
j=1 such that minj(β̄j) = β, and exponents {q̄j}

n
j=0 satisfying

(19), let p = 2n if q̄0 > β̄1 and q̄n > β̄n, p = 2n − 2 if q̄0 = β̄1 and q̄n = β̄n, p = 2n − 1

otherwise. Then one can define a pizza {Tℓ}
p
ℓ=1 on T as follows. Consider decomposition

{T̄j}nj=1 of T into β̄j-Hölder triangles T̄j = T (θ̄j−1, θ̄j). Decompose each Hölder triangle

T̄j , for 1 < j < n, into two β̄j-Hölder triangles T
−
j = T (θ̄j−1, λj) and T

+
j = T (λj, θ̄j) by a

generic arc λj ⊂ T̄j . Decompose similarly T̄1 if q̄0 > β̄1 and T̄n if q̄n > β̄n. This defines

a decomposition of T into p Hölder triangles. If the new arcs λj are assigned exponents

qj = β̄j, and the new Hölder triangles T±
j are assigned the width functions µ±

j (q) ≡ q

on the intervals Q±
j , where Q

−
j = [q̄j−1, qj ] and Q+

j = [q̄j , qj ], then this decomposition

becomes a minimal pizza for a totally transversal function f on T , such that the arcs

θ̄j either are the boundary arcs of T or belong to maximum zones of the pizza, and

the arcs λj belong to minimum zones of the pizza which are not the boundary arcs of T .

According to Theorem 2.25, such a function f exists and is unique up to contact Lipschitz

equivalence. �

Definition 4.4. Let (T, T ′), where T = T (γ1, γ2) and T ′ = T (γ′1, γ
′
2), be two normally

embedded β-Hölder triangles satisfying (17), such that T is a pizza slice associated with

f(x) = dist(x, T ′) and tord(T, T ′) = tord(γ1, γ
′
1) > β. The pair (T, T ′) is called positively

oriented if either T is oriented from γ1 to γ2 and T
′ from γ′1 to γ

′
2, or if T is oriented from

γ2 to γ1 and T ′ from γ′2 to γ′1. Otherwise, the pair (T, T ′) is called negatively oriented.

Proposition 4.5. (See [5, Proposition 4.7].) Let (T, T ′) be a normal pair of Hölder

triangles, and let Tℓ, Dℓ, Qℓ, µℓ, T
′
ℓ′, D

′
ℓ′, Q

′
ℓ′, µ

′
ℓ′ be as in Definition 4.1. Then, for each

index ℓ such that the pizza slice Tℓ is coherent, there is a unique index ℓ′ = τ(ℓ) such that

Q′
ℓ′ = Qℓ, µ

′
ℓ′(q) ≡ µℓ(q) and one of the following two conditions holds:

(20) tord(Dℓ, T
′) = tord(Dℓ, D

′
ℓ′) = tord(D′

ℓ′, T ),

tord(Dℓ−1, T
′) = tord(Dℓ−1, D

′
ℓ′−1) = tord(D′

ℓ′−1, T );

(21) tord(Dℓ, T
′) = tord(Dℓ, D

′
ℓ′−1) = tord(D′

ℓ′−1, T ),

tord(Dℓ−1, T
′) = tord(Dℓ−1, D

′
ℓ′) = tord(D′

ℓ′, T ).

Definition 4.6. (See [5, Definition 4.8].) Let (T, T ′) be a normal pair of Hölder triangles,

and let Λ and Λ′ be minimal pizzas on T and T ′ associated with the distance functions

f(x) = dist(x, T ′) and g(x′) = dist(x′, T ) respectively. According to Proposition 4.5, the

sets L and L′ of coherent pizza slices of Λ and Λ′ have the same number of elements,

and there is a canonical one-to-one characteristic correspondence τ : ℓ′ = τ(ℓ) between

these two sets. A pair (Tℓ, T
′
ℓ′) of coherent pizza slices, where ℓ′ = τ(ℓ) is called positively

oriented if (20) holds and negatively oriented if (21) holds. Alternatively, we say that τ

is positive (resp., negative) on Tℓ.
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Definition 4.7. Let L be the number of coherent pizza slices of Λ, same as the number of

coherent pizza slices of Λ′. Since pizza slices of Λ and Λ′ are ordered according to orienta-

tions of T and T ′, respectively, the characteristic correspondence τ induces a permutation

υ of the set [L] = {1, . . . , L}, such that j = υ(i) when Tℓ is the i-th coherent pizza slice

of Λ and T ′
τ(ℓ) is the j-th coherent pizza slice of Λ′. Since τ is a signed correspondence, it

defines a sign function s : [L] → {+,−}, where s(l) = “ + ” (resp., s(l) = “ − ”) if τ is

positive (resp., negative) on the l-th coherent pizza slice Tℓ of Λ.

Proposition 4.8. (See [5, Proposition 4.10].) Let (T, T ′) be a normal pair of Hölder

triangles. Let Λ and Λ′ be minimal pizzas on T and T ′ associated with the distance

functions f(x) = dist(x, T ′) and g(x′) = dist(x′, T ). Let Tℓ and T
′
ℓ′, where ℓ

′ = τ(ℓ), be

coherent pizza slices such that a pizza zone D of Λ adjacent to Tℓ (say D = Dℓ, the case

D = Dℓ−1 being similar) is a maximum zone Mi of Λ. Then the corresponding pizza zone

D′ of Λ′ adjacent to T ′
ℓ′ (either D

′ = D′
ℓ′ when τ is positive on Tℓ or D

′ = D′
ℓ′−1 when τ

is negative) is a maximum zone M ′
j of Λ

′, where j = σ(i).

Definition 4.9. Let Tℓ be a coherent pizza slice of Λ such that qℓ ≥ qℓ−1. A maximum

zone Mi of Λ is called right-adjacent to Tℓ if tord(λℓ,Mi) ≥ qℓ. If there are no maximum

zones of Λ right-adjacent to Tℓ, then Tℓ is called tied on the right. Similarly, if Tℓ is a

coherent pizza slice of Λ such that qℓ−1 ≥ qℓ, then a maximum zone Mi of Λ is called left-

adjacent to Tℓ when tord(λℓ−1,Mi) ≥ qℓ−1. If there are no maximum zones left-adjacent

to Tℓ, then Tℓ is called tied on the left. Note that Tℓ may be tied on both sides, or have

both right- and left-adjacent maximum zones, when qℓ−1 = qℓ.

Remark 4.10. Let Tℓ = T (λℓ−1, λℓ) be a coherent pizza slice of Λ such that qℓ ≥ qℓ−1,

and let Mi be a maximum zone of Λ right-adjacent to Tℓ. Since the pizza zone Dℓ of Λ

has exponent νℓ ≤ qℓ, either λℓ ∈Mi or tord(λℓ,Mi) = qℓ. Similarly, if qℓ−1 ≥ qℓ andMi is

a maximum zone of Λ left-adjacent to Tℓ, then either λℓ−1 ∈Mi or tord(λℓ−1,Mi) = qℓ−1.

Definition 4.11. If a coherent pizza slice Tℓ of Λ is tied on the right, it cannot be the

last coherent pizza slice of Λ: if λℓ = γ2 is a boundary arc of T , then it is a maximum zone

adjacent to Tℓ, and if Tℓ+1 is a transversal pizza slice of Λ with qℓ+1 > qℓ, then either λℓ+1

belongs to a maximum zone adjacent to Tℓ or Tℓ+2 is a coherent pizza slice of Λ, since two

consecutive transversal pizza slices of a minimal pizza have either a maximal or a minimal

common pizza zone. Thus, if Tℓ is tied on the right, then either Tℓ+1 is a coherent pizza

slice of Λ with qℓ+1 > qℓ, or Tℓ+1 is a transversal pizza slice of Λ with qℓ+1 > qℓ and Tℓ+2

is a coherent pizza slice of Λ with qℓ+2 > qℓ+1. The two coherent pizza slices, either Tℓ
and Tℓ+1 or Tℓ and Tℓ+2, are called right-tied. Similarly, if a coherent pizza slice Tℓ of Λ is

tied on the left, then either Tℓ−1 is a coherent pizza slice of Λ with qℓ−2 > qℓ−1, or Tℓ−1 is

a transversal pizza slice of Λ with qℓ−2 > qℓ−1 and Tℓ−2 is a coherent pizza slice of Λ with

qℓ−3 > qℓ−2. The two coherent pizza slices, either Tℓ and Tℓ−1 or Tℓ and Tℓ−2, are called

left-tied.

Definition 4.12. A sequence C = {Tℓ, . . . , Tℓ+k} (resp., C = {Tℓ, . . . , Tℓ−k}) of consec-

utive pizza slices of Λ, where Tℓ and Tℓ+k (resp., Tℓ and Tℓ−k) are coherent pizza slices,

is called a rightward caravan (resp., a leftward caravan) if each coherent pizza slice in C

is tied on the right (resp., tied on the left), except the last pizza slice Tℓ+k (resp., Tℓ−k)

of C being not tied. The non-empty set A(C) of maximum zones of Λ right-adjacent to

Tℓ+k (resp., left-adjacent to Tℓ−k) is called the adjacent set of a caravan C.
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IfMi is a maximum zone of Λ such thatMi ≺ Tℓ (resp., Mi ≺ Tℓ−k), we say thatMi ≺ C.

IfMi is a maximum zone of Λ such that Tℓ+k ≺Mi (resp., Tℓ ≺Mi), we say that C ≺Mi.

In particular C ≺Mi (resp., Mi ≺ C) for any maximum zone Mi ∈ A(C).

A caravan C ′ of pizza slices of Λ′ and its adjacent set A(C ′) are defined similarly, replacing

the pizza slices and maximum zones of Λ with the pizza slices and maximum zones of Λ′.

Remark 4.13. It follows from Definitions 4.11 and 4.12 that each coherent pizza slice of

Λ belongs to at least one caravan. If two rightwards (resp., leftwards) caravans are not

disjoint, then one of them is a subset of another, and their adjacent sets of maximum

zones are the same. A rightward (resp., leftward) caravan may consist of a single coherent

pizza slice Tℓ of Λ when Tℓ is not tied on the right (resp., on the left).

If C is a caravan of pizza slices of Λ, then the set V (C) =
⋃

k:Tk∈C
V (Tk) is a zone in

V (T ). Partial order on zones in V (T ) (see Definition 2.38) induces total order on the

set of all (rightward and leftward) caravans of pizza slices of Λ, such that C1 ≺ C2 when

V (C1) ≺ V (C2). Similarly, partial order on zones in V (T ′) induces total order on the set

of all caravans of pizza slices of Λ′.

If C = {Tℓ, . . . , Tℓ+k} is a rightward caravan of Λ and Mi is a maximum zone of Λ not

right-adjacent to C, then either Mi ≺ Tℓ or Mj ≺Mi for any maximum zone Mj ∈ A(C).

Similarly, if C = {Tℓ, . . . , Tℓ−k} is a leftward caravan of Λ and Mi is a maximum zone

of Λ not left-adjacent to C, then either Tℓ ≺ Mi or Mi ≺ Mj for any maximum zone

Mj ∈ A(C).

Proposition 4.14. Let (T, T ′) be a normal pair of Hölder triangles, and let Λ and Λ′ be

minimal pizzas on T and T ′, respectively, associated with the distance functions f(x) =

dist(x, T ′) and g(x′) = dist(x′, T ). Let τ be the characteristic correspondence between

coherent pizza slices of Λ and Λ′. If two coherent pizza slices of Λ (either Tℓ and Tℓ+1 or

Tℓ and Tℓ+2) are tied, then τ is either positive on both of these pizza slices, with either

τ(ℓ+1) = τ(ℓ)+1 or τ(ℓ+2) = τ(ℓ)+2, or negative on both of these pizza slices, with either

τ(ℓ+ 1) = τ(ℓ)− 1 or τ(ℓ+ 2) = τ(ℓ)− 2. Moreover, coherent pizza slices of Λ′ assigned

by τ to tied pizza slices of Λ are also tied. If two tied pizza slices of Λ belong to a caravan

C and the tied pizza slices of Λ′ assigned to them by τ belong to a caravan C ′ = τ(C),

then the set of maximum zones of Λ′ adjacent to C ′ is A(C ′) = {M ′
σ(i) :Mi ∈ A(C)}.

Proof. Consider first the case of two consecutive pizza slices Tℓ and Tℓ+1. We may assume

that Tℓ is tied on the right, τ is positive on Tℓ, and Tℓ+1 is a coherent pizza slice with

qℓ+1 > qℓ, the other cases being similar. Let ℓ′ = τ(ℓ), ℓ′′ = τ(ℓ + 1), and let T ′
ℓ′ =

T (λ′ℓ′−1, λ
′
ℓ′) and T ′

ℓ′′ = T (λ′ℓ′′−1, λ
′
ℓ′′) be coherent pizza slices of Λ′ corresponding to Tℓ

and Tℓ+1, respectively.

Let us show first that τ is positive on Tℓ+1. If τ is negative on Tℓ+1, then [5, Proposi-

tion 3.9] implies that βℓ+1 = qℓ, tord(λℓ, λ
′
ℓ′) = tord(λℓ, λ

′
ℓ′′) = qℓ and tord(λℓ+1, λ

′
ℓ′′−1) =

qℓ+1 > qℓ. Since βℓ < qℓ and T ′ is normally embedded, we have T ′
ℓ′ ≺ T ′

ℓ′′ , thus

λ′ℓ′′−1 ⊂ T (λ′ℓ′, λ
′
ℓ′′) and tord(λ′ℓ′, λ

′
ℓ′′) = qℓ. As qℓ+1 > qℓ, there is a maximum zone

M ′
j ⊂ V (T (λ′ℓ′, λ

′
ℓ′′)) of Λ

′, such that tord(M ′
j, λℓ) ≥ qℓ. If j = σ(i), then tord(Mi, λℓ) ≥ qℓ,

a contradiction.

We are going to show next that ℓ′′ = ℓ′+1. Since τ is positive on both Tℓ and Tℓ+1 and

βℓ < qℓ = βℓ+1 < qℓ+1, [5, Proposition 3.9] implies that T ′
ℓ′ ≺ T ′

ℓ′′ , thus λ
′
ℓ′′−1 ⊂ T (λ′ℓ′, λ

′
ℓ′′).

Since q′ℓ′ = qℓ = q′ℓ′′−1, we have ordθg = qℓ for each arc θ ⊂ T̃ ′ = T (λ′ℓ′, λ
′
ℓ′′−1), otherwise
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there would be a maximum zone M ′
j of Λ

′ inside V (T̃ ′), an the corresponding maximum

zone Mi of Λ, where j = σ(i) would have tord(Mi, λℓ) ≥ qℓ, a contradiction.

The statement about the sets A(C) and A(C ′) of adjacent maximum zones follows from

the isometry of the characteristic permutation σ (see Remark 3.5).

If Tℓ and Tℓ+2 are two coherent pizza slices of Λ such that Tℓ is tied on the right, Tℓ+1

is a transversal pizza slice, and τ is positive on Tℓ, then the same arguments as above

show that τ is positive on Tℓ+2, the pizza slices T ′
ℓ′ and T

′
ℓ′′ of Λ

′ assigned by τ to Tℓ and

Tℓ+2 satisfy T
′
ℓ′ ≺ T ′

ℓ′′ , and T
′
ℓ′ is tied on the right. Since qℓ+1 > qℓ, the pizza slices T ′

ℓ′ and

T ′
ℓ′′ are not consecutive pizza slices of Λ′, thus ℓ′′ > ℓ′ + 1. Also, T ′

ℓ′+1 is not a coherent

pizza slice of Λ′, otherwise the same arguments as above applied to tied pizza slices T ′
ℓ′

and T ′
ℓ′+1 would imply that Tℓ+1 is a coherent pizza slice, a contradiction. Thus T ′

ℓ′+1 is a

transversal pizza slice of Λ′ and Tℓ′+2 is a coherent pizza slice of Λ′. Since T ′
ℓ′′ and T

′
ℓ′+2

belong to the same rightward caravan C ′ as T ′
ℓ′ , and the order of coherent pizza slices in

the caravans C and C ′ is the same as the order of the exponents q and q′ of their boundary

arcs, we have ℓ′′ = ℓ′ + 2. This completes the proof of Proposition 4.14. �

Corollary 4.15. Let (T, T ′) be a normal pair of Hölder triangles, with the minimal pizzas

Λ and Λ′ on T and T ′ associated with the distance functions f(x) = dist(x, T ′) and

g(x′) = dist(x′, T ), and let C be a caravan of Λ. Then the following properties hold:

(A) The characteristic correspondence τ has the same sign, either positive or negative,

on all coherent pizza slices of C. We say that τ is positive (resp., negative) on C.

(B) There is a caravan C ′ = τ(C) of pizza slices of Λ′ such that τ defines a one-to-one

correspondence between coherent pizza slices of C and C ′, preserving their order when τ

is positive on C, and reversing their order when τ is negative on C. If C is a rightward

(resp., leftward) caravan of Λ and τ is positive on C, then C ′ = τ(C) is a rightward (resp.,

leftward) caravan of Λ′. Similarly, if C is a rightward (resp., leftward) caravan of Λ and

τ is negative on C, then C ′ = τ(C) is a leftward (resp., rightward) caravan of Λ′.

(C) If τ is positive on a rightward (resp., leftward) caravan C of Λ, then a maximum

zone Mi of Λ is right-adjacent (resp., left-adjacent) to C if, and only if, the maximum

zone M ′
σ(i) of Λ′ is right-adjacent (resp., left-adjacent) to C ′ = τ(C). Similarly, if τ is

negative on C, then a maximum zone Mi of Λ is right-adjacent (resp., left-adjacent) to

C if, and only if, the maximum zone M ′
σ(i) of Λ

′ is left-adjacent (resp., right-adjacent) to

C ′ = τ(C). Thus the adjacent set A(C) of a caravan C of pizza slices of Λ is mapped by

σ to the adjacent set A(C ′) of the caravan C ′ = τ(C) of pizza slices of Λ′.

Remark 4.16. If Dℓ is a coherent pizza zone common to consecutive coherent pizza slices

Tℓ and Tℓ+1 of Λ, then [5, Proposition 3.9] implies that T ′
τ(ℓ) and T

′
τ(ℓ+1) are consecutive

coherent pizza slices of Λ′ with a common pizza zone D′
ℓ′ of Λ′ corresponding to Dℓ.

Thus τ must have the same sign on these two pizza slices, with either ℓ′ = τ(ℓ) and

ℓ′ + 1 = τ(ℓ+ 1) when τ is positive, or ℓ′ = τ(ℓ+1) and ℓ′ + 1 = τ(ℓ) when τ is negative.

Similarly, if Dℓ =Mi is a maximum zone of Λ common to two coherent pizza slices Tℓ and

Tℓ+1, then Proposition 4.8 implies that T ′
τ(ℓ) and T ′

τ(ℓ+1) are consecutive coherent pizza

slices of Λ′ with a common pizza zone D′
ℓ′ =M ′

σ(i) corresponding to Dℓ, thus τ must have

the same sign on these two pizza slices.

Definition 4.17. If C is a rightward (resp., leftward) caravan of pizza slices of Λ and τ

is positive (resp., negative) on C, let j+(C) = mini:Mi∈A(C) σ(i) and j−(C) = j+(C)− 1.
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If C is a rightward (resp., leftward) caravan of pizza slices of Λ and τ is negative (resp.,

positive) on C, let j−(C) = maxi:Mi∈A(C) σ(i) and j+(C) = j−(C) + 1.

Proposition 4.18. If C is a caravan of pizza slices of Λ and C ′ = τ(C) is the corre-

sponding caravan of pizza slices of Λ′, then the number of maximum zones M ′
j of Λ

′ such

that M ′
j ≺ C ′ is j−(C). If C1 and C2 are two caravans of Λ such that τ(C1) ≺ τ(C2),

then j−(C1) ≤ j−(C2).

Proof. We may assume that C is a rightward caravan and τ is positive on C, the other

cases being similar. Then C ′ = τ(C) is a rightward caravan of Λ′, according to item (B)

of Corollary 4.15, and C ′ ≺ M ′
j for all maximum zones M ′

j ∈ A(C ′) of Λ′. Since A(C) is

mapped to A(C ′) by σ, according to item (C) of Corollary 4.15, the maximum zone M ′
j+

has the minimal index j = j+ among all maximum zones M ′
j ∈ A(C ′) of Λ′. Since all

maximum zones M ′
j of Λ

′ which are not in A(C ′) satisfy either M ′
j ≺ C ′ or M ′

j+
≺ M ′

j,

according to Remark 4.13, there are exactly j− = j+ − 1 maximum zones M ′
j of Λ

′ such

that M ′
j ≺ C ′. �

Definition 4.19. Let K = M
⋃

L be the disjoint union of the set M of maximum zones

of Λ and the set L of coherent pizza slices of Λ, and let K′ = M′
⋃

L′ be the corresponding

set of maximum zones and coherent pizza slices of Λ′. Notice that the sets K and K′ are

totally ordered according to orientations of T and T ′, respectively (see Definition 2.38).

Since the sets K and K′ have the same number of elements K = m+ L, the combination

of permutations σ and υ of the sets [m] and [L], respectively, defines a permutation ω

of the set [K] = {1, . . . , K}, such that k′ = ω(k) either when the k-th element of K

corresponds to the i-th maximum zone Mi of Λ and the k′-th element of K corresponds

to the σ(i)-th maximum zone M ′
σ(i) of Λ′, or when the k-th element of K corresponds

to the l-th coherent pizza slice Tℓ of Λ and the k′-th element of K corresponds to the

υ(l)-th coherent pizza slice T ′
τ(ℓ) of Λ

′. The permutation ω of [K] is called the combined

characteristic permutation of the pair (T, T ′).

Theorem 4.20. Let (T, T ′) be a normal pair of Hölder triangles with the minimal pizzas Λ

and Λ′ on T and T ′ associated with the distance functions f(x) = dist(x, T ′) and g(x′) =

dist(x′, T ), and let (T, T ′′) be another normal pair of Hölder triangles with a minimal

pizza on T associated with the distance function dist(x, T ′′) combinatorially equivalent to

Λ and a minimal pizza Λ′′ on T ′′ associated with the distance function dist(x′′, T ).

Since the sets M′ and M′′ of maximum zones of Λ′ and Λ′′ have the same number of

elements m, and the sets L′ and L′′ of coherent pizza slices of Λ′ and Λ′′ have the same

number of elements L, the disjoint union K′′ of the sets M′′ and L′′ has the same number

of elements K = m+L as the set K′. If the characteristic permutation σ of [m] of the pair

(T, T ′) is the same as the characteristic permutation of the pair (T, T ′′), the permutation

υ of [L] induced by the characteristic correspondence τ of the pair (T, T ′) is the same as

the permutation of [L] induced by the correspondence between coherent pizza slices of T

and T ′′, and the sign function s : [L] → {+,−} of the pair (T, T ′) is the same as the sign

function of the pair (T, T ′′), then the combined characteristic permutation ω of [K] of the

pair (T, T ′) is the same as the combined characteristic permutation of the pair (T, T ′′).

Proof. The permutation σ defines the same order on the sets M′ and M′′ of maximum

zones of Λ′ and Λ′′, respectively, consistent with orientations of T ′ and T ′′, since σ(i) <

σ(j) implies that M ′
σ(i) ≺ M ′

σ(j) and M
′′
σ(i) ≺ M ′′

σ(j). Similarly, the permutation υ defines



20 OUTER LIPSCHITZ CLASSIFICATION OF NORMAL PAIRS OF HÖLDER TRIANGLES

the same order on the sets L′ and L′′ of coherent pizza slices of Λ′ and Λ′′, respectively,

consistent with orientations of T ′ and T ′′. To prove that the permutation ω is the same

for (T, T ′) and (T, T ′′), it is enough to show that a maximum zone M ′
j of Λ

′ precedes the

k-th coherent pizza slice of Λ′ if, and only if, a maximum zoneM ′′
j of Λ′′ precedes the k-th

coherent pizza slice of Λ′′. But this follows from Proposition 4.18: if k = υ(l) and C is

the caravan of pizza slices of Λ containing the l-th coherent pizza slice of Λ, then the k-th

coherent pizza slice of Λ′ belongs to the caravan C ′ of Λ′ and the k-th coherent pizza slice

of Λ′′ belongs to the caravan C ′′ of Λ′, such that the number j−(C) of maximum zones of

Λ′ preceding C ′ is the same as the number of maximum zones of Λ′′ preceding C ′′, since

j−(C) is determined by the pizza Λ, permutation σ and the sign function s. �

Remark 4.21. If conditions of Theorem 4.20 are satisfied, we say that ω is determined

by Λ, σ, υ and s, meaning that ω is the same for all normal pairs for which Λ, σ, υ and

s are the same. In what follows, we are going to use this terminology for other invariants

of normal pairs of Hölder triangles.

Definition 4.22. Let Λ be a minimal pizza on a normally embedded Hölder triangle T

associated with a non-negative Lipschitz function f on T . Let m and L be the numbers of

maximum zones and coherent pizza slices of Λ, respectively. Let σ and υ be permutations

of the sets [m] = {1, . . . , m} and [L] = {1, . . . , L}, respectively, and let s : [L] → {+,−}
be a sign function on [L]. For any caravan C of Λ, let A(C) be the adjacent set of C (see

Definition 4.12), and let j−(C) be the index defined by σ, υ and s (see Definition 4.17).

A triple (σ, υ, s) is called allowable if it satisfies the following conditions:

(A1). If the k-th and l-th coherent pizza slices of Λ belong to the same caravan C, then

either s(k) = s(l) = + and υ(l)−υ(k) = l−k, or s(k) = s(l) = − and υ(l)−υ(k) = k− l.

(A2) If C1 and C2 are two caravans of Λ such that τ(C1) ≺ τ(C2), then j−(C1) ≤ j−(C2).

(A3) If Dℓ is either a coherent pizza zone or a maximum zone of Λ adjacent to the k-th

and (k + 1)-st coherent pizza slices of Λ, then s(k) = s(k + 1).

Note that these conditions are satisfied when σ, υ and s are defined for a normal pair

(T, T ′) such that f(x) = dist(x, T ′) is the distance function on T (see Proposition 4.18

and Remark 4.16). In particular, these conditions are necessary to define the combined

characteristic permutation ω of the pair (T, T ′) (see Definition 4.19).

Proposition 4.23. Let (σ, υ, s) be an allowable triple, as in Definition 4.22, for a minimal

pizza Λ on a normally embedded Hölder triangle T associated with a non-negative Lipschitz

function f on T . Let K be the disjoint union of the set M of m maximum zones of Λ

and the set L of L coherent pizza slices of Λ, ordered according to orientation of T . Then

there exists a unique permutation ω of the set [K] = {1, . . . , K}, where K = m + L,

compatible with the permutations σ and υ on the subsets of K corresponding to M and L,

respectively (see Remark 4.24 below) and for any k ∈ [K] such that the k-th element of K

corresponds to a coherent pizza slice of Λ belonging to a caravan C, the number of indices

l ∈ [K] corresponding to maximum zones of Λ, such that ω(l) < ω(k), is equal to j−(C).

If the triple (σ, υ, s) is defined for a normal pair (T, T ′) such that Λ is a minimal pizza

associated with the distance function f(x) = dist(x, T ′) on T , then ω is the combined

characteristic permutation of the pair (T, T ′) (see Definition 4.19).

Remark 4.24. In Proposition 4.23, “compatible” means the following:

For any indices k and l of [K] corresponding to the maximum zones Mi and Mj of Λ
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(resp., to the i-th and j-th coherent pizza slices of Λ), we have ω(k) < ω(l) if, and only

if, σ(i) < σ(j) (resp., υ(i) < υ(j)).

Proof of Proposition 4.23. LetKm andKL be the subsets of indices k ∈ [K] corresponding

to the maximum zones and coherent pizza slices of Λ, respectively. Since ω is compatible

with σ and υ, the order of indices ω(k) in the subsets ω(Km) and ω(KL) of [K] is de-

termined by the permutations σ and υ, respectively. In particular, for each k ∈ KL, the

set KL(k) of indices l ∈ KL, such that ω(l) < ω(k), is known. Thus the permutation ω

would be completely defined if, for each k ∈ KL, the set Km(k) of indices i ∈ Km, such

that ω(i) < ω(k), is known. If k ∈ KL corresponds to a j-th coherent pizza slice of Λ

belonging to a caravan C of Λ, such that either C is a rightward caravan and s(j) = + or

C is a leftward caravan and s(j) = −, then, according to Definition 4.17, the set Km(k)

consists of all indices of Km corresponding to the maximum zones Ml of Λ such that

σ(l) < mini∈A(C) σ(i). Condition (A1) of Definition 4.22 implies that the value s(j) is

the same for all coherent pizza slices of Λ belonging to the same caravan C. Similarly, if

k ∈ KL corresponds to a j-th coherent pizza slice of Λ belonging to a caravan C of Λ,

such that either C is a rightward caravan and s(j) = − or C is a leftward caravan and

s(j) = +, then the set Km(k) consists of all indices of Km corresponding to the maximum

zones Ml of Λ such that σ(l) ≤ maxi∈A(C) σ(i). Condition (A2) of Definition 4.22 implies

that Km(j) ⊆ Km(j
′) when υ(j) < υ(j′). Thus ω is determined by Λ, σ, υ and s.

If (T, T ′) is a normal pair of Hölder triangles, Λ is a minimal pizza associated with the

distance function f(x) = dist(x, T ′) on T , and σ, υ and s are defined by the characteristic

permutation σ and characteristic correspondence τ of the pair (T, T ′), then the permu-

tation ω is the combined characteristic permutation of the pair (T, T ′), due to Definition

4.19 and Theorem 4.20. �

Remark 4.25. The characteristic correspondence τ can be extended to a correspondence

between the pizza zones of Λ and Λ′ adjacent to coherent pizza slices as follows: If Tℓ is a

coherent pizza slice of Λ and T ′
ℓ′ = τ(Tℓ), we can define τ(Dℓ−1) = D′

ℓ′−1 and τ(Dℓ) = D′
ℓ′

(resp., τ(Dℓ−1) = D′
ℓ′ and τ(Dℓ) = D′

ℓ′−1) if τ is positive (resp., negative) on Tℓ.

Proposition 4.5 implies that this correspondence preserves pizza toppings: µ(τ(Dℓ−1)) =

µ(Dℓ−1) and µ(τ(Dℓ)) = µ(Dℓ), tord(Dℓ−1, τ(Dℓ−1)) = qℓ−1 and tord(Dℓ, τ(Dℓ)) = qℓ.

If τ is positive on Tℓ, then q
′
ℓ′−1 = qℓ−1, q

′
ℓ′ = qℓ, µ

′
ℓ′(q

′
ℓ′−1) = µℓ(qℓ−1) and µ

′
ℓ′(q

′
ℓ′) = µℓ(qℓ).

If τ is negative on Tℓ, then q
′
ℓ′−1 = qℓ, q

′
ℓ′ = qℓ−1, µ

′
ℓ′(q

′
ℓ′−1) = µℓ(qℓ) and µ

′
ℓ′(q

′
ℓ′) = µℓ(qℓ−1).

This correspondence between the pizza zones of Λ and Λ′ is not necessarily one-to-one:

a pizza zone of Λ common to two coherent pizza slices may be “split,” assigned by τ to

two different pizza zones of Λ′, and two pizza zones of Λ may be assigned to the same

“split” pizza zone of Λ′. A boundary arc of T adjacent to a coherent pizza slice of Λ

may be assigned by τ to an interior pizza zone of Λ′, and an interior pizza zone of Λ may

be assigned to a boundary arc of T ′ adjacent to a coherent pizza slice of Λ′. However,

the correspondence between the pizza zones of Λ and Λ′ defined by τ is one-to-one on

coherent pizza zones and on the maximum zones (see Remark 4.16), and on the pizza

zones common to tied coherent triangles, due to Proposition 4.14.

To recover one-to-one correspondence between essential pizza zones of Λ and Λ′ (see

Definition 7.1) compatible with σ on the maximum zones and assigning the boundary

arcs of T ′ to the boundary arcs of T , we are going to define in Section 7 pre-pizzas Λ̃
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and Λ̃′ (see Definition 7.3) removing non-essential arcs from pizzas Λ and Λ′, and twin

pre-pizzas Λ̌ and Λ̌′ (see Definition 7.6) expanding pre-pizzas Λ̃ and Λ̃′ by twin arcs.

5. The {στ}-pizza invariant

Let (T, T ′) be a normal pair of β-Hölder triangles T = T (γ1, γ2) and T ′ = T (γ′1, γ
′
2).

Let {Dℓ}
p
ℓ=0 and {D′

ℓ′}
p′

ℓ′=0 be the sets of pizza zones for the minimal pizzas ΛT = {Tℓ}
p
ℓ=1

and Λ′
T ′ = {T ′

ℓ′}
p′

ℓ′=1 associated with the distance functions f(x) = dist(x, T ′) and g(x′) =

dist(x′, T ), where Tℓ = T (λℓ−1, λℓ), T
′
ℓ′ = T (λ′ℓ′−1, λ

′
ℓ′), and the arcs λℓ ∈ Dℓ and λ

′
ℓ′ ∈ Dℓ′

are selected so that the pizzas ΛT and Λ′
T ′ are compatible (see Definition 7.11). Let

{Mi}mi=1 and {M ′
j}
m
j=1 be the maximum zones in V (T ) and V (T ′) for the functions f and

g. Let j = σ(i) be the characteristic permutation σ of the pair (T, T ′) (see Definition

3.4), and let ℓ′ = τ(ℓ) be the characteristic correspondence between the sets of coherent

pizza slices of ΛT and Λ′
T ′ (see Definition 4.6).

Definition 5.1. The {στ}-pizza on T∪T ′ (see [5, Definition 4.12]) consists of the minimal

pizzas ΛT and Λ′
T ′, characteristic permutation σ and characteristic correspondence τ .

Definition 5.2. Two {στ}-pizzas (ΛT ,Λ
′
T ′, σT , τT ) on T ∪ T ′ and (ΛS,Λ

′
S′, σS, τS) on

S ∪ S ′ are combinatorially equivalent if pizzas ΛT and ΛS are combinatorially equivalent

(see Definition 2.26), pizzas Λ′
T ′ and Λ′

S′ are combinatorially equivalent, σT = σS and

τT = τS.

It was shown in [5, Theorem 4.13] that the {στ}-pizza is an outer Lipschitz invariant

of a pair of normally embedded Hölder triangles. The main result of this section is the

following theorem (see [5, Conjecture 4.14]).

Theorem 5.3. Let (T, T ′) and (S, S ′) be two normal pairs of Hölder triangles. If the

{στ}-pizza on T ∪T ′ is combinatorially equivalent to the {στ}-pizza on S ∪S ′, then there

is an orientation-preserving outer bi-Lipschitz homeomorphism H : T ∪ T ′ → S ∪ S ′ such

that H(T ) = S and H(T ′) = S ′.

We prove it first (see Theorem 5.7 below) for totally transversal pairs of Hölder triangles.

Lemma 5.4. Let (T, T ′) be a totally transversal pair of β-Hölder triangles (see Definition

4.1) with the pizza ΛT on T associated with the distance function f(x) = dist(x, T ′). Let

qℓ = ordλℓf , for 0 ≤ ℓ ≤ p. Then, unless tord(T, T ′) ≤ β, one of the boundary arcs of

each Hölder triangle Tℓ belongs to a maximum zone Mi of ΛT .

If γ ⊂ Tℓ is an arc such that γ /∈Mi, then ordγf = tord(γ,Mi).

Proof. This follows immediately from Definition 4.1. �

Remark 5.5. For a totally transversal pair (T, T ′), the {στ}-pizza does not contain

the correspondence τ , as the sets of coherent pizza slices of ΛT and Λ′
T ′ are empty. Also,

Lemma 5.4 implies that the pizza ΛT is completely determined by exponents βℓ of the pizza

slices Tℓ and exponents qℓ = ordλℓf . Similarly, the pizza Λ′
T ′ is completely determined by

exponents β ′
ℓ′ of the pizza slices T ′

ℓ′ and exponents q′ℓ′ = ordλ′
ℓ′
g.

Lemma 5.6. Let (T, T ′) be a totally transversal pair of β-Hölder triangles with the dis-

tance functions f(x) = dist(x, T ′) and g(x′) = dist(x′, T ). Let γ′ be an arc of a pizza

slice T ′
ℓ′ of Λ′

T ′, and let q = tord(γ′, T ). Let Zγ′ be the set of arcs γ ⊂ T such that
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tord(γ, γ′) = q. If q ≤ β then Zγ′ = T . Otherwise, there is a unique maximum zone

Mi ⊂ V (T ) such that M ′
σ(i) is adjacent to T ′

ℓ′, tord(θ,Mi) = q and Zγ′ is the set of

all arcs γ ∈ T such that tord(γ,Mi) ≥ q. Moreover tord(γ,Mi) = tord(γ, γ′) for any

γ ∈ V (T ) \ Zγ′.

Proof. The statement follows from the non-archimedean property of the tangency order,

and from [4, Lemma 3.3]. �

Theorem 5.7. Let (T, T ′) and (S, S ′) be two totally transversal pairs of Hölder triangles.

If the {στ}-pizzas of the pairs (T, T ′) and (S, S ′) are combinatorially equivalent, then

there is an orientation-preserving outer bi-Lipschitz homeomorphism H : T ∪T ′ → S ∪S ′

such that H(T ) = S and H(T ′) = S ′.

Proof. Let ΛT = {Tℓ}
p
ℓ=1 and Λ′

T ′ = {T ′
ℓ′}

p′

ℓ′=1 be minimal pizzas on T and T ′ asso-

ciated with the distance functions f(x) = dist(x, T ′) and g(x′) = dist(x′, T ), where

Tℓ = T (λℓ−1, λℓ) and T ′
ℓ′ = T (λ′ℓ′−1, λ

′
ℓ′). Let ΛS = {Sℓ}

p
ℓ=1 and Λ′

S′ = {S ′
ℓ′}

p′

ℓ′=1, where

Sℓ = T (θℓ−1, θℓ) and S ′
ℓ′ = T (θ′ℓ′−1, θ

′
ℓ′), be minimal pizzas on S and S ′ associated with

the distance functions φ(y) = dist(y, S ′) and ψ(y′) = dist(y′, S), respectively.

Since the pizzas ΛT and ΛS are equivalent, the Hölder triangles Tℓ and Sℓ have the same

exponent βℓ for each ℓ. Thus, for 1 ≤ ℓ ≤ p, there exists a bi-Lipschitz homeomorphism

Hℓ : Tℓ → Sℓ preserving the distance to the origin, such that Hℓ(λℓ−1) = θℓ−1 and

Hℓ(λℓ) = θℓ. Similarly, for 1 ≤ ℓ′ ≤ p′, there exists a bi-Lipschitz homeomorphism

H ′
ℓ′ : T ′

ℓ′ → S ′
ℓ′ preserving the distance to the origin, such that H ′

ℓ′(λ
′
ℓ′−1) = θ′ℓ′−1 and

H ′
ℓ′(λ

′
ℓ′) = θ′ℓ′ . Let us define a map H : T ∪ T ′ → S ∪ S ′ so that its restriction to

each Hölder triangle Tℓ coincides with Hℓ, and its restriction to each Hölder triangle T ′
ℓ′

coincides with H ′
ℓ′. Since T , T ′, S and S ′ are normally embedded, H defines outer bi-

Lipschitz homeomorphisms T → S and T ′ → S ′. In particular, for any two arcs γ1 and

γ2 in T we have tord(H(γ1), H(γ2)) = tord(γ1, γ2), and for any two arcs γ′1 and γ′2 in T ′

we have tord(H(γ′1), H(γ′2)) = tord(γ′1, γ
′
2).

Since H(λℓ) = θℓ and the pizzas on T and S are equivalent, we have tord(λℓ, T
′) =

ordλℓf = ordθℓφ = tord(H(λℓ), S
′) for 0 ≤ ℓ ≤ p. Similarly, tord(λ′ℓ′, T ) = tord(H(λ′ℓ′), S)

for 0 ≤ ℓ′ ≤ p′. This implies, in particular, that H maps the maximum zones Mi for f

to the maximum zones Ni for φ, and the maximum zones M ′
j for g to the maximum

zones N ′
j for ψ. Since σS = σT , we have q̄i = tord(Mi,M

′
j)) = tord(Ni, N

′
j), where

j = σT (i) = σS(i).

Let γ and γ′ be any two arcs in T and T ′, respectively. We are going to show that

Lemma 5.6 implies tord(H(γ), H(γ′)) = tord(γ, γ′). Let γ′ ⊂ T ′
ℓ′, a pizza slice of λ′T ,

let q = tord(γ′, T ), and let Zγ′ be the set of all arcs in T having tangency order q with

γ′. According to Lemma 5.6, Zγ′ is the set of all arcs γ ⊂ T such that tord(γ,Mi) ≥ q.

Thus tord(H(γ), H(γ′)) = tord(H(γ), Ni) = q for all arcs γ ∈ Zγ′ . If γ′ ∈ M ′
σ(i), then

Zγ′ =Mi, thus H(Zγ′) = M̌i is the set of arcs in S having tangency order q with H(γ′). If

γ′ /∈M ′
σ(i), then Lemma 5.6 applied to (S, S ′) implies that tord(γ, γ′) = tord(H(γ), H(γ′))

for any two arcs H(γ) ⊂ S and H(γ′) ⊂ S ′ such that tord(H(γ), H(γ′)) = q. Thus H(Zγ′)

coincides with the set ZH(γ′) of arcs in S having tangency order q with H(γ′). If γ /∈ Zγ′,

then H(γ) /∈ ZH(γ′), and Lemma 5.6 implies that tord(H(γ), H(γ′)) = tord(H(γ), Ni) =

tord(γ,Mi) = tord(γ, γ′). This proves that tord(H(γ), H(γ′)) = tord(γ, γ′) for all arcs

γ ⊂ T and γ′ ⊂ T ′.
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Since H preserves the tangency orders of any two arcs in T ∪T ′, it is outer bi-Lipschitz

by Proposition 2.5. This completes the proof of Theorem 5.7. �

Proof of Theorem 5.3. Let (T, T ′) and (S, S ′) be two normal pairs of β-Hölder triangles.

Let ΛT = {Tℓ}
p
ℓ=1 and Λ′

T ′ = {T ′
ℓ′}

p′

ℓ′=1 be minimal pizzas on T and T ′ associated with the

distance functions f(x) = dist(x, T ′) and g(x′) = dist(x′, T ), where Tℓ = T (λℓ−1, λℓ) and

T ′
ℓ′ = T (λ′ℓ′−1, λ

′
ℓ′). Let ΛS = {Sℓ}

p
ℓ=1 and Λ′

S′ = {S ′
ℓ′}

p′

ℓ′=1 be minimal pizzas on S and S ′

associated with the distance functions φ(y) = dist(y, S ′) and ψ(y′) = dist(y′, S), where

§ℓ = T (θℓ−1, θℓ) and S
′
ℓ′ = T (θ′ℓ′−1, θ

′
ℓ′).

Let {Dℓ}
p
ℓ=0 and {D′

ℓ′}
p′

ℓ′=0 be the pizza zones of ΛT and Λ′
T ′ , respectively (see [5, Lemma

2.28]), such that λℓ ∈ Dℓ and λ
′
ℓ′ ∈ D′

ℓ′. Let {∆ℓ}
p
ℓ=0 and {∆′

ℓ′}
p′

ℓ′=0 be the pizza zones of

ΛS and Λ′
S′, respectively, such that θℓ ∈ ∆ℓ and θ

′
ℓ′ ∈ ∆′

ℓ′ .

Since the pizzas ΛT and ΛS are equivalent, we have qℓ = ordλℓf = ordθℓφ. Since the

pizzas Λ′
T ′ and Λ′

S′ are equivalent, we have q′ℓ′ = ordλ′
ℓ′
g = ordθ′

ℓ′
ψ.

Let Dℓ be a coherent pizza zone of ΛT , i.e., µ(Dℓ) = ν(λℓ) < qℓ. Since Dℓ is a

maximal perfect qℓ-order zone for f (see Lemma 2.35 and [5, Proposition 3.9]) there is a

unique maximal perfect qℓ-order zone τ(Dℓ) ⊂ V (T ′) for g (see Remark 4.25) such that

µ(τ(Dℓ)) = µ(Dℓ) and tord(Dℓ, τ(Dℓ)) = qℓ. Note that the correspondence τ is well

defined on Dℓ because Dℓ is a coherent zone. Since Dℓ is coherent, it is a common pizza

zone for two coherent pizza slices Tℓ and Tℓ+1 of ΛT , thus τ(Dℓ) = D′
ℓ′ is a common

pizza zone for the pizza slices T ′
τ(ℓ) and T

′
τ(ℓ+1). In particular, τ has the same sign (either

positive or negative) on Tℓ and Tℓ+1, ℓ
′ = τ(ℓ) and ℓ′ + 1 = τ(ℓ + 1) when τ is positive,

ℓ′ = τ(ℓ + 1) and ℓ′ + 1 = τ(ℓ) when τ is negative.

Conversely, any coherent pizza zone D′
ℓ′ of Λ

′
T ′ coincides with τ(Dℓ) for some coherent

pizza zone Dℓ of ΛT .

In each coherent pizza zone D′
ℓ′ = τ(Dℓ) we can choose an arc λ′ℓ′ so that tord(λℓ, λ

′
ℓ′) =

qℓ. Selecting any arc λ′ℓ′ in each transversal pizza zone D′
ℓ′, we obtain a minimal pizza

Λ′
T ′ on T ′ associated with g, such that any coherent pair of pizza slices (Tℓ, T

′
τ(ℓ)) satisfies

the condition (17). In particular, according to [5, Theorem 3.20, Proposition 3.2], there is

an outer bi-Lipschitz homeomorphism hℓ : Γℓ → T ′
τ(ℓ), where Γℓ is the graph of f |Tℓ , such

that (id, hℓ) : Tℓ ∪ Γℓ → Tℓ ∪ T ′
τ(ℓ) is an outer bi-Lipschitz homeomorphism. Similarly,

given a minimal pizza ΛS on S associated with φ, we can define a minimal pizza Λ′
S′ on

S ′ associated with ψ, such that, for any coherent pair (Sℓ, S
′
τ(ℓ)) of pizza slices, there is

an outer bi-Lipschitz homeomorphism ηℓ : Φℓ → S ′
τ(ℓ), where Φℓ is the graph of φ|Sℓ

, such

that (id, ηℓ) : Sℓ ∪ Φℓ → Sℓ ∪ S ′
τ(ℓ) is an outer bi-Lipschitz homeomorphism.

Let H : T ∪ T ′ → S ∪ S ′ be a bi-Lipschitz homeomorphism such that H(λℓ) = λ̌ℓ
for ℓ = 0, . . . , p, and H(λ′ℓ′) = θ′ℓ′ for ℓ

′ = 0, . . . , p′. Then H , restricted to any coherent

pair of pizza slices (Tℓ, T
′
τ(ℓ)), maps it to a coherent pair of pizza slices (Sℓ, S

′
τ(ℓ)). Given

a homeomorphism H|T , we may choose a homeomorphism H|T ′ so that the following

diagram is commutative.

(22)

Sℓ
(id, φ)
−→ Φℓ

ηℓ−→ S ′
τ(ℓ)

H|T ↑ ↑ H|T ′

Tℓ
(id, f)
−→ Γℓ

hℓ−→ T ′
τ(ℓ)

We are going to prove that a homeomorphism H : T ∪T ′ → S∪S ′, such that its restriction

to coherent pairs of Hölder triangles satisfies (22), is outer bi-Lipschitz.
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Remark 5.8. Note that, for a coherent pair (T, T ′) of Hölder triangles, such that T is

a pizza slice associated with a Lipschitz function f and T ′ is a graph of f , a mapping

H : T ∪T ′ → T ∪T ′ bi-Lipschitz on each of the two triangles may be not outer bi-Lipschitz

on their union, even when H∗f is Lipschitz contact equivalent to f .

For example, let T = {x ≥ 0, y ≥ 0} be the first quadrant in the xy-plane and T ′ the

graph of a function z = f(x, y) = y2 on T . Let H(x, y, 0) = (x, y, 0) and H(x, y, y2) =

(x, 2y, 4y2). If γ = {x ≥ 0, y = x2, z ≡ 0} and γ′ = {x ≥ 0, y = x2, z = x4} are arcs in

T and T ′, then tord(γ, γ′) = 4 but tord(H(γ), H(γ′)) = 2.

Lemma 5.9. For any arc γ′ ⊂ T ′, we have tord(H(γ′), S) = tord(γ′, T ).

Proof. Let q = tord(γ′, T ). If γ′ ⊂ T ′
ℓ′ , where ℓ

′ = τ(ℓ), belongs to a coherent pizza

slice, the statement follows from (22), as H is compatible with the graph structure of

the pair (Tℓ, T
′
ℓ′). If γ′ belongs to a transversal pizza slice T ′

ℓ′ , then either λ′ℓ′−1 or λ′ℓ′ is

the supporting arc λ̃′ℓ′ of T
′
ℓ′ with respect to g (see Definition 2.16). We may assume that

λ̃′ℓ′ = λ′ℓ′ , the case of λ̃
′
ℓ′ = λ′ℓ′−1 being similar. Then, since T ′

ℓ′ is transversal, we have either

tord(γ′, λ′ℓ′) > tord(λ′ℓ′, T ) = q or q = tord(γ′, λ′ℓ′) < tord(λ′ℓ′, T ). Since H : T ′
ℓ′ → S ′

ℓ′ is a

bi-Lipschitz map such that H(λ′ℓ′) = λ̌′ℓ′ , this implies tord(H(γ′), S) = tord(γ′, T ). �

Corollary 5.10. The homeomorphism H : T ∪ T ′ → S ∪ S ′ preserves the minimal pizzas

on T and T ′ associated with the distance functions f and g, respectively: Qφ(H(Tℓ)) =

Qf (Tℓ), µH(Tℓ),φ ≡ µTℓ,f for 1 ≤ ℓ ≤ p, and Qψ(H(T ′
ℓ′)) = Qg(T

′
ℓ′), µH(T ′

ℓ′
),ψ ≡ µT ′

ℓ′
,g for

1 ≤ ℓ′ ≤ p′. In particular, H maps coherent pizza slices of T and T ′ to coherent pizza

slices of S and S ′, and transversal pizza slices of T and T ′ to transversal pizza slices of S

and S ′, respectively.

Let q = tord(γ′, T ), where γ′ is an arc in T ′. We are going to choose an arc λ in T such

that tord(γ′, λ) = tord(H(γ′), H(λ)) = q. If γ′ ⊂ T ′
τ(ℓ) belongs to a coherent pizza slice

of T ′ of a minimal pizza associated with g, then λ ⊂ Tℓ can be chosen so that γ′ is its

image under composition of the maps (id, f) and hℓ in the bottom row of the commutative

diagram (22). Otherwise, if γ′ belongs to a transversal pizza slice T ′
ℓ′ of the minimal pizza

associated with g, then q = tord(γ′, λ′), where λ′ ⊂ T ′ is the supporting arc of T ′
ℓ′ . Then

q′ = tord(λ′, T ) ≥ q, and λ′ is either a boundary arc of a coherent pizza slice of T ′ or

belongs to a maximum pizza zone M ′
j . In any case, there is an arc λ ⊂ T which is either

a boundary arc of a coherent pizza slice of T or belongs to a maximum zone Mi, where

j = σ(i), such that tord(λ, λ′) = tord(H(λ), H(λ′)) = q′. Thus tord(θ, λ) = min(q, q′) =

q. Since H|T ′ is a bi-Lipschitz homeomorphism, we have tord(H(γ′), H(λ′)) = q, thus

tord(H(γ′), H(λ)) = min(tord(H(γ′), H(λ′)), tord(H(λ), H(λ′))) = min(q, q′) = q.

If γ is any arc in T , then either tord(γ, λ) ≥ q and tord(γ′, γ) = tord(H(γ′), H(γ)) =

q or tord(γ, λ) < q and tord(γ′, γ) = tord(H(γ′), H(γ)) < q by the non-archimedean

property of the tangency order. This implies that H preserves the tangency orders of any

two arcs in T ∪ T ′, thus H is an outer bi-Lipschitz homeomorphism by Proposition 2.5.

This completes the proof of Theorem 5.3 �

6. Realization Theorem for Totally Transversal Pairs: Blocks

In this section we formulate the necessary and sufficient conditions for the existence

of a totally transversal normal pair (T, T ′) of Hölder triangles with the given {στ}-pizza
invariant. Since there are no coherent pizza slices in a totally transversal pizza, the
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correspondence τ is trivial in that case. The permutation σ must be consistent with the

metric data defined by the pizzas on T and on T ′. In fact, we are going to show that

consistency conditions can be defined for only one of the two pizzas, say ΛT , so that the

second pizza Λ′
T ′ exists and is unique up to combinatorial equivalence.

Let (T, T ′), where T = T (γ1, γ2) and T ′ = T (γ′1, γ
′
2), be a normal pair of β-Hölder

triangles. Let M = {Mi}
m
i=1 and M ′ = {M ′

j}
m
j=1 be the sets of maximum zones for the

minimal pizzas on T and T ′ associated with the distance functions f(x) = dist(x, T ′)

and g(x′) = dist(x′, T ), ordered according to the orientations of T and T ′. Assume

that m > 0, thus at least one maximum zone exists. Let q̄i = q̄′σ(i) = tord(Mi,M
′
σ(i)),

where σ is a characteristic permutation of the pair T and T ′. Let β̄i = tord(Mi,Mi+1) for

i = 1, . . . , m−1. IfM1 6= {γ1}, let β̄0 = tord(γ1,M1), otherwise let β̄0 = β. IfMm 6= {γ2},

let β̄m = tord(Mm, γ2), otherwise β̄m = β.

The following statement follows from the definition of the maximum zone for a minimal

pizza (see Definition 3.2).

Lemma 6.1. For each i = 1, . . . , m the following inequality hold:

(23) q̄i > max(β̄i−1, β̄i).

Proof. IfMi = Dℓ is an interior maximum zone of a minimal pizza on T associated with f ,

then Mi is a qℓ-order zone for f , thus q̄i = qℓ, and either qℓ > qℓ+1 ≥ tord(Dℓ, Dℓ+1) ≥ β̄i
or qℓ = qℓ+1 > tord(Dℓ, Dℓ+1) ≥ β̄i. In both cases q̄i > β̄i. Similarly, q̄i > β̄i−1. If

M1 = {γ1}, then q̄1 > β. If Mm = {γ2}, then q̄m > β. �

Definition 6.2. Let (T, T ′), where T = T (γ1, γ2) and T
′ = T (γ′1, γ

′
2), be a totally transver-

sal normal pair of Hölder triangles, and let Λ and Λ′ be minimal pizzas on T and T ′ asso-

ciated with the distance functions f(x) = dist(x, T ′) and g(x′) = dist(x′, T ), respectively.

Let λ̌0, . . . , λ̌n−1 be a set of n arcs in T , ordered according to the orientation of T , such

that λ̌0 = γ1, λ̌n−1 = γ2, and each maximum zone Mi of Λ contains exactly one of these

arcs. Here n = m if M1 = {γ1} and Mm = {γ2}, n = m+2 if M1 6= {γ1} and Mm 6= {γ2},

n = m + 1 otherwise. Note that, if λ̌j ∈ Mi, then i = j when M1 6= {γ1}, otherwise

i = j+1. Let q̌j = ordλ̌jf , in particular, q̌j = q̄i when λ̌j ∈Mi. Let π be a permutation of

the set [n] = {0, . . . , n−1} such that π(0) = 0, π(n−1) = n−1, and π is compatible with

the permutation σ of the maximum zones: π(j) = σ(j) when λ̌j ∈Mj , π(j)+1 = σ(j+1)

when λ̌j ∈Mj+1. Let λ̌
′
0 = γ′1, λ̌

′
n−1 = γ′2. For i = 1, . . . , m and λ̌j ∈Mi, let λ̌

′
π(j) ∈M ′

σ(i)

be any arc such that q̌j = tord(λ̌j, λ̌
′
π(j)) = q̄i. This defines a set of n arcs λ̌′0, . . . , λ̌

′
n−1 in

T ′, ordered according to the orientation of T ′.

Definition 6.3. Let π be a permutation of a set [n] = {0, . . . , n − 1}. A segment (a

non-empty set of consecutive indices) {j, . . . , k} ⊆ [n] is called a block of π (see [1]) if

the set {π(j), . . . , π(k)} is also a set of consecutive indices (not necessarily in increasing

order). A block is trivial if it contains a single element, or if it is equal [n].

Lemma 6.4. The following properties of blocks of a permutation π of [n] hold:

(i) If a segment B of [n] is a block of π then the set π(B) is a block of π−1, thus

B 7→ π(B) defines one-to-one correspondence between the blocks of π and π−1.

(ii) If two blocks B and B′ of π have non-empty intersection, then B ∩B′ and B ∪B′

are also blocks of π.

(iii) Each non-empty subset J of [n] is contained in a unique minimal block Bπ(J).
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(iv) Let S(J) be the minimal segment of [n] containing a non-empty subset J of [n].

Then |S(J)| = |J | if, and only if, J is a segment.

(v) Let us defineS(J) = π−1(S(π(S(J)), setS1(J) = S(J) andS
k(J) = S(Sk−1(J))

for k > 1. Then S
k(J) ⊆ S

k+1(J), Sk(J) ⊆ Bπ(J) and S
k(J) = S

k+1(J) if and

only if Sk(J) = Bπ(J).

Proof. (i) From the definition of a block, π(B) is a segment of [n] and π−1(π(B)) = B.

(ii) Since π(B) and π(B′) are segments of [n], π(B ∪ B′) is not a segment only when

π(B) ∩ π(B′) = π(B ∩ B′) is empty, thus B ∩B′ is empty, a contradiction.

(iii) Since [n] is a block of [n], the set J is contained in a minimal block of [n], which is

unique by (ii).

(iv) We have J ⊆ S(J), and equality holds only when J is a segment.

(v) Since Y ⊆ S(I) ⊆ Bπ(I) and π(S(I)) ⊆ S(π(S(I)) ⊆ π(Bπ(I)) for any subset Y of

[n], we have Y ⊂ S(I) ⊆ Bπ(I), thus |S(I)| ≥ |I|, and equality holds only if I = S(I)

is a segment of [n] and π(S(I)) = π(I) is a segment of [n], in which case I = Bπ(I) is a

block of π. �

Definition 6.5. For i 6= j, 0 ≤ i, j ≤ n− 1, let Bij = Bπ({i, j}) be the minimal block of

π containing {i, j} (see Lemma 6.4) and let B′
ij = Bπ−1({i, j}) be the minimal block of

π−1 containing {i, j}.

Theorem 6.6. Let (T, T ′) be a normal pair of Hölder triangles. Let {λ̌0, . . . , λ̌n−1} and

{λ̌′0, . . . , λ̌
′
n−1} be set of arcs in T and T ′, respectively, and let π : [n] → [n] be a permu-

tation, as in Definition 6.2. Then

(24) tord(λ̌i, λ̌j) ≤ tord(λ̌k, λ̌l) for {k, l} ⊂ Bij,

(25) tord(λ̌′i, λ̌
′
j) ≤ tord(λ̌′k, λ̌

′
l) for {k, l} ⊂ B′

ij.

Proof. For each subset I ⊂ N = 2[n], where N = 2[n]\∅ is the set of all non-empty subsets

of [n], we define TI = T (λ̌j, λ̌k) ⊂ T , where j and k are the minimal and maximal values

of i ∈ I. Let T ′
I = T (λ̌′j, λ̌

′
k) ⊂ T ′, where j and k are the minimal and maximal values of

i ∈ I. For I = {i, j}, Lemma 6.1 implies that exponents of the Hölder triangles T ′
π(S(I))

and TS1(I) are equal to the exponent β of TI . It follows that TBπ(I) is also a β-Hölder

triangle. �

Corollary 6.7. If Bij = Bkl then tord(λ̌i, λ̌j) = tord(λ̌k, λ̌l).

Remark 6.8. Since π(0) = 0 and π(n − 1) = n − 1, the segments {0, . . . , n − 2} and

{1, . . . , n − 1} are blocks of π. This implies that, for i 6= j and {i, j} 6= {0, n− 1}, each

block Bij is non-trivial. We have Bij = {i, j} if, and only if, j = i±1 and π(j) = π(i)±1.

Example 6.9. The permutation π = (0, 3, 1, 4, 2, 5) for normal pair of Hölder triangles

in Figure 1 has three non-trivial blocks: B01 = {0, . . . , 4}, B45 = {1, . . . , 5}, B12 =

B23 = B34 = {1, . . . , 4}. Accordingly, tord(λ̌0, λ̌1) = tord(λ̌′0, λ̌
′
1) ≤ tord(λ̌1, λ̌2) =

tord(λ̌′1, λ̌
′
2) = tord(λ̌2, λ̌3) = tord(λ̌′2, λ̌

′
3) = tord(λ̌3, λ̌4) = tord(λ̌′3, λ̌

′
4) ≥ tord(λ̌4, λ̌5) =

tord(λ̌′4, λ̌
′
5) in Theorem 6.6.

Definition 6.10. Let T = T (γ1, γ2) be a normally embedded Hölder triangle oriented

from γ1 to γ2, and let f(x) be a totally transversal function on T (see Definition 4.1). Let
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Figure 1. Normally embedded triangles in Example 6.9.
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Figure 3. Arcs λ̌′j and θ
±
j in the proof of Theorem 6.14.

Λ be a minimal pizza on T associated with f . A family {λ̌j}
n−1
j=0 of n arcs in T ordered

according to the orientation of T , such that λ̌0 = γ1 and λ̌n−1 = γ2, is called a supporting

family associated with f if one of the following conditions is satisfied.

(A) Both arcs λ̌0 = γ1 and λ̌n−1 = γ2 are maximum zones, and each arc λ̌j belongs to

a maximum zone Mj+1 of Λ.

(B) The arc λ̌0 = γ1 is a maximum zone, the arc λ̌n−1 = γ2 is a minimum zone, and an

arc λ̌j belongs to a maximum zone Mj+1 of Λ when j < n− 1.

(C) The arc λ̌0 = γ1 is a minimum zone, the arc λ̌n−1 = γ2 is a maximum zone, and an

arc λ̌j belongs to a maximum zone Mj of Λ when j > 0.

(D) Both arcs λ̌0 = γ1 and λ̌n−1 = γ2 are minimum zones, and an arc λ̌j belongs to a

maximum zone Mj of Λ when 0 < j < n− 1.
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Definition 6.11. A permutation π of [n] = {0, . . . , n−1} is called admissible with respect

to a Lipschitz function f if the supporting family {λ̌j}
n−1
j=0 satisfies inequalities (24).

Definition 6.12. Let q+, q−, β be three exponents, such that β ≤ min(q+, q−). Let

Tβ ⊂ R2
u,v, be the standard β-Hölder triangle (see Definition 2.6) bounded by the arcs

λ+ = {u ≥ 0, v ≡ 0} and λ− = {u ≥ 0, v = uβ}. Let λ′+ = {(u, v) ∈ λ+, z = uq
+

} and

λ′− = {(u, v) ∈ λ−, z = uq
−

} be two arcs in the space R3
u,v,z.

Let θ+ = {(u, v, z) ∈ λ′+, w = uβ} and θ− = {(u, v, z) ∈ λ′−, w = uβ} be two arcs in the

space R4
u,v,z,w.

Let T ′+ = T (λ′+, θ+) be the β-Hölder triangle in R4
u,v,z,w obtained as the union of

straight line segments with endpoints λ′+∩{u = u0} and θ+∩{u = u0}, parallel to the w-

axis, over small non-negative u0. Similarly, let T ′− = T (λ′−, θ−) be the β-Hölder triangle

in R4
u,v,z,w obtained as the union of straight line segments with endpoints λ′− ∩ {u = u0}

and θ− ∩ {u = u0}, parallel to the w-axis. Let T̂ ′ = T (θ+, θ−) be the β-Hölder triangle

in R4
u,v,z,w obtained as the union of straight line segments with endpoints θ+ ∩ {u = u0}

and θ− ∩ {u = u0}. Note that T ′+ and T̂ ′ have a common boundary arc θ+, while T̂ ′ and

T ′− have a common boundary arc θ−. Thus T ′
β = T ′+ ∪ T̂ ′ ∪ T ′

− (see Fig. 2) is a β-Hölder

triangle. The pair (Tβ, T
′
β) of β-Hölder triangles is called a (q+, q−, β)-model.

Remark 6.13. The (q+, q−, β)-model (Tβ, T
′
β) is a totally transversal normal pair of β-

Hölder triangles, with the given tangency orders q+ and q− of their boundary arcs, where

β ≤ min(q+, q−). Let f(x) = dist(x, T ′) be the distance function on T . If β = q+ = q−,

then Tβ is a single pizza slice of a minimal pizza associated with f , and both boundary

arcs of Tβ are minimum zones for f . If max(q+, q−) > β = min(q+, q−), then Tβ is a single

pizza slice of a minimal pizza associated with f , one of its boundary arcs is a maximum

zone for f , another one is a minimum zone. If β < min(q+, q−), then Tβ has two pizza

slices of a minimal pizza associated with f , both boundary arcs of Tβ are maximum zones

for f , and the set G(Tβ) of its generic arcs is a minimum zone.

The following theorem implies that the necessary conditions (23) and (24) on the ex-

ponents q̄i and tord(λ̌i, λ̌j) are sufficient for the existence and uniqueness, up to outer

Lipschitz equivalence, of a totally transversal normal pair (T, T ′) of Hölder triangles with

the given characteristic permutation σ of a minimal pizza associated with the totally

transversal distance function f on T . Given a normally embedded Hölder triangle T and

a supporting family {λ̌i}
n−1
i=0 of arcs in T for the minimal pizza Λ on T associated with

f , a Hölder triangle T ′ is constructed as follows. Adding an extra variable z, we define

a family of arcs {λ̌′j}
n−1
j=0 that will become a supporting family for a minimal pizza Λ′ on

T ′ associated with the distance function g(x′) = dist(x′, T ). Each arc λ̌′j is the graph of

a function z = uq̄i over the arc λ̌i, where j = π(i). Next, any two consecutive arcs λ̌′j−1

and λ̌′j are “connected” by a Hölder triangle T ′
j based on the model Hölder triangle T ′

β′

j

(see Definition 6.12 and Figure 2 above) where β ′
j = tord(λ̌′j−1, λ̌

′
j). The Hölder triangle

T ′ is defined as the union of Hölder triangles T ′
j . To show that T ′ is normally embedded,

we use conditions (23) and (24) to prove that triangles T ′
j are normally embedded and

pairwise transversal, thus T ′ is combinatorially normally embedded (see Definition 2.9

and Proposition 2.10).
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Theorem 6.14. Let T = T (γ1, γ2) be a normally embedded Hölder triangle oriented

from γ1 to γ2, and let {λ̌j}
n−1
j=0 be a supporting family of arcs in T associated with a non-

negative totally transversal Lipschitz function f on T (see Definition 6.10). Then, for any

admissible with respect to f permutation π of [n] = {0, . . . , n−1}, there exists a unique, up

to outer Lipschitz equivalence, totally transversal normal pair (T, T ′) of Hölder triangles,

such that the function dist(x, T ′) on T is contact equivalent to f and the permutation π is

associated with the characteristic permutation σ of the pair (T, T ′), as in Definition 6.2.

Proof. We may assume that T = Tβ is a standard β-Hölder triangle (5) in R2
uv, the arcs λ̌i

are germs at the origin of the graphs {u ≥ 0, v = λ̌i(u)} of Lipschitz functions λ̌i(u) ≥ 0,

and each Ti = T (λ̌i−1, λ̌i) is a βi-Hölder triangle. From the non-archimedean property of

the tangency order, we have tord(λ̌i, λ̌l) = min
(

tord(λ̌i, λ̌k), tord(λ̌k, λ̌l)
)

for i < k < l.

It will be convenient in this proof to parameterize all arcs by u instead of the distance to

the origin.

To define a totally transversal pair (T, T ′), we are going to construct a normally em-

bedded Hölder triangle T ′ in several steps. In Step 1, we define a set of n arcs λ̌′j that

will be a supporting family for T ′. In Step 2, the triangle T ′ is constructed as the union

of n− 1 subtriangles T ′
j = T (λ̌′j−1, λ̌

′
j) based on the models from Definition 6.12. In Step

3, we prove that T ′ is normally embedded. In step 4, we prove that the distance function

f(x) = dist(x, T ′) on T is totally transversal and satisfies conditions of Theorem 6.14,

thus (T, T ′) is a totally transversal normal pair.

Step 1. For j = 0, . . . , n − 1, let λ̌′j ⊂ R3
u,v,z be the arc {(u, v) ∈ λ̌i, z = uq̌i}, where

j = π(i) and q̌i = ordλ̌if . Let q̌′j = q̌i = tord(λ̌′j, T ). The set of arcs {λ̌′j}
n−1
j=0 will

be a supporting family for the Hölder triangle T ′ associated with the distance function

g(x′) = dist(x′, T ) on T ′. In particular, γ′1 = λ̌′0 and γ′2 = λ̌′n−1 will be the boundary arcs

of T ′. Let β ′
j = tord(λ̌′j−1, λ̌

′
j) for j = 1, . . . , n − 1. From the non-archimedean property

of the tangency order we have, for j = π(i1) and k = π(i2), isometry

(26) tord(λ̌′j, λ̌
′
k) = tord(λ̌i1, λ̌i2).

Since T is normally embedded and the arcs λ̌i satisfy the block inequalities (24), the arcs

λ̌′j satisfy combinatorial normal embedding inequalities (see Definition 2.9) necessary for

the Hölder triangle T ′ with a supporting family {λ̌′j}
n−1
j=0 to be normally embedded:

(27) tord(λ̌′j, λ̌
′
l) = min

(

tord(λ̌′j, λ̌
′
k), tord(λ̌

′
k, λ̌

′
l)
)

for j < k < l.

This follows from (26) when j = π(i1), k = π(i2) and l = π(i3), where i2 ∈ [i1, i3], as

tord(λ̌i1, λ̌i3) = min
(

tord(λ̌i1, λ̌i2), tord(λ̌i2, λ̌i3)
)

in that case. If, e.g., i1 < i3 < i2 then

i2 ∈ Bπ({i1, i3}), thus tord(λ̌i1, λ̌i2) = tord(λ̌i1, λ̌i3) ≤ tord(λ̌i2, λ̌i3) due to (24). The

other cases are similar.

Since the arcs λ̌i satisfy inequalities (24), the arcs λ̌′j satisfy the block inequalities (25).

Step 2. Consider the product Rn+2
u,v,z,w of R3

u,v,z and Rn−1
w

,where w = (w1, . . . , wn−1).

We define 2n− 2 arcs θ±j ⊂ Rn+2
u,v,z,w as follows:

For 0 < j ≤ n− 1, let θ−j = {(u, v, z) ∈ λ̌′j , wj = uβ
′

j} ⊂ R4
u,v,z,wj

.

For 0 ≤ j < n− 1, let θ+j = {(u, v, z) ∈ λ̌′j , wj+1 = uβ
′

j+1} ⊂ R4
u,v,z,wj+1

.

From the inequalities (23) and (24), we get β ′
j ≤ min(q̌′j−1, q̌

′
j) for each j = 1, . . . , n−1.
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For 1 ≤ j ≤ n− 1, consider a (q̌′j−1, q̌
′
j , β

′
j)-model (Tβ′

j
, T ′

β′

j
) (see Definition 6.12), where

Tβ′

j
= T (λ+, λ−) is the standard β ′

j-Hölder triangle and T ′
β′

j
= T ′+ ∪ T̂ ′ ∪ T ′− is the union

of three β ′
j-Hölder triangles T

′+ = T (λ′+, θ+), T̂ ′ = T (θ+, θ−) and T ′− = T (λ′−, θ−).

Let hj : T
′
β′

j
→ Rn+2

u,v,z,w be a map preserving the variable u, such that hj(λ
′+) = λ′j−1,

hj(λ
′−) = λ′j, hj(θ

+) = θ+j−1, hj(θ
−) = θ−j and, for any small positive u0, the map hj

is linear on each of the three straight line segments of T ′
β′

j
∩ {u = u0}. This defines hj

completely. We’ll show in Step 3 that hj defines an outer bi-Lipschitz map T ′
β′

j
→ T̃ ′

j ,

where T̃ ′
j = T ′+

j−1 ∪ T̂
′
j ∪ T

′−
j , T ′+

j−1 = hj(T
′+), T̂ ′

j = hj(T̂
′), T ′−

j = hj(T
′−) (see Figure 3).

The arcs θ±j will belong to minimum zones of a minimal pizza on T ′ associated with g.

These arcs will be located on T ′ = T (γ′1, γ
′
2) in the following order (see Figure 3):

(28) λ̌′0, θ
+
0 , θ

−
1 , λ̌

′
1, θ

+
1 , . . . , θ

−
j−1, λ̌

′
j−1, θ

+
j−1, θ

−
j , λ̌

′
j, θ

+
j , . . . , θ

−
n−2, λ̌

′
n−2, θ

+
n−2, θ

−
n−1, λ̌

′
n−1.

Note that each variable wj has the order β ′
j on the arcs θ−j−1 and θ+j , and is identically

zero on all arcs θ−k for k 6= j − 1, on all arcs θ+k for k 6= j, and on all arcs λ̌′k.

Step 3. Let us show first that each Hölder triangle T̃ ′
j is normally embedded. It is

the union of three normally embedded β ′
j-Hölder triangles T (λ̌′j−1, θ

+
j−1), T (θ

−
j , λ̌

′
j) and

T (θ+j−1, θ
−
j ), each of them being a family of straight line segments. The first two of them

are families of straight line segments of length uβ
′

j parallel to the axis wj, the third one

connects them by a family of the straight line segments in {wj = uβ
′

j , wk ≡ 0 for k 6= j}.

Since tord(λ̌′j−1, λ̌
′
j) = β ′

j , the tangency order between T (λ̌′j−1, θ
+
j−1) and T (θ

−
j , λ̌

′
j) is also

β ′
j . This implies that T̃ ′

j is normally embedded.

To show that T ′ is combinatorially normally embedded (see Definition 2.9) we need to

prove that any two Hölder triangles T̃ ′
j and T̃

′
k are transversal. Let η ⊂ T̃ ′

j and η
′ ⊂ T̃ ′

k be

any two arcs, and let projTη and projTη
′ be their projections to T . Note that the variable

wj, which is non-zero on T̃ ′
j , vanish on T̃ ′

k, and the variable wk, which is non-zero on T̃ ′
k,

vanish on T̃ ′
j . Thus tord(η, η

′) ≤ tord(η, projTη
′) and tord(η, η′) ≤ tord(projTη, η

′)

If k = j+1, then T̃ ′
j and T̃

′
j+1 are consecutive Hölder triangles in T

′, and T̃ ′
j∩ T̃

′
j+1 = λ̌′j.

When tord(η, λ̌′j−1) = tord(η, λ̌′j) = β ′
j, then tord(η, T ) = ordηwj = β ′

j and tord(η, η
′) ≤

tord(η, projTη
′) ≤ β ′

j = tord(η, λ̌′j). Similarly, when tord(η′, λ̌′j) = tord(η′, λ̌′j+1) = β ′
j+1,

then tord(η, η′) ≤ β ′
j+1 = tord(η′, λ̌′j+1).

If tord(η, λ̌′j) > β ′
j , then η ⊂ T (λ̌′j, θ

−
j ) and tord(η, λ̌′j) = ordηwj ≤ tord(η, η′), as

wj ≡ 0 on T̃ ′
j+1. Similarly, if tord(η′, λ̌′j) > β ′

j+1, then η′ ⊂ T (λ̌′j, θ
+
j ) and tord(η

′, λ̌′j) =

ordη′wj+1 ≤ tord(η, η′).

If tord(η, λ̌′j−1) > β ′
j and tord(η

′, λ̌′j+1) > β ′
j+1, then tord(η, λ

′
j) = β ′

j ≤ tord(η, η′) by

the non-archimedean property of the tangency order, as tord(λ′j−1, λ
′
j+1) ≥ min(β ′

j, β
′
j+1)

by (27). Thus the Hölder triangles T̃ ′
j and T̃ ′

j+1 are transversal, with γ̃ = γ̃′ = λ̌′j in

Definition 2.8.

Let j < k − 1, j − 1 = σ(i−), j = σ(i+), k − 1 = σ(l−), k = σ(l+).

If tord(λ̌′j, λ̌
′
k−1) < max(β ′

j , β
′
k), then T̃

′
j and T̃

′
k are transversal by the non-archimedean

property of the tangency order, thus we may assume that tord(λ̌′j, λ̌
′
k−1) ≥ max(β ′

j , β
′
k).

The same arguments as in the case k = j + 1 above show that tord(η, η′) ≤ β ′
j =

tord(η, λ̌′j) = tord(η, λ̌′k−1) when tord(η, λ̌
′
j−1) = tord(η, λ̌′j) = β ′

j and tord(η, η
′) ≤ β ′

k =

tord(η′, λ̌′k−1) = tord(η′, λ̌′j) when tord(η
′, λ̌′k−1) = tord(η′, λ̌′k) = β ′

k.
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If κ = tord(η, λ̌′j) > β ′
j , then η ⊂ T (λ̌′j, θ

−
j ) and κ = ordηwj. If κ ≤ tord(λ̌′j, λ̌

′
k−1),

then tord(η, λ̌k−1) = κ, and the same arguments as in the case k = j + 1 show that

tord(η, η′) ≤ tord(η, λ′k−1), as wj ≡ 0 on T̃ ′
k.

Otherwise, if κ > α, then tord(η, λ̌k−1) = α = tord(η, η′) when tord(η′, λ̌′k−1) ≥ α and

tord(η, λ̌k−1) < α = tord(η, η′) when tord(η′, λ̌′k−1) < α. Similarly, if tord(η′, λ̌′k−1) > β ′
k,

then η′ ⊂ T (λ̌′k−1, θ
+
k ) and tord(η

′, λ̌′j) ≤ tord(η, η′).

If tord(η, λ̌′j−1) > β ′
j, then tord(η, η

′) ≤ tord(η, λ̌′k−1) by the non-archimedean property

of the tangency order, by the same argument as in the case k = j + 1. Similarly, if

tord(η′, λ̌′k) > β ′
k, then tord(η, η

′) ≤ tord(η′, λ̌′j) by the non-archimedean property of the

tangency order. Thus the Hölder triangles T̃ ′
j and T̃ ′

k are transversal, with γ̃ = λ̌′j and

γ̃′ = λ̌′k−1 in Definition 2.8.

By Proposition 2.10, the Hölder triangle T ′ is normally embedded.

Step 4. We show first that the distance function g(x′) = dist(x′, T ) on T ′ is totally

transversal. This would imply that f(x) = dist(x, T ′) is a totally transversal function on

T ′, thus its contact equivalence class is completely determined by the exponents βj of Tj
and the orders q̌i of f |λ̌i.

Let η be any arc in T ′
j . If tord(η, λ̌′j−1) > β ′

j then η ⊂ T (λ̌′j−1, θ
+
j−1) and tord(η, T ) =

ordηwj. If tord(η, λ̌′j) > β ′
j , then η ⊂ T (λ̌′j, θ

−
j ) and tord(η, T ) = ordηwj. Otherwise,

if η ∈ G(T ′
j), then tord(η, T ) = β ′

j. This implies that the distance function g|T ′

j
is

totally transversal. Since T ′ =
⋃

j T
′
j is normally embedded, the distance function g(x) =

dist(x, T ) on T ′ is totally transversal. Proposition 4.5 implies that the distance function

f(x) = dist(x, T ′) on T is also totally transversal: a coherent slice Tℓ for a minimal pizza

on T associated with f would correspond to a coherent slice for a minimal pizza on T ′

associated with g, a contradiction. Lemma 4.3 implies that the function f is determined,

up to contact Lipschitz equivalence, by the exponents βj and q̌i. The permutation π is

associated with the characteristic permutation σ of the pair (T, T ′) by the construction

of arcs λ′j . Thus the distance function f satisfies conditions of Theorem 6.14. �

7. Realization Theorem for General Pairs

In this section we formulate the necessary and sufficient conditions for the existence

of a general normal pair (T, T ′) of Hölder triangles with the given {στ}-pizza invariant.

For this purpose we define the notions of pre-pizza and twin pre-pizza associated with a

non-negative Lipschitz function f on a normally embedded Hölder triangle T . Note that

the permutation σ acts on maximum zones of the minimal pizzas Λ and Λ′ associated

with the distance functions on T and T ′, and the correspondence τ acts (although not

one-to-one, see Remark 4.25) on the boundary arcs of coherent pizza slices of Λ and Λ′.

Additionally, the boundary arcs γ1 and γ2 of T naturally correspond to the boundary arcs

γ′1 and γ′2 of T ′. All these arcs are called essential (see Definition 7.1), and all other arcs

of Λ and Λ′ are called non-essential. Each non-essential arc of Λ is a common boundary

arc of two transversal pizza slices.

A pre-pizza Λ̃ is obtained from the minimal pizza Λ on T associated with f by deleting

non-essential arcs and replacing two transversal pizza slices adjacent to each non-essential

arc by a single Hölder triangle of Λ̃. The pizza Λ can be recovered from a pre-pizza Λ̃ by

restoring non-essential arcs (see Remark 7.5).
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A twin pre-pizza Λ̌ is obtained from a pre-pizza Λ̃ by adding new arcs, called twin

arcs. The twin arcs are defined so that the correspondence τ becomes a one-two-one

correspondence on the set of pizza zones of Λ̌. The pre-pizza Λ̃ can be recovered from a

twin pre-pizza Λ̌ by replacing each pair of twin arcs by a single arc.

We define a permutation ̟ of the set of indices of Λ̌, using the permutations σ of

the maximum zones of Λ, the permutation υ of coherent pizza slices of Λ defined by the

correspondence τ , and the sign function s on coherent pizza slices of Λ defined by τ . It

is an analog of the permutation π defined for the totally transversal case in the previous

section. Propositions 7.19 and 7.21 describe the combinatorial and metric properties of

̟ for a given normal pair (T, T ′) of Hölder triangles. These properties become admis-

sibility conditions (see Definition 7.24) for the permutation ̟, necessary and sufficient

for the existence and uniqueness of a normal pair (T, T ′), when only a pizza Λ on T , the

permutations σ and υ, and the sign function s are given.

Given a minimal pizza Λ associated with a non-negative Lipschitz function f on a

normally embedded Hölder triangle T and an admissible permutation ̟, the construction

of a normal pair (T, T ′) is similar to that in the previous section, although the admissibility

conditions are more complicated. For a given pizza Λ, permutations σ and υ, and a sign

function s, an admissible permutation ̟, if exists, is unique, and the existence conditions

for ̟ are explicitly formulated.

Definition 7.1. Let T = T (γ1, γ2) be a normally embedded β-Hölder triangle oriented

from γ1 to γ2. Let Λ = {Tℓ}
p
ℓ=1, where Tℓ = T (λℓ−1, λℓ), be a minimal pizza on T associated

with a non-negative Lipschitz function f on T , and let {Dℓ}
p
ℓ=0 be the corresponding pizza

zones in V (T ) (see Lemma 2.35) such that λℓ ∈ Dℓ. If Tℓ is a coherent pizza slice, then

the pizza zones Dℓ−1 and Dℓ are called primary pizza zones, the boundary arcs λℓ−1 and

λℓ of Tℓ are called primary arcs, and their indices are called primary indices of Λ.

The pair (Dℓ−1, Dℓ) is called a primary pair of pizza zones, the pair (λℓ−1, λℓ) is called

a primary pair of arcs, and the pair (ℓ− 1, ℓ) is called a primary pair of indices of Λ.

A pizza zone Dℓ, and an arc λℓ ∈ Dℓ, is called essential if Dℓ is either a boundary arc

of T , or a maximum zone of Λ, or a primary pizza zone. Otherwise, Dℓ and λℓ are called

non-essential.

Lemma 7.2. If Dℓ is a non-essential pizza zone of a minimal pizza Λ associated with a

non-negative Lipschitz function f on a normally embedded Hölder triangle T , then both

Dℓ−1 and Dℓ+1 are essential pizza zones of Λ, and Dℓ is a common pizza zone of two

transversal pizza slices Tℓ and Tℓ+1. Moreover, Dℓ is a transversal minimum zone of Λ:

(29) µ(Dℓ) = qℓ = βℓ−1 = βℓ < min(qℓ−1, qℓ+1).

Proof. Since Λ is a minimal pizza on T associated with f , a common pizza zone Dℓ of

two transversal pizza slices of Λ is either a maximum or a minimum zone. As Dℓ is non-

essential, it is a minimum zone. This implies that each of the zones Dℓ−1 and Dℓ+1 is

either a maximum zone or a boundary zone of a coherent pizza slice, thus both Dℓ−1 and

Dℓ+1 are essential pizza zones of Λ. Since Dℓ is adjacent to two transversal pizza slices,

it is a transversal zone. �

Definition 7.3. Let {Dℓ}
p
ℓ=0 be the pizza zones of a minimal pizza Λ = {Tℓ}

p
ℓ=1, where

Tℓ = T (λℓ−1, λℓ), associated with a non-negative Lipschitz function f on a normally

embedded oriented Hölder triangle T , and let {Mi}mi=1, be the maximum zones of Λ. Let
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{D̃j}
N−1
j=0 be essential pizza zones of Λ (see Definition 7.1) ordered according to orientation

of T , and let λ̃j ∈ D̃j be essential arcs of Λ. Let T̃j = T (λ̃j−1, λ̃j) for 0 < j < N . Then

T̃j is either a coherent pizza slice of Λ, or a transversal pizza slice Tℓ of Λ such that both

zones Dℓ−1 and Dℓ are essential, or the union of two adjacent transversal pizza slices Tℓ
and Tℓ+1 of Λ such that Dℓ is a non-essential pizza zone of Λ.

A pre-pizza Λ̃ = {T̃j}
N−1
j=1 on T associated with f is a decomposition of T into Hölder

triangles T̃j with the following toppings {q̃j , β̃j, Q̃j , µ̃j, ν̃j}:

1) If λ̃j = λℓ, then q̃j = ordλ̃jf = qℓ and ν̃j = νT (λ̃j, f) = νℓ.

2) If T̃j = Tℓ is a coherent pizza slice of Λ, then β̃j = βℓ, Q̃j = [q̃j−1, q̃j] = Qℓ, and

either µ̃j(q) = µℓ(q) is an affine function on Q̃j, or µ̃j(q̃j) = β̃j is a single exponent when

Q̃j = {q̃j} is a point.

3) If D̃j = Dℓ =Mi is a maximum zone of Λ, then q̃j = qℓ = q̄i, β̃j = βℓ when j > 0 and

β̃j+1 = βℓ+1 when j < N − 1. In that case D̃j is called a maximum zone of Λ̃.

4) If T̃j = Tℓ ∪ Tℓ+1 is the union of two pizza slices of Λ, then q̃j−1 = qℓ−1, q̃j = qℓ+1 and

β̃j = βℓ−1 = βℓ < min(q̃j−1, q̃j). In that case, (j − 1, j) is called a gap pair of indices of Λ̃.

A pair (j−1, j) of consecutive indices of Λ̃ is called primary if T̃j is a coherent pizza slice

and secondary otherwise. If Λ is a totally transversal pizza, then all pairs (j − 1, j) of

indices of Λ̃ are secondary, and Λ̃ is called a totally transversal pre-pizza.

Lemma 7.4. Let Λ̃ = {T̃j}
N−1
j=1 be a pre-pizza associated with a non-negative Lipschitz

function f on a normally embedded Hölder triangle T corresponding to a minimal pizza

Λ on T associated with f . We may assume that at least one maximum zone of Λ exists,

since only in the trivial case tord(T, T ′) ≤ β there are no maximum zones. A pizza zone

D̃j of Λ̃ is a maximum zone if, and only if, the following conditions are satisfied:

(30) If j > 0, then either (j − 1, j) is a gap pair or q̃j ≥ q̃j−1.

(31) If j < N − 1, then either (j, j + 1) is a gap pair or q̃j ≥ q̃j+1.

Proof. If j > 0 and D̃j is a maximum zone of Λ̃, then T̃j is either a coherent pizza slice Tℓ
of Λ or a transversal pizza slice Tℓ of Λ or the union of two transversal pizza slices Tℓ−1 and

Tℓ of Λ with a common minimum pizza zone Dℓ. In the first case, q̃j = qℓ ≥ q̃j−1 = qℓ−1.

In the second case, q̃j = qℓ > qℓ−1 = q̃j−1. In the third case, (j − 1, j) is a gap pair of

indices of Λ̃. Thus condition (30) is satisfied for D̃j.

Similarly, if j < N − 1 and D̃j is a maximum zone, then condition (31) is satisfied for D̃j.

If D̃j is not a maximum zone of Λ̃, then either (j − 1, j) or (j, j + 1) is not a gap pair. If

(j, j + 1) is a gap pair and (j − 1, j) is not a gap pair, then T̃j = Tℓ is a pizza slice of Λ

and q̃j−1 = qℓ−1 > qℓ = q̃j , thus condition (30) is not satisfied.

Similarly, if (j − 1, j) is a gap pair and (j, j + 1) is not a gap pair, then T̃j+1 = Tℓ is a

pizza slice of Λ and q̃j+1 = qℓ+1 > qℓ = q̃j , thus condition (31) is not satisfied.

If both (j − 1, j) and (j, j +1) are not gap pairs, then either j = 0 and T̃1 = T1 is a pizza

slice of Λ such that q̃1 = q1 > q0 = q̃0 or j = N − 1 and T̃N−1 = Tp is a pizza slice of Λ

such that q̃N−2 = qp−1 > qp = q̃N−1 or 0 < j < N − 1, T̃j = Tℓ and T̃j+1 = Tℓ+1 are pizza

slices of Λ, and either q̃j−1 = qℓ−1 > qℓ = q̃j or q̃j+1 = qℓ+1 > qℓ = q̃j , or both q̃j−1 > q̃j
and q̃j+1 > q̃j , thus at least one of conditions (30) and (31) is not satisfied. �

Remark 7.5. A minimal pizza Λ on T associated with f can be recovered as a refinement

of a pre-pizza Λ̃, adding a generic arc in each Hölder triangle T̃j such that (j−1, j) is a gap
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pair. If f is totally transversal, then all pizza zones of Λ are either maximum or minimum

zones, with all interior minimum zones being non-essential. Thus a totally transversal

pre-pizza Λ̃ on T is a decomposition of T by the arcs λℓ in interior maximum zones of Λ.

Definition 7.6. Let {λ̃j}
N−1
j=0 be the arcs of a pre-pizza Λ̃ = {T̃j}

N−1
j=1 on T associated

with a non-negative Lipschitz function f . A twin pre-pizza Λ̌ on T associated with f is a

decomposition of T into Hölder triangles Ťk obtained by the following operations:

1. Each arc λ̃j of Λ̃ common to consecutive coherent pizza slices T̃j and T̃j+1, such that

D̃j is a transversal pizza zone of Λ̃ (i.e., ν̃j = µ(D̃j) = q̃j , see Definition 4.1) and D̃j is

not a maximum zone, is replaced by twin arcs λ̃−j ∈ D̃j and λ̃
+
j ∈ D̃j , such that λ̃−j ≺ λ̃+j

and tord(λ̃−j , λ̃
+
j ) = q̃j .

2. If the boundary arc γ1 = λ̃0 of T is a transversal minimum zone (see Definition 4.1)

and T̃1 is a coherent pizza slice of Λ̃, then we add an interior arc λ̃+0 ⊂ T̃1, such that

tord(λ̃+0 , λ̃0) = q̃0. Since µT (λ̃0, f) = q̃0, we have ordλ̃+
0
f = q̃0.

3. If the boundary arc γ2 = λ̃N−1 of T is a transversal minimum zone and T̃N−1

is a coherent pizza slice of Λ̃, then we add an interior arc λ̃−N−1 ⊂ T̃N−1, such that

tord(λ̃−N−1, λ̃N−1) = q̃N−1. Since µT (λ̃N−1, f) = q̃N−1, we have ordλ̃−
N−1

f = q̃N−1.

Applying these operations to Λ̃ and ordering all arcs according to orientation of T , we

obtain a twin pre-pizza Λ̌ = {Ťk}
N−1
k=1 on T associated with f , where Ťk = T (λ̌k−1, λ̌k)

is a β̌k-Hölder triangle, with the set {λ̌k}
N−1
k=0 of N ≥ N arcs. If λ̌k ∈ D̃j, then we

define q̌k = q̃j and ν̌k = ν̃j . If λ̌1 = λ̃+0 , then q̌1 = ν̌1 = q̃0. If λ̌N−2 = λ̃−N−1, then

q̌N−2 = ν̌N−2 = q̃N−1. A pair of arcs (λ̌k−1, λ̌k) such that Ťk ⊂ T̃j is a coherent pizza

slice for f , and the pair of indices (k − 1, k) of Λ̌, is called primary. In that case,

β̌k = β̃j , q̌k−1 = q̃j−1, q̌k = q̃j , Q̌k = Q̃j , and µ̌k(q) = µ̃j(q) is an affine function on

Q̌k or µ̌k(q̌k) = β̌k when Q̌k = {q̌k} is a point. If a pair (k − 1, k) of consecutive indices

of Λ̌ is not primary, it is called a secondary pair of indices.

If λ̌k ⊂ D̃j , where D̃j is a maximum zone of Λ̃, then λ̌k is called a maximum arc of Λ̌ and

k is called a maximum index of Λ̌. In that case, q̌k = q̃j = q̄i, β̌k = β̃j and β̌k+1 = β̃j+1.

If Ťk = T̃j , where (j−1, j) is a gap pair of indices of Λ̃, then (k−1, k) is called a gap pair

of indices of Λ̌, q̌k−1 = q̃j−1, q̌k = q̃j and β̌k = β̃j < min(q̌k−1, q̌k).

Twin pairs of arcs of Λ̌ are defined as either (λ̌k−1, λ̌k) = (λ̃−j , λ̃
+
j ), where λ̃

−
j and λ̃+j are

twin arcs in D̃j, or (λ̌0, λ̌1) when λ̌1 = λ̃+0 , or (λ̌N−2, λ̌N−1) when λ̌N−2 = λ̃−N−1, and a

pair (k − 1, k) of indices of twin arcs is called a twin pair of indices of Λ̌.

The number N of arcs λ̌k of Λ̌ is equal to the number N of arcs λ̃j of Λ̃ plus the number

os twin pairs of arcs of Λ̌.

Remark 7.7. Let {λ̌k}
N−1
k=0 be the arcs of a twin pre-pizza Λ̌ on a Hölder triangle T

corresponding to a pre-pizza Λ̃ on T associated with a Lipschitz function f . If (λ̌k−1, λ̌k)

is a secondary pair of arcs of Λ̌, then exactly one of the following three properties holds:

(A) λ̌k−1 and λ̌k are twin arcs and q̌k−1 = q̌k = β̌k.

If 1 < k < N −1, then λ̌k−1 and λ̌k belong to a transversal pizza zone D̃j of Λ̃ adjacent to

two coherent pizza slices, such that D̃j is not a maximum zone of Λ̃, thus both (k−2, k−1)

and (k, k + 1) are primary pairs of indices of Λ̌ corresponding to primary pairs (j − 1, j)

and (j, j + 1) of indices of Λ̃, such that the following holds (see Lemma 7.4):

(32) max(µ̌k−1(q̌k−1), µ̌k+1(q̌k)) = β̌k, q̌k−1 = q̌k < max(q̌k−2, q̌k+1) = max(q̃j−1, q̃j+1).
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Figure 4. A normal pair of Hölder triangles in Example 7.8. Coherent

pizza slices are shown in dashed lines.

If k = 1, then λ̌0 = γ1 is a transversal boundary arc of T which is not a maximum arc of

Λ̃, thus (1, 2) is a primary pair of indices of Λ̌ corresponding to a primary pair (0, 1) of

indices of Λ̃, such that

(33) µ̌2(q̌1) = β̌1, q̌0 = q̌1 < q̌2 = q̃1 (see (31) in Lemma 7.4).

If k = N − 1, then γ2 is a transversal boundary arc of T which is not a maximum arc of

Λ̃, thus (N − 3,N − 2) is a primary pair of indices of Λ̌, corresponding to a primary pair

(N − 2, N − 1) of indices of Λ̃, such that

(34) µ̌N−2(q̌N−2) = β̌N−1, q̌N−2 = q̌N−1 < q̌N−3 = q̃N−2 (see (30) in Lemma 7.4).

(B) T (λ̌k−1, λ̌k) is a transversal pizza slice of a minimal pizza on T associated with f ,

thus q̌k−1 = ν̌k−1 6= q̌k = ν̌k and β̌k = min(q̌k−1, q̌k).

(C) T (λ̌k−1, λ̌k) is the union of two transversal pizza slices of a minimal pizza on T

associated with f , thus β̌k < min(q̌k−1, q̌k), and (k − 1, k) is a gap pair of indices of Λ̌.

Example 7.8. A normal pair (T, T ′) of Hölder triangles in Figure 4 has different numbers

of pizza slices in T and T ′. This is related to the presence of twin arcs in T and the absence

of them in T ′. The minimal pizza Λ on T associated with the distance function f has

three pizza slices T1, T2 and T3, with exponents β1, β2 and β3, such that β2 > β1 and

β2 > β3. The minimal pizza Λ′ on T ′ associated with the distance function g has four

pizza slices T ′
1, T

′
2, T

′
3 and T ′

4, with exponents β ′
1 = β1, β

′
2 = β ′

3 = β2 and β ′
4 = β3. The

pizza slices T1 and T2 of Λ, and the pizza slices T ′
1 and T ′

3 of Λ′, are coherent. The orders

qℓ of f on the pizza zones Dℓ of Λ satisfy inequalities q2 > q0 = q1 > q3, and the orders

q′ℓ′ of g on the pizza zones D′
ℓ′ of Λ

′ satisfy equalities q′0 = q′1 = q′3 = q0, q
′
2 = q2 and

q′4 = q3. The pizza zones D0 = {γ1} = M1 and D2 = M2 are the only maximum zones of

Λ, and the permutation σ is trivial: σ(1) = 1 and σ(2) = 2. The correspondence τ , where

τ(1) = 1 and τ(2) = 3, is positive on T1 and negative on T2.
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Figure 5. A normal pair of Hölder triangles in Example 7.9. Coherent

pizza slices are shown in dashed lines.

There are no non-essential pizza zones in T , thus pre-pizza Λ̃ is the same as pizza:

N = n = 4 and λ̃j = λj for j = 0, . . . , 3. The zones D̃1 = D1 and D̃2 = D2 of Λ̃ are

transversal: µ(D1) = q0 and µ(D2) = q2. The arc λ̃1 = λ1, a common boundary arc

of two coherent pizza slices, belongs to a transversal pizza zone D1 of Λ which is not a

maximum zone. By Definition 7.6, it should be replaced by twin arcs λ̃−1 and λ̃+1 in the

twin pre-pizza Λ̌. Thus N = 5, λ̌0 = γ1, λ̌1 = λ̃−1 , λ̌2 = λ̃+1 , λ̌3 = λ̃2 = λ2, λ̌4 = γ2. There

are no non-essential pizza zones in T ′, thus pre-pizza Λ̃′ is the same as pizza: N ′ = n′ = 5

and λ̃′j = λ′j for j = 0, . . . , 4. The zones D̃′
1 = D′

1, D̃
′
2 = D′

2 and D̃′
3 = D′

3 are transversal:

µ(D′
1) = µ(D′

3) = q0 and µ(D′
2) = q2. Since each of the arcs λ′1, λ

′
2 and λ′3 in these zones

is not a common boundary arc of two coherent pizza slices, the twin pre-pizza Λ̌′ is the

same as pre-pizza Λ̃′: N ′ = 5 = N and λ̌′k = λ̃′k = λ′k for k = 0, . . . , 4.

Example 7.9. A normal pair (T, T ′) of Hölder triangles in Figure 5 has different numbers

of pizza slices in T and T ′. There are no twin arcs in T , but there is a twin arc in T ′

corresponding to its boundary arc γ′1. The minimal pizza Λ on T associated with the

distance function f has three pizza slices T1, T2 and T3, with exponents β1, β2 and β3,

such that β1 = β2 > β3. The minimal pizza Λ′ on T ′ associated with the distance function

g has two pizza slices T ′
1 and T ′

2, with exponents β ′
1 = β1 and β ′

2 = β3. The pizza slices

T2 of Λ and T ′
1 of Λ′ are coherent. The orders qℓ of f on the pizza zones Dℓ of Λ satisfy

inequalities q1 > q0 > q3, and the orders q′ℓ′ of g on the pizza zones D′
ℓ′ of Λ′ satisfy

equalities q′0 = q0, q
′
1 = q1 and q′2 = q3. The pizza zones D0 = {γ1} and D3 are minimum

zones of Λ, the pizza zone D1 is the only maximum zone of Λ, and the permutation σ is

trivial: σ(1) = 1. The correspondence τ , where τ(2) = 1, is negative on T2.
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There are no non-essential pizza zones of Λ, thus Λ̃ = Λ, N = n = 4 and λ̃j = λj
for j = 0, . . . , 3. The zones D̃1 = D1 and D̃2 = D2 are transversal: µ(D1) = q0 and

µ(D2) = q2. Since there is a single coherent pizza slice T2 of Λ, and both boundary arcs of

T2 are interior arcs of T , there are no twin arcs in T , thus Λ̌ = Λ̃, N = N = 4 and λ̌k = λ̃k
for k = 0, . . . , 3. There are no non-essential pizza zones in T ′, thus Λ̃′ = Λ′, N ′ = n′ = 3

and λ̃′j = λ′j for j = 0, 1, 2. Since λ̃′0 = λ′0 is a transversal boundary arc of T ′ adjacent

to a coherent pizza slice T̃ ′
1 = T ′

1 of Λ′, and {λ′0} is a minimum zone of Λ′, the twin

pre-pizza Λ̌′ contains a twin arc λ̌′1 of the boundary arc λ̌′0 = λ̃′0 = γ′1 of T ′, such that

tord(λ̌′0, λ̌
′
1) = q′0, N

′ = 4, λ̌′2 = λ̃′1 and λ̌′3 = λ̃′2.

Remark 7.10. In Examples 7.8 and 7.9 we have N ′ = N . We are going to prove (see

Lemma 7.13) that this equality holds for any normal pair of Hölder triangles.

Definition 7.11. Let (T, T ′) be a normal pair of Hölder triangles, and let Λ = {Tℓ}
p
ℓ=1

and Λ′ = {T ′
ℓ′}

p′

ℓ=1, where Tℓ = T (λℓ−1, λℓ) and T ′
ℓ′ = T (λ′ℓ′−1, λ

′
ℓ′), be minimal pizzas

on T and T ′ associated with the distance functions f and g. Then Λ and Λ′ are called

compatible if, for any coherent pizza zones Dℓ and D′
ℓ′ = τ(Dℓ) (see Remark 4.25) the

pair of arcs (λℓ, λ
′
ℓ′), where λℓ ∈ Dℓ and λ

′
ℓ′ ∈ D′

ℓ′, is normal:

(35) tord(λℓ, λ
′
ℓ′) = qℓ = q′ℓ′.

It follows from [5, Proposition 3.9] that, for any normal pair (T, T ′) of Hölder triangles,

there exist compatible minimal pizzas Λ and Λ′ associated with the distance functions f

and g. Since the sets of coherent pizza zones in pizzas, pre-pizzas and twin pre-pizzas are

the same, pairs of pre-pizzas Λ̃ and Λ̃′, and pairs of twin pre-pizzas Λ̌ and Λ̌′, corresponding

to compatible pairs of pizzas Λ and Λ′, are also compatible.

In what follows, all pairs of pizzas, pre-pizzas and twin pre-pizzas associated with the

distance functions on normal pairs of Hölder triangles are assumed to be compatible.

Remark 7.12. If Dℓ =Mi is a transversal maximum pizza zone of Λ and Dℓ′ =M ′
σ(i), or

if Dℓ is a transversal pizza zone of Λ adjacent to a coherent pizza slice and Dℓ′ = τ(Dℓ)

(see Remark 4.25) then (λℓ, λ
′
ℓ′) is a normal pair of arcs for any λℓ ∈ Dℓ and λ

′
ℓ′ ∈ Dℓ′.

Lemma 7.13. Let (T, T ′) be a normal pair of Hölder triangles, with the distance functions

f and g on T and T ′, respectively. Then the number N of arcs λ̌k in a twin pre-pizza

Λ̌ on T associated with f (see Definition 7.6) is the same as the number of arcs λ̌′k′ in a

twin pre-pizza Λ̌′ on T ′ associated with g.

Proof. The characteristic permutation σ defines a bijection between the sets of maximum

zones of Λ̌ and Λ̌′. Thus the two sets have the same cardinality m. Similarly, the char-

acteristic correspondence τ (see Definition 4.6) defines a bijection between the sets of

coherent pizza slices of Λ̌ and Λ̌′. Thus the two sets have the same cardinality L. It fol-

lows from [5, Proposition 3.9] that there is a one-to-one correspondence between the sets

of coherent interior pizza zones of Λ̌ and Λ̌′. Thus the two sets have the same cardinality

n2. It follows from [5, Proposition 4.10] that there is a one-to-one correspondence between

the set of transversal maximum zones of Λ̌ adjacent to two coherent pizza slices and the

set of transversal maximum zones of Λ̌′ adjacent to two coherent pizza slices. Thus the

two sets have the same cardinality m2. It follows from [5, Proposition 4.10] that there

is a one-to-one correspondence between the set of transversal maximum zones of Λ̌ not

adjacent to any coherent pizza slices and the set of transversal maximum zones of Λ̌′ not
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adjacent to any coherent pizza slices. Thus the two sets have the same cardinality m0.

The number δ of transversal boundary arcs of T which are minimum zones of Λ̌ is the

same as the number of transversal boundary arcs of T ′ which are minimum zones of Λ̌′.

We are going to prove that N = 2L− n2 −m2 +m0 + δ. Note that the number in the

right-hand side is the same for Λ̌ and Λ̌′.

The number 2L counts the boundary arcs of coherent pizza slices of Λ, with the common

boundary arcs of two coherent pizza slices being counted twice. If such a boundary arc

belongs to a coherent pizza zone, then it must be counted once, and the number n2 should

be subtracted from 2L. If such an arc belongs to a transversal maximum zone, then it

must be counted once, and the number m2 should be subtracted.

To each of the remaining common boundary arcs of two coherent slices correspond two

twin arc of Λ̌, thus such arcs must be counted twice, as they are counted in 2L. If

a boundary arc γ̌ of T is adjacent to a coherent pizza slice, it is counted once in 2L.

However, if γ̌ is transversal and {γ̌} is a minimum zone, then it corresponds to twin arcs

in Λ̌, thus it should be counted twice. Accordingly, the number δ should be added.

This takes care of all boundary arcs of coherent pizza slices in Λ̌.

The remaining arcs in Λ̌ correspond to maximum zones not adjacent to any coherent pizza

slices, thus the number m0 should be added. �

Definition 7.14. Let (T, T ′) be a normal pair of Hölder triangles with the distance

functions f(x) = dist(x, T ′) and g(x′) = dist(x′, T ) defined on T and T ′, respectively. If

Λ̌ = {λ̌k}
N−1
k=0 is a twin pre-pizza on T associated with f , and Λ̌′ = {λ̌′k′}

N−1
k′=0 is a twin pre-

pizza on T ′ associated with g, then the combination of the characteristic permutation σ

and characteristic correspondence τ of the pair (T, T ′), together with assignments λ̌0 7→ λ̌′0
and λ̌N−1 7→ λ̌′N−1 for the boundary arcs of T and T ′, defines a one-to-one correspondence

τ̌ between the sets of arcs {λ̌k} and {λ̌′k′}: if (λ̌k−1, λ̌k) is a primary pair of arcs of

Λ̌ corresponding to a coherent pizza slice Tℓ of Λ, then the coherent pizza slice of Λ̌′

corresponding to the coherent pizza slice T ′
τ(ℓ) of Λ

′ is bounded by the arcs τ̌ (λℓ−1) and

τ̌(λℓ) of Λ̌
′, in the same (resp., opposite) order when τ is positive (resp., negative) on Tℓ,

and if λ̌k is the arc of Λ̌ contained in a maximum zone Mi of Λ, then the maximum zone

M ′
σ(i) of Λ

′ contains the arc τ̌ (λ̌k) of Λ̌
′. Remark 4.16 implies that the definition of τ̌ is

consistent when an arc of Λ̌ is a boundary arcs of a coherent pizza slice of Λ and belongs

either to a coherent pizza zone or to a maximum zone of Λ. Since the sets of arcs of Λ̌

and Λ̌′ are ordered according to orientations of T and T ′ and have the same number of

elements N , this defines a permutation ̟ of the set [N ] = {0, . . . ,N − 1}.

Remark 7.15. The permutation ̟ in Example 7.8 is (0, 1, 3, 2, 4). Note that the zone

Ď1 is “split” (see Remark 4.25): the arc λ̌1 = λ̃−1 is mapped to λ̌′1 = λ′1, but the arc

λ̌2 = λ̃+1 is mapped to λ̌′3 = λ′3.

Definition 7.16. Let Λ be a minimal pizza on a normally embedded Hölder triangle

T with m maximum zones and L coherent pizza slices, associated with a non-negative

Lipschitz function f on T , and let (σ, υ, s) be an allowable triple of a permutation σ

of the set [m] = {1, . . . , m}, a permutation υ of the set [L] = {1, . . . , L} and a sign

function s : [L] → {+,−} (see Definition 4.22). Let Λ̌ = {Ťk}Nk=1 be the corresponding

twin pre-pizza associated with f . Then there is a unique permutation ̟ of the set

[N ] = {0, . . . ,N − 1} with the following properties:



40 OUTER LIPSCHITZ CLASSIFICATION OF NORMAL PAIRS OF HÖLDER TRIANGLES

1) ̟(0) = 0 and ̟(N − 1) = N − 1.

2) ̟ is compatible with the permutation σ: if the arcs λ̌k and λ̌l of Λ̌ belong to maximum

zones Mi and Mj of Λ, then ̟(k) < ̟(l) if, and only if, σ(i) < σ(j).

3) ̟ is compatible with the permutation υ: if the arcs λ̌k and λ̌l of Λ̌, where k 6= l, are

boundary arcs of the i-th and j-th coherent pizza slice of Λ̌, then ̟(i) < ̟(j) if, and

only if, υ(i) < υ(j).

4) ̟ is compatible with the sign function s in the following sense: if λ̌k−1 and λ̌k are

boundary arcs of the j-th coherent pizza slice Ťk of Λ̌, then ̟(k − 1) = ̟(k)− 1 when

s(j) = + and ̟(k − 1) = ̟(k) + 1 when s(j) = −.

5) ̟ is compatible with the permutation ω of the set [K] = {1, . . . , K}, where K = m+L

(see Definition 4.19 and Proposition 4.23) in the following sense: if an arc λ̌l of Λ̌ belongs

to a maximum zone Mi, and if Ťk is a coherent pizza slice of Λ̌, then ̟(l) is less than at

least one of the indices ̟(k − 1) and ̟(k) if, and only if, the image by ω of the index

in [K] corresponding to Mi is less than the image by ω of the index in [K] corresponding

to Ťk. Since ω is determined by Λ, σ, υ and s (see Remark 4.21) this condition may be

reformulated as follows:

5′) If an arc λ̌l of Λ̌ belongs to a maximum zone Mi of Λ, and if Ťk = T (λ̌k−1, λ̌k) is a

coherent pizza slice of Λ̌ which belongs to a caravan C, then ̟(l) < max(̟(k−1), ̟(k))

if, and only if, σ(i) ≤ j−(C) (see Definition 4.17 and Proposition 4.18).

A permutation ̟ with these properties is called determined by Λ, σ, υ and s.

Proposition 7.17. Let (T, T ′), be a normal pair of Hölder triangles with the minimal

pizzas Λ and Λ′ on T and T ′ associated with the distance functions f(x) = dist(x, T ′)

and g(x′) = dist(x′, T ), respectively. Let m be the number of maximum zones of Λ. Let

a permutation σ of the set [m] = {1, . . . , m} be the characteristic permutation of the pair

(T, T ′) (see Definition 3.4). Let L be the number of coherent pizza slices of Λ, and let

the permutation υ of the set [L] = {1, . . . , L} and the sign function s : [L] → {+,−} be

defined by the characteristic correspondence τ of the pair (T, T ′) (see Definition 4.7). Let

N be the number of arcs of the twin pre-pizza Λ̌ on T , and let ̟ of the permutation of the

set [N ] = {0, . . . ,N − 1} (see Definition 7.14). Then the permutation ̟ is determined

by Λ, σ, υ and s (see Definition 7.16). if (T, T ′′) is another normal pair with the same

minimal pizza Λ on T , the same characteristic permutation σ, the same permutation υ

and the same sign function s, then the pairs (T, T ′) and (T, T ′′) have the same permutation

̟ (see Remark 4.21).

Proof. According to Theorem 4.20, the combined characteristic permutation ω of the set

[K] = {1. . . . , K}, where K = m+ L, is determined by the pizza Λ, permutations σ and

υ, and the sign function s. The order of coherent pizza slices in Λ̌′ is the same as their

order in Λ′, which is determined by the permutation υ. The sign function s defines the

order of boundary arcs of each coherent pizza slice Ť ′ of Λ̌′: Let Ť ′ be the k′-th coherent

pizza slice of Λ̌′, where k′ = υ(k), and let Ť be the k-th coherent pizza slice of Λ̌. If

s(k) = + (resp., s(k) = −) then the boundary arcs of Ť ′ have the same (resp., opposite)

order as the corresponding boundary arcs of Ť . If Ť ′ ≺ Ť ′′ are two coherent pizza slices

of Λ̌′, then either they do not have common boundary arcs and the boundary arcs of Ť ′

precede the boundary arcs of Ť ′′, or they have a common boundary arc λ′ (which belongs

either to a coherent pizza zone or to a maximum zone of Λ̌′) and the other boundary arc

of Ť ′ precedes λ′, while λ′ precedes the other boundary arc of Ť ′′.
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To define ̟, it is enough to know the number of maximum zones of Λ̌′ preceding each

of its coherent pizza slice, but it is the same as the number of maximum zones of Λ′

preceding each of its coherent pizza slice, which was defined in Proposition 4.18. �

Remark 7.18. The properties of blocks in Lemma 6.4 hold if we replace the permutation

π of the set [n] by the permutation ̟ of the set [N ].

Proposition 7.19. Let (T, T ′) be a normal pair of Hölder triangles with the minimal

pizzas Λ and Λ′ on T and T ′ associated with the distance functions f(x) = dist(x, T ′) and

g(x′) = dist(x′, T ), and let Λ̌ and Λ̌′ be the corresponding twin pre-pizzas. If N is the

number of arcs in Λ̌, same as the number of arcs in Λ̌′, then the permutation ̟ of the set

[N ] = {0, . . . ,N − 1} in Definition 7.14 satisfies the following properties:

1. ̟(0) = 0 and ̟(N − 1) = N − 1.

2. An arc λ̌k of Λ̌ belongs to a maximum zone Mi if, and only if, an arc λ̌′̟(k) of Λ̌′

belongs to the maximum zone M ′
σ(i), thus ̟ is compatible with σ on the maximum zones

(see Remark 4.24).

3. The permutation ̟ is compatible with the permutation υ, the sign function s, and the

combined characteristic permutation ω of the pair (T, T ′).

4. If C is a caravan of Λ, then the indices in Λ̌ of the boundary arcs of coherent pizza

slices of C are mapped by ̟ to the indices in Λ̌′ of the boundary arcs of the corresponding

coherent pizza slices of the caravan C ′ = τ(C) of Λ′, in the same (resp., opposite) order

when s(C) = + (resp., when s(C) = −). In particular, the set of indices in Λ̌ of the

boundary arcs of all pizza slices of C is a block of ̟, on which ̟ acts either preserving

or reversing the order.

5. The set of indices in Λ̌ of the maximum zones in A(C) adjacent to a caravan C of Λ

is mapped by ̟ to the set of indices in Λ̌′ of the maximum zones in A(C ′) adjacent to the

caravan C ′ = τ(C) of Λ′.

Proof. Properties 1 and 2 are part of Definition 7.14 of the permutation ̟.

Property 3 follows from Definition 7.14, since the action of ̟ on the primary pairs of

indices of Λ̌ is compatible with the action of τ on the boundary arcs of coherent pizza slices

of Λ, while the permutation υ, sign function s and combined characteristic permutation

ω are defined by that action of τ .

Property 4 follows from Proposition 4.18, where this property is stated for the permutation

υ, and from compatibility of ̟ with τ , υ and ω.

Property 5 follows from the normal embedding property of T and T ′. �

Remark 7.20. Let (T, T ′) be a normal pair of Hölder triangles with the minimal pizzas

Λ and Λ′ on T and T ′ associated with the distance functions f(x) = dist(x, T ′) and

g(x′) = dist(x′, T ), and let Λ̌ and Λ̌′ be the corresponding twin pre-pizzas. Then the map

λ̌k 7→ λ̌′̟(k) from the set {λ̌k} of arcs of Λ̌ to the set {λ̌′k′} of arcs of Λ̌′ induced by ̟ is an

isometry with respect to the metric ξ (see Definition 2.4) defined by the tangency order:

tord(λ̌′̟(i), λ̌
′
̟(j)) = tord(λ̌i, λ̌j).

Proposition 7.21. Let (T, T ′) be a normal pair of Hölder triangles with the minimal

pizzas Λ and Λ′ on T and T ′ associated with the distance functions f(x) = dist(x, T ′) and

g(x′) = dist(x′, T ), and let Λ̌ and Λ̌′ be the corresponding twin pre-pizzas.

If (k′−1, k′) is a secondary pair of indices of Λ̌′, where k′−1 = ̟(i) and k′ = ̟(j), then

β̌ ′
k′ = tord(λ̌i, λ̌j), and one of the following properties holds:
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(A) (k′ − 1, k′) is a twin pair of indices of Λ̌′ and q̌i = q̌j = tord(λ̌i, λ̌j).

There are three subcases of (A):

(A1) 1 < k′ < N − 1, (k′ − 2, k′ − 1) and (k′, k′ + 1) are primary pairs of indices of Λ̌′,

(36) max(µ̌′
k′−1(q̌

′
k′−1), µ̌

′
k′+1(q̌

′
k′)) = β̌ ′

k′, q̌′k′−1 = q̌′k′ < max(q̌′k′−2, q̌
′
k′+1),

the arcs λ̌i and λ̌j belong either to two transversal pizza zones of Λ which are not maximum

zones or to the same transversal pizza zone of Λ which is not a maximum zone.

(A2) k
′ = 1, i = 0, (1, 2) is a primary pair of indices of Λ̌′,

(37) µ̌′
2(q̌

′
1) = β̌ ′

1, q̌′0 = q̌′1 < q̌′2,

the arc γ1 is a transversal boundary arc of T which is not a maximum zone, the arc λ̌j
belongs either to a transversal pizza zone of Λ which is not a maximum zone or to the

q̌0-order zone of f containing γ1.

(A3) k
′ = N − 1, j = N − 1, (N − 3,N − 2) is a primary pair of indices of Λ̌′,

(38) µ̌′
N−2(q̌

′
N−2) = β̌ ′

N−1, q̌′N−2 = q̌′N−1 < q̌′N−3,

the arc γ2 is a transversal boundary arc of T which is not a maximum zone, the arc λ̌i
belongs either to a transversal pizza zone of Λ which is not a maximum zone or to the

q̌N−1-order zone of f containing γ2.

(B) T (λ̌′k′−1, λ̌
′
k′) is a transversal pizza slice of Λ′, q̌i 6= q̌j and min(q̌i, q̌j) = tord(λ̌i, λ̌j).

(C) (k′ − 1, k′) is a gap pair of indices of Λ̌′ and min(q̌i, q̌j) > tord(λ̌i, λ̌j).

Proof. The statement follows from Remark 7.7 applied to Λ̌′ instead of Λ̌, and from Re-

mark 7.20. In particular, (36), (37) and (38) follow from (32), (33) and (34), respectively.

Properties (B) and (C) follow from the corresponding properties in Remark 7.7. �

The following theorem is an analog of Theorem 6.6.

Theorem 7.22. Let Bij = B̟({λ̌i, λ̌j}) be the minimal block of ̟ containing {i, j}, and

let B′
ij = B̟−1({λ̌′i, λ̌

′
j}) be the minimal block of ̟−1 containing {i, j}. Then

(39) tord(λ̌i, λ̌j) ≤ tord(λ̌k, λ̌l) for {k, l} ⊂ Bij ,

(40) tord(λ̌′i, λ̌
′
j) ≤ tord(λ̌′k, λ̌

′
l) for {k, l} ⊂ B′

ij .

Remark 7.23. If a pair (T, T ′) is totally transversal, then N = n, ̟ = π, the sets of

arcs {λ̌j} in Definitions 7.14 and 6.10 are the same, and the inequalities (39) and (40) are

the same as the inequalities (24) and (25).

Let Λ be a minimal pizza on a normally embedded Hölder triangle T associated with a

non-negative Lipschitz function f(x) on T , and let Λ̌ = {Ťk}
N−1
k=0 , where Ťk = T (λ̌k−1, λ̌k),

be the corresponding twin pre-pizza on T . Let̟ : [N ] → [N ], where [N ] = {0, . . . ,N−1},

be a permutation, such that ̟(0) = 0, ̟(N−1) = N−1, and each primary pair (k−1, k)

of indices of Λ̌, corresponding to a coherent pizza slice Ťk, is mapped by ̟ to a pair of

consecutive indices (̟(k− 1), ̟(k)), either ̟(k− 1) = ̟(k)− 1 or ̟(k− 1) = ̟(k)+ 1.

We are going to formulate admissibility conditions for the permutation ̟, necessary and

sufficient for the existence of a normal pair (T, T ′) of Hölder triangles such that f is

contact equivalent to the distance function dist(x, T ′) on T and the permutation ̟ is

compatible with the permutations σ and υ, sign function s and combined characteristic

permutation ω of the pair (T, T ′). If such a pair (T, T ′) exists, then it is unique up to

outer Lipschitz equivalence, due to Theorem 5.3.



OUTER LIPSCHITZ CLASSIFICATION OF NORMAL PAIRS OF HÖLDER TRIANGLES 43

Definition 7.24. Let Λ be a minimal pizza on a normally embedded Hölder triangle T ,

associated with a non-negative Lipschitz function f on T . Let m and L be the number of

maximum zones and coherent pizza slices of Λ, respectively. Let σ and υ be allowable per-

mutations of [m] = {1, . . . , m} and [L] = {1, . . . , L], respectively, and let s : [L] → {+,−}

be an allowable sign function (see Definition 4.22). Let ω be the unique permutation of

the set [K] = {1, . . . , K}, where K = m + L, compatible with (σ, υ, s) (see Proposition

4.23). Let Λ̌ = {Ťk}Nk=1, where Ťk = T (λ̌k−1, λ̌k), be the twin pre-pizza on T correspond-

ing to Λ. A permutation ̟ of the set [N ] = {0, . . . ,N − 1}, such that ̟(0) = 0 and

̟(N − 1) = N − 1, is called admissible with respect to Λ, σ, υ and s, if the following

admissibility conditions are satisfied.

1. The permutation ̟ is determined by Λ σ, υ and s (See Definition 7.16).

2. The block inequalities (39) for ̟ are satisfied.

Theorem 7.25. Let Λ be a minimal pizza on a normally embedded Hölder triangle T =

T (γ1, γ2) associated with a non-negative Lipschitz function f(x) on T . Let m and L be the

numbers of maximum zones and coherent pizza slices of Λ, respectively, and let (σ, υ, s),

where σ is a permutation of the set [m] = {1, . . . , m}, υ is a permutation of the set

[L] = {1, . . . , L} and s : [L] → {+,−} is a sign function on [L], be an allowable triple

(see Definition 4.22). If Λ̌ = {Ťk}Nk=1, where Ťk = T (λ̌k−1, λ̌k), is a twin pre-pizza on T

associated with f and ̟ is an admissible permutation of the set [N ] = {0, . . . ,N − 1},

then there exists a unique, up to outer Lipschitz equivalence, normal pair (T, T ′) of Hölder

triangles, such that the distance function dist(x, T ′) on T is Lipschitz contact equivalent to

f , the permutation σ is the characteristic permutation of the pair (T, T ′), the permutation

υ and sign function s are defined by the characteristic correspondence τ of the pair (T, T ′)

(see Definition 4.7) and ̟ is associated with σ and τ as in Definition 7.14.

Proof. The proof is similar to the proof of Theorem 6.14, except Step 2 where coher-

ent pizza slices of Λ̌′ are defined. We may assume that T = Tβ is a standard β-

Hölder triangle (5) in R2
uv. In particular, the arcs λ̌k in T are germs at the origin of

the graphs {u ≥ 0, v = λ̌k(u)}, where λ̌k(u) ≥ 0 are Lipschitz functions, and each

Hölder triangle Ťk = T (λ̌k−1, λ̌k), for k = 1, . . . ,N − 1, is a β̌k-Hölder triangle. It

follows from the non-archimedean property of the tangency order that tord(λ̌k, λ̌l) =

mini:k<i<l(tord(λ̌k, λ̌i), tord(λ̌i, λ̌l)). We are going to construct a normally embedded β-

Hölder triangle T ′ with a twin pre-pizza Λ̌′ on T ′ associated with the distance function

g(x′) = dist(x′, T ).

Step 1. We define a family of arcs {λ̌′k′ ⊂ R3
u,v,z} for k′ = ̟(k) as the germs {(u, v) ∈

λ̌k, z = uq̌k}, where q̌k = ordλ̌kf . They will be the arcs of a twin pre-pizza Λ̌′ on T ′

associated with g. Let q̌′̟(k) = q̌k and ν̌ ′̟(k) = ν̌k for k = 0, . . . ,N − 1. Note that ν̌k = q̌k

when an arc λ̌k belongs to a transversal pizza zone of Λ̌. This implies that ν̌ ′k′ = q̌′k′ for

k′ = ̟(k) in that case. The arcs γ′1 = λ̌′0 and γ′2 = λ̌′N−1 will be the boundary arcs of T ′.

Let β̌ ′
k′ = tord(λ̌′k′−1, λ̌

′
k′) for k

′ = 1, . . . ,N − 1. Pizza slices Ť ′
k′ of Λ̌

′ will be β̌ ′
k′-Hölder

triangles.

From the non-archimedean property of the tangency order we have, for j = ̟(i1) and

k = ̟(i2), isometry

(41) tord(λ̌′j, λ̌
′
k) = tord(λ̌i1, λ̌i2),
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same as (26) in Step 1 of the proof of Theorem 6.14. Since T is normally embedded and

the arcs λ̌i satisfy the block inequalities (39), the arcs λ̌′j satisfy combinatorial normal

embedding inequalities (see Definition 2.9) necessary for the Hölder triangle T ′ to be

normally embedded:

(42) tord(λ̌′j, λ̌
′
l) = min

k

(

tord(λ̌′j, λ̌
′
k), tord(λ̌

′
k, λ̌

′
l)
)

for j < k < l,

same as (27) in Step 1 of the proof of Theorem 6.14.

Step 2. For each primary pair of indices (k − 1, k) of Λ̌ corresponding to a coherent

pizza slice Ťk of Λ̌, we define a β̌k-Hölder triangle as follows.

Consider the standard pizza slice

(43) z = ψβ̌k,q̌k−1,q̌k,µ̌k
(u, v)

(see Definition 2.23) on the standard β̌k-Hölder triangle Tβ̌k , then translate its graph

in R3
u,v,z to a graph T (λ̌′̟(k−1), λ̌

′
̟(k)) of a Lipschitz function over Ťk by a bi-Lipschitz

homeomorphism Hk in R2
u,v preserving the u-coordinate, such that Hk({v ≡ 0}) = λ̌k−1

and Hk({v = uβ̌k}) = λ̌k. It follows from Proposition 7.19 that ̟(k − 1) and ̟(k) are

consecutive indices, either ̟(k − 1) = ̟(k) − 1 or ̟(k − 1) = ̟(k) + 1. The Hölder

triangle T (λ̌′k′−1, λ̌
′
k′), where k

′ = max(̟(k − 1), ̟(k)), will be a coherent pizza slice Ť ′
k′

of Λ̌′, with the same width function µ(q) as the standard pizza slice (43), and (k′ − 1, k′)

will be a primary pair of indices of Λ̌′.

Step 3. If k′ − 1 and k′ are consecutive indices in [N ] such that (k′ − 1, k′) is not a

primary pair of indices of Λ̌′ defined in Step 2, then (k′ − 1, k′) will be a secondary pair

of indices of Λ̌′. The arcs λ̌′k′−1 and λ̌′k′ are already defined in Step 1. We define two arcs

θ+k′−1 = {(u, v, z) ∈ λ̌′k′−1, wk′ = uβ̌
′

k′} and θ−k′ = {(u, v, z) ∈ λ̌′k′, wk′ = uβ̌
′

k′} in R4
u,v,z,wk′

,

then consider the (q̌′k′−1, q̌
′
k′, β

′
k′)-model (Tβ′

k′
, T ′

β′

k′
) (see Definition 6.12) and define a map

hk′ : T
′
β′

k′
→ R4

u,v,z,wk′
⊂ RN+2

u,v,z,w, where w = (w1, . . . , wN−1), as in Step 2 of the proof of

Theorem 6.14.

Let Ť ′
k′ = T (λ̌′k′−1, λ̌

′
k′) = hk′(T

′
β′

k′
) ⊂ RN+2

u,v,z,w. There are three possible cases (see

Proposition 7.21).

(A) If q̌′k′−1 = q̌′k′ = β ′
k′, then the arcs λ̌′k′−1 and λ̌′k′ will be twin arcs of Λ̌′.

(B) If q̌′k′−1 6= q̌′k′ and min(q̌′k′−1, q̌
′
k′) = β ′

k′, then Ť
′
k′ will be a transversal pizza slice of

Λ̌′.

(C) If min(q̌′k′−1, q̌
′
k′) > β ′

k′, then Ť
′
k′ will be the union of two transversal pizza slices,

and (k′ − 1, k′) will be a gap pair of indices of Λ̌′.

Step 4. Let T ′ =
⋃N
k′=1 Ť

′
k′ be the union of all Hölder triangles defined in Steps 2 and

3. To prove that T ′ is normally embedded, we are going to show that it is combinatorially

normally embedded (see Definition 2.9).

As in Step 3 of the proof of Theorem 6.14, we show first that each partial Hölder triangle

Ť ′
k′ = T (λ̌′k′−1, λ̌

′
k′) is normally embedded. For a primary pair of indices (k′ − 1, k′) of Λ̌′,

the triangle Ť ′
k′ is normally embedded as the graph of a Lipschitz function. For a secondary

pair of indices (k′ − 1, k′) of Λ̌′, the triangle Ť ′
k′ is constructed from the (q̌′k′−1, q̌

′
k′, β

′
k′)-

model (Tβ′

k′
, T ′

β′

k′
) (see Definition 6.12), and the same arguments as in Step 3 of the proof

of Theorem 6.14 show that it is normally embedded.

Next, we have to show that any two Hölder triangles Ť ′
k′ and Ť ′

l′, where k
′ 6= l′, are

transversal. If both pairs of indices (k′ − 1, k′) and (l′ − 1, l′) are primary, then the two
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Hölder triangles are transversal as the graphs of Lipschitz functions on two subtriangles

Ťk and Ťl of T , where k 6= l.

If one of the two pairs of indices, say (k′− 1, k′), is secondary and another one is primary,

the proof is similar to the argument in Step 3 of the proof of Theorem 6.14, as the variable

wk′, which is non-zero on Ť ′
k′, vanishes on the graph of a Lipschitz function Ť ′

l′ .

Finally, if both pairs of indices are secondary, the proof is exactly the same as in Step 3

of Theorem 6.14.

Step 5. We are going to show that the twin pre-pizza on T associated with the

distance function f̃(x) = dist(x, T ′) is combinatorially equivalent to the twin pre-pizza Λ̌

on T associated with f .

If Ťk is a coherent pizza slice of Λ̌, then, by construction in Step 2 of this proof, the

corresponding sub-triangle Ť ′
k′ of λ

′, where k′ = max(̟(k − 1), ̟(k)), is a graph of a

Lipschitz function on Ťk Lipschitz contact equivalent to f |Ťk . Thus the pair (Ťk, Ť
′
k′) is

outer Lipschitz equivalent to the pair (Ťk, graph(f |Ťk). Let us show that f̃ |Ťk is Lipschitz

contact equivalent to f |Ťk .

For any arc η′ of a coherent pizza slice Ť ′
l′ of Λ̌

′, where l′ = max(̟(l − 1), ̟(l)) and

l 6= k, the order of tangency of η′ with any arc η of Ťk cannot exceed ordηf , as Ť
′
k′ and

Ť ′
l′ are graphs of functions contact equivalent to restrictions of the Lipschitz function f

on T to distinct pizza slices Ťk and Ťl of Λ̌. The same arguments as in Step 4 of the

proof of Theorem 6.14 show that the order of tangency of an arc η of Ťk with any arc η′

of a non-coherent triangle T ′
ℓ′ of Λ̌

′ cannot exceed ordηf , as the variable wl′ involved in

construction of Ť ′
l′ in Step 3 of this proof vanishes on Ť ′

k′.

Thus f |Ťk is contact equivalent to restriction of f̃ to Tk.

The same arguments as in Step 4 of the proof of Theorem 6.14 show that any non-

coherent triangle Ťk of Λ̌ is either a transversal pizza slice for the distance function f̃ or

the union of two transversal pizza slices with a common minimum zone. In both cases,

f̃ restricted to Ťk is completely determined by the exponent β̌k of Ťk and the orders q̌k−1

and q̌k of f on its boundary arcs. This implies that f̃ restricted to Ťk is contact equivalent

to f on all triangles Ťk of Λ̌.

This completes the proof of Theorem 7.25. �
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