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Abstract. Let £ be a polynomial vector field on C™ with coefficients of degree d and P be a
polynomial of degree p. We are interested in bounding the multiplicity of a zero of a restriction
of P to a non-singular trajectory of £, when P does not vanish identically on this trajectory.
Bounds doubly exponential in terms of n are already known ([9, 5, 10]). In this paper, we prove
that, when n = 3, there is a bound of the form p + 2p(p + d — 1)2. In Control Theory, such a
bound can be used to give an estimate of the degree of nonholonomy for a system of polynomial
vector fields (this degree expresses the level of Lie-bracketing needed to generate the tangent
space at each point).

1. Introduction. The problem of bounding the order of a polynomial along the
trajectory of a polynomial vector field comes from at least two different theories: Tran-
scendental Number Theory ([9]), and Control Theory ([5, 10]). Let us state it in a more
precise way:

Let £(x) be a vector field on R™ or C", with polynomial coordinates of degree not
greater than d, and such that £(O) # 0, P be a polynomial of degree p, v the integral
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110 A. GABRIELOV ET AL.

curve of £ by O. Assuming that P, # 0, the problem is to bound the order of the power
series P, in terms of p,d, n.

A bound of the form 272" d"*2" p" has been obtained by Nesterenko ([9]). Indepen-
dently, Gabrielov ([5]) obtained a bound of the form d2" ~~1p2"~1(d+p)?" . These two
bounds are doubly exponential in terms of the dimension n, and probably far from being
optimal. In particular, all the examples we know are simply exponential in term of n.

Actually, since the writing of this paper, Gabrielov ([7]) found a bound simply expo-
nential in n and polynomial in d and p, namely

22013 [p 4+ (k — 1)(d — D",
k=1

In the plane case (n = 2), a better bound of the form p(p+d—1)+1 is known ([4, 10]).

In this paper, we prove that when n = 3, there is also a better bound, of the form
p+2p(p+d—1)2. The proof uses the technique of estimation of multiplicities of Pfaffian
intersection developed in [6].

The content of the paper is as follows:

Section 2 gives facts from [6] about the multiplicity of deformation of an analytic
germ at O € C" defined by equations ¢ = ... = ¢, = 0. This is meaningful, even if the
above intersection is not isolated. However, in this paper we need only the isolated case,
which is simpler that the general one, as explained in Section 2.

Section 3 contains the proof of the estimation, and an application to the degree of
nonholonomy is postponed to Section 4.

2. Multiplicities and deformations

2.1. Multiplicity. Let ¢1(z), ..., ¢n(z) be germs of analytic functions in (C",0). We
set Z(¢1,...,¢y) for the analytic germ at O defined by the intersection {¢; = ...

... = ¢, = 0}. When this intersection is isolated, one has dimc H < 4o
and its multiplicity is defined as
: C{X177Xn}
1 e(p1,...,¢p) =dimg —————
( ) ( L) ((blw"ud)n)
Recall also that when ¢1(z),...,¢,(z) are polynomials of degrees qi,...,q,, we have

e(P1, .-y Pn) < q1...q, by Bézout’s theorem.

Remark 1. This definition of multiplicity can be used also in the following case (see
[3], p- 137). Let I be an ideal in the ring of the analytic functions in (C™,O) such that
the local ring C{Xy,..., X, }/I is of dimension 1 and Cohen-Macaulay. For an analytic
function ¢, when the intersection {I = 0} N {¢ = 0} is isolated, its multiplicity is
C{X1,...,Xn}

(¢,1)

This formula implies indeed (1): the ideal I = (¢1,...,¢,—1) is a complete intersection
and so the ring C{X1,..., X,,}/(¢1,...,0n—1) is Cohen-Macaulay. We will use also this
formula when I is the ideal of a reduced curve. In this case C{ X}, ..., X, }/I is a reduced
1-dimensional ring and therefore Cohen-Macaulay ([8], p. 187).

€(¢, I) = dimc
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Let us consider an ideal I = (¢1,...,¢,—1) such that T' defined as {¢ = ...
= ¢p—1 = 0} is a 1-dimensional analytic germ in C". I = [JT; is the decompo-
smon of I' into irreducible components and, for all j, we denote by I; the prime ideal
associated to the component I';. Let ¢ be an analytic function such that Z(p,I) is an
isolated intersection. Then, from Remark 1, the multiplicity e(¢, I;) is defined for all j.
If we denote by v; the multiplicity of the component I'; in I', we have (see [11], p. 84, 92)

(2) e(o, 1) = Z%‘d(ﬁ%)

Let 7 = ¢/n be a meromorphic function on I'; which is not identically zero. We can extend
¢ and 7 to ¢ and 7, germs of analytic functions in (C™, O). The intersections I';N{® = 0}
and I'; N {f = 0} are isolated and we define the multiplicity e(r, I;) = e(, I;) — e(7, I;).
Notice that this multiplicity does not depend on the extensions ¢ and 7 but only on the
functions on the curve ¢ and 7.

If  and § are two 1-forms, the ratio a|r,/B|r; is a meromorphic function on T';.
Thus the multiplicities e(a|r;/B|r;, I;) can be defined as above. Following formula (2),
we denote the sum of these multiplicities by

® (Gr1) =S

2.2. Multiplicity of deformatzon If ¢(x) is a germ of an analytic function in (C ,0)
we call deformation a germ ¢(z, €) of an analytic function in (C™1, 0) such that ¢(z,0) =
o(x). We denote by (bf( ) the function ¢(z, €) for € fixed.

Let ¢1(x €),. ..,gbn(x €) be deformations of the analytic functions ¢ (z), ..., ¢n(z).

We define the multiplicity of deformation #(;{1, ey qu\;) of the ideal (%’ .. ,qﬁ?) as the
number of isolated zeroes of Z(¢5,...,d5), € # 0, counted with their multiplicities,
converging to the origin O when € — 0.

Remark 2. If the functions ¢§(z),...,¢S(z) are polynomial in z of degrees
q1,-..,qn independent of e¢ and if the sets Z(¢5,...,¢S), for small € # 0, are of di-
mension 0, then Bézout’s theorem can be applied to each one of these sets and we obtain

#(¢17~--,¢n)§q1 “n-

We will use the multiplicity of deformation in another case (definition introduced
n [6]). Let T be a reduced 2-dimensional analytic subspace of C"*! such that T'N{e = 0}

is a curve without embedded components. Such a space I is called a deformation of
T% =T N {e=0}. We denote by I the intersection I' N {¢ = const.} and by I the ideal
associated to I'. Note that the spaces I'¢ are reduced, for small € # 0, while T'° is not
necessarily reduced.

Let ¢(x, €) be a deformation of an analytic function ¢. The multiplicity of the deforma-
tion, h(qg, 1), is defined as the number of isolated zeroes, counted with their multiplicities,
of ‘;ff’ € # 0, converging to the origin O when ¢ — 0. Notice that, for this definition,
the deformation g(x, €) need not be defined on the whole space but only on T.

Remark 3. The multiplicity #(:ﬁvl, el %) depends in general on the deformations
¢i(x, €). However if the intersection Z(¢1,...,d,) is isolated, this multiplicity depends

only on the germs ¢1(x),...,d,(z) and we have #(th e ¢n) = e(¢1,...,Pn) (see for
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instance [1], p. 76). The same is true for the multiplicity §(¢, I). If the zeroes of 5\@ are
isolated, then we have f(¢, 1) = e(¢, I°) (I° is the ideal associated to I'?).

We would like to have a formula like (2) for the multiplicities of deformation. Such a
formula would rely the two definitions of multiplicity of deformation. For that, we need to
consider only a restricted class of deformations. Let us specify what are these restrictions.

Let (fb:(m,e), .. .,qb:l(x,e) and q?(a:,e) be deformations of the m analytic functions
¢1,...,0n—1 and ¢. We say that the deformation (5, E{, .. .,Qﬁfn\_/l) is special (or that
(¢, 1) is special, with I = (;{1, e ¢:1)) if the following conditions are satisfied:

e the ideal I = (¢1,...,¢,—1) defines a 1-dimensional analytic subspace I" in C",
e the intersections Z (¢, ¢5, ..., ¢S 1), for small € # 0, are isolated.

In particular, if Z(¢,I) is isolated, any deformation (¢, ) is special.

Let us consider now a special deformation (q’), ) The multiplicity #((/), ) is defined
and we denote by I' the 1-dimensional analytic subspace defined by the ideal I. The set
T defined as {(;51 =...= qbn 1 = 0} is a 2-dimensional analytic subspace in C"*!. Let
I = U 1"] be the decomposition of T into irreducible components and, for all j, Tj be the
prime ideal associated to the component I'; and p; be the multiplicity of the component
T, in T (see [11]). Each component T; is a reduced 2-dimensional analytic subspace in
C"™*1 and the intersection I'; N {e = 0} is a curve without embedded components. Hence
the multiplicities h(d), ;) are defined.

Since the spaces FE are reduced, for small € # 0, we have I'* = UI‘6 Moreover,
the second property of a special deformation implies that formula (2) can be applied
to each intersection Z(¢¢,...,#5_1). Then, from the two definitions of multiplicity of
deformation, we have

(4) #($7f)zzujh($’jj)

We are going now to extend the definition of the multiplicity #(5, D ) to meromorphic
functions. For that we will define the multiplicities on each component I'; and then use
formula (4) to define the multiplicity on T'.

For a meromorphic function 7(z, €) = @(x,€)/7(z, €) on T;, we set as above §(7, I;) =
5(¢, 1) — (7, 1;). We have seen that these multiplicities exist although ¢ and 7 are
defined only on I‘

Ifaisa 2—form, the restriction of o on the set of smooth points of I'; extends in a
unique way to a meromorphic form on I'; that we denote by oz|fj (this because I'; is
irreducible). If « and /8 are two 2-forms, the ratio a|f /B |f defines then unequivocally
a meromorphic function on T';. Thus the multiplicities h(a|r /B |F ,1;) can be defined as
above. Following formula (4), we denote the sum of these multlphcltles by

gy B S T Vi S
(5) #<ﬂ'f7l> —;Njh(mrj,b).

Remark 4. From now on all deformations we consider are special. Then we will
use only the notation # for multiplicities of deformation.
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Finally, we will link the multiplicity of a ratio of 1-forms and the multiplicity of
deformation of a ratio of 2-forms.

PROPOSITION 1. Let I = (¢1,...,¢n—1) be an ideal defining a 1-dimensional ana-
lytic subspace I' in C™. Let ¢ and 1 be two analytic functions such that the multiplicity
e délr 1) is defined. Let (;S, w and I be deformations of ¢, ¥ and I. Then we have

Wl
dé|r )_ (dp Nde)l= ~
e<dwlr’l _#<(di/\de)|5’l '

(Recall that the two sides of this equality are defined respectively by (3) and (5).)

Proof. We use the notation introduced above, i.e. I'; (resp. I';) is an irreducible
component of I' (resp. I') with a multiplicity v; (resp. u;). Moreover, if f?— is the inter-
section T'; N {e = 0}, it is included in T (as a set). Therefore its irreducible components

are I'; with multiplicities p; ; (maybe zero). The multiplicities v;, u; and p; ; are related
by (see [11])

(6) > Hipig = Vi
J
On each component I'; of I we consider the meromorphic function
(do 1\ do)l,
(d A de)r,

For each irreducible component I'; of f?, it can be shown (with the same arguments as
in Lemma 5 below) that

(7) Tilr: = ol

Since we have assumed that e((w‘l ) i
write 7; = ¢/,

#(2,1;) = e(p,I7) and #(77,1;) = e(nj?)7 where ¢ (resp. 1) denotes the restriction of
@ (resp. ) to {e = 0} and I the ideal associated to I'). From formula (2) we have then

I ) = Zpi,je(ﬁp,li), #(?]/77‘7) = Zpl,je(n7lz)
But, by definition, #(Fjjj) = #(9’5’7 ) #(UaI ), 50 we have

S = Y e(2.0),

Since ¢/n restricted to I'; is equal to 75|r,, forrnula (7) gives

#(75:13) = 2 piae <d¢|l)

By using definitions (5) and (3) with formula (6), we obtain finally

(dp Ade)ls - (d¢|p, ) <d¢|r )
- 1T = iPili ¢ 7Ii = ,I .
#<(dw/\d6)|f, ) 2 st Gyl ) = Ny

)

T; =
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2.8. Result for isolated intersections. We will now establish a preliminary result that
will be useful in the next section. This result is in fact a particular case of a theorem
proved by Gabrielov (see [6], Theorem 1.1). We give here a simplified proof for our case.

LEMMA 2. Let I = (¢1,...,0n_1) be an ideal such that T defined as {¢1 = ...
= ¢p—1 = 0} is a 1-dimensional analytic subspace in C"™. Let ¢ and v be analytic
functwns such that Z(p,I) and Z(,I) are isolated intersections. Then we have

_ (., dolr )
e((b,[)—e( d1/)|1“7l'

Proof. We first choose a system of coordinates (z1,...,2,) in a neighborhood of the
origin. Let I' = (JI'; be the decomposition of I' into irreducible components.
Since Z (1, I) is isolated, for each component I'; there is an analytic parametrization
(Puiseux) such that
{ Ylp, = Vi

zilr, = xi(t) i=1,...,n

where x;(t) are analytic in ¢.
The function ¢|r; does not vanish identically since Z(¢, I) is isolated. Hence ¢|r, has
a Puiseux expansion at the origin:

(8) Plr, = ct" +o(t™) = ;™ +o(yp™)
where r; is a positive integer and ¢; # 0 a constant. If I; is the ideal associated to I';,
the order of vanishing r; of ¢|r; is equal to e(¢, I;) ([3], p. 8). From formula (2), we have

e(p,I) = Zj vjr;.

Let us now differentiate the relation (8)

r. Ii_ Ti_
dQSh—\J = (CJNijrl/}N‘] 1 +O(,l/)Nj 1))dw|r‘.}
J

We then have a Puiseux expansion for the function dz‘f :
délr, _ & o rio .
L= S o) = ¢ 4 o(th),

Hence the functions ¢[r; and 15 wlrj have expansions of the same order, that is e(¢, I;) =
i

e(y Zz‘l 2, I;). From formula (2) and definition (3), we have

(v T) =t

3. Multiplicity of a polynomial on the trajectory of a polynomial vector
field

THEOREM 3. Let{(x) = Zl 1 Xi(2) 5o 9_ be a vector field on C*, with polynomial in x
coefficients X; of degree not exceeding d and such that £(O) # 0. Let ~y be the trajectory
of & through the origin.

Then, if P(x) is a polynomial of degree p such that P|, # 0, the order u of P|, at the
origin satisfies
9) p<p+2pp+d—1)>~
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EXAMPLE. Set {(z) = 8%1 —1—3:‘118%2 —&—xga%g and P(z) = 2%. Then it can be easily seen
that, in this case, u = p(1+d+d?). This proves that the estimation (9) is asymptotically
optimal in terms of p and d when p < d.

Remark. Remind that in the case n = 2, there is a bound of the form p(p+d—1)+1
(cf. [4, 10]).

Proof of Theorem 3. Let P(z) be a polynomial of degree p with P|, # 0. We
suppose P(O) = 0 (if P(O) # 0, the order p is zero). Let us remark that the estimate (9)
for P, P, follows from the estimates for P; and P». Then we may assume that P is an
irreducible polynomial.

The order of P|, at the origin is also the multiplicity of the isolated intersection
vN{P = 0}. So we can use Lemma 2 to estimate u. For that we need coordinates where
~ has a simple expression. m

PROPOSITION 4. Let [ : C® — C be a linear form such that the plane ¥ = {I(z) = 0}
is transverse to the vector £(O) and A : ¥ — C? be an isomorphism. There exists an
analytic change of coordinates y = ®(x) near the origin such that, if y = (y1,ye, 2), we
have:

o {(y) = Z;

o 2z =l(x)u(x), where u is an analytic function with u(O) # 0;

* (Y1luw)=0 Y2li(z)=0) = A(@) is an isomorphism.

Proof. Let us denote by ¢:(z) the flow of £(z). We consider the map ¥ defined in a
neighborhood of the origin by

U(y1,y2,2) = 0= (A" (y1,2))-

It can be shown that the matrix of the mapping To WV is (A7! | £(0)) (A7l is a (3 x 2)-
matrix and £(O) a column vector). The map To W is an isomorphism because X, the plane
{l(z) = 0}, is transverse to £(O) and A~! is an isomorphism from C? to ¥. The rest of
the proof is classical in differential geometry: near the origin ¥ is a diffeomorphism and
by setting ® = U1 we have the properties required in the proposition. =

In the new coordinates y the trajectory v is given by the equations {y; = y» = 0}
and we have to estimate the multiplicity p = e(P(y), y1, y2). We want to apply Lemma 2
to the ideal I = (P(y),y2) (which defines a curve T') and the functions ¢(y) = y; and
Y(y) = z. We can always choose the isomorphism A of Proposition 4 in such a way that
the hypothesis of the lemma are guaranteed. We have then

d d
(10) = e(o,1) :e(quz";,I) =e<z dil”:,l).

LEMMA 5. Let (y1,...,yn) be coordinates on C™, and Y be an irreducible component
of the (n — 2)-dimensional subspace of C™ defined by {o = = 0}, where the functions
a and B are analytic. Let w and w' be analytic (n — 2)-forms over C™ such that, for all
yeT, (W/|T)y # 0.

Then there is an analytic function f such that, for y € T, we have

) (wlr)y _ (wAdaNdp),

(Wr)y  (dyr Ao ANdyn)y
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Proof. Fory € T, weset r(y) = ((:),lli))y (this ratio is defined since (w'|v)y # 0). Let y
Y

be a smooth point of T and (v1, ..., v,_2) be a basis of T, T. The restricted forms are given

by (w|v)y(v1s. .., vn—2) = wy(v1,...,v,_2) and in the same way (W'|v)y(v1,...,Vp_2) =

Wl (V1. ., Vn—2) # 0. Thus we have r(y) = %

y

Let us complete vy, ...,v,—2 in a basis (vy,...,v,) of C". We want to evaluate the
n-forms (w A do A df), and (W' A da A df), on this basis. Let us recall that, since T
is a component of the subspace {&« = 8 = 0}, we have doy(v;) = dBy(v;) = 0 for
i=1,...,n— 2 and then:

(11) (wWAdaNdB)y(v1,...,0n) = wy(vi,...,Up—2)(da AdB)y(vn-1,vn)
(12) (W NdaNdB)y(v1,. .. vn) = wy(v1, ... vn—2)(da A dB)y(vn—1,vn).
From the other hand, since «, 8 and the form w’ are analytic in y = (y1,-..,Yyn), wWe

have (w' Ada AdB)y = f(y)(dyr A ... Adyy)y, with f analytic in y = (y1,...,¥y,). Since

wy (v1,.. ., vp—2) # 0 it is clear from (12) that f(y) = 0 if and only if (da A dB), = 0.

dyi A Adyn)y
' (y) is equal to f(y)r(y) (this follows from (11), (12) and the expression of (w'AdaAdf),)

If (da A dB), =0, then r(y) = 0. But we have also f(y) = 0 and then f(y)r(y) =0
Thus in both cases we have '(y) = f(y)r(y). =

Consider now the ratio r'(y) = M. If (da A dB)y # 0 (and then f(y) # 0),

Let us apply this lemma to the 1-forms w = 2dy;, w’ = dz and to an irreducible
component I'; of T'. The property dz|r, # 0 is satisfied since Z(z, P,y2) is an isolated
intersection. We obtain

zdyi|r;  (zdys NAP Ndyp),  OP

1) dz|r, B (dy1 Ndys ANdz), "oz
Reminding notations of Subsection 2.2, we have
Zdy1|r‘j oP oP
(13) 6( E an) = 6<Zazvlj) —e(f, 1) < e(zaz’lj)'

Finally, it follows from formulae (3) and (10) that the multiplicity p satisfies
oP
< e(z—,f> < p1 + o
0z
where pu; = e(z,I) and ps = e(%—f,[).

We first calculate p; = e(z, P(y), y2). In the original coordinates x we can write p
as 1 = e(P(x),1(x),y2) = e(P(x)]i(z)=0s ¥2li(z)=0) (see Proposition 4). The intersection
is isolated (remind that it was required to write formula (10)) and all the terms are
polynomials in . The estimate follows from Bézout’s theorem:

(14) 1 < p.

The second term po is e(%—f(y),P(y),yg). Notice that %—IZ) cannot be divisible by P.
As P is irreducible, we can choose the mapping [ and A of Proposition 4 such that the
intersections Z(%—f(y),P(y),yg) and Z(%—f(y),P(y),z) are isolated. We can then apply
again Lemma 2 to the ideal I’ = (P(y), %—I:(y)) (which defines a curve I') and to the

functions ¢'(y) = y2 and ¥ (y) = z, and obtain

(15) o = ofd!, T') = e(w

d¢l|f" /)
I
dip|p
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Therefore we can write po = pug + g with pg = e(z,I') and py = e(dy2—‘r’,l’) (this last

dz|ps
multiplicity is defined since Z (%—f(y), P(y), z) is isolated and ps is defined).

We first estimate puz = e(z, P(y), %—f(y)). Recall that %—I: is the Lie derivation £.P of P
by £. In the original coordinates, this derivation is given by £.P(z) = Zle X; (m)gTP(ac)
Thus this is a polynomial in « of degree not exceeding p+d—1; us = e(l(z), P(x),&.P(x))
is then the multiplicity of a polynomial intersection. From Bézout’s theorem we have

(16) ps <p(p+d—1)

Let us introduce now a deformation (as defined in Subsection 2.2) of P given in the
original coordinates by: P(x,€) = P(z) — e(a + b I(z)) where a,b € C are generic. P* is
polynomial in x of degree p. In the new coordinates this is a deformation ﬁ(y7 €) of P(y).

We will express py by using the multiplicities of deformations (see Subsection 2.2).

Since the multiplicity 4 is defined, we have from Proposition 1

(A Adol
'u4_#((dz/\de)i:,’l)'

We can apply now Lemma 5 to the 2-forms (dys Ade) and (dz Ade) and to the irreducible
components of I'. We have seen that Z(%—f(y), P(y), z) is an isolated intersection, so the
condition (dz A de)lz, # 0 is satisfied.

By using formula (4) and the argument of formula (13), we have, assuming that p is
the multiplicity of a special deformation (recall that formula (4) is true only for special
deformations)

(g Ade)ls, —u d(9E) NAP Ndys Ade =\
M=\ (@ ndol, ") = dy Ndys AdzAde ) T H

We have:

2?P 9P

pz0y; oy, 0 0
P 5 o’P 9P

d(Z2) A dP A dys A de 9995 om L 0

) oP P P 0P

dyy Ndys Ndz Nde | 92B  oP - Oy1 022 9z0yy 0z
022 Dz 0 0
9P 9P
0z0€ Oe 0 1
Since 4 (y) =0 for y € I, we can write j/, as
9P 9P -,
h= — T
a #(61/1 e )
Thus g} will be the multiplicity of a special deformation if both deformations (%25 , I )

and (%,f’) are special. We will have then u) = ps + pe with ps = #(%221;,;’) and

He = #(%7 -ff/)
PROPOSITION 6. Let Q(x) = P(x) —a —b l(x). Then, for generic a and b, the inter-

section {Q = %—g = %"‘Zgz = 0} is isolated.
Proof. Let us first notice that, from Proposition 4, we have z = Il(z)u(x), with

u(O) # 0. Therefore % is invertible near the origin. Since % = %%, the functions %
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and 9 have the same zeroes. Moreover,
°Q _0°q (o)’ 097l
022 012 \ 0z ol 922’
so {Q = 6? = %QZQ = 0} has the same zeroes as {Q = %? = al‘;? = 0}. Then we have
to prove that, for generic a and b, the intersection {P —a —b 1 = ‘96—1; —-b= az? =0} is
isolated.
We can always assume P(O) = %—}:(O) = 0 (otherwise p < 2), and then %—};(O) =0.

Since P is not identically zero, this implies that %275 is not identically zero either. Thus

{8215 = 0} has codimension one. Locally this subspace has finitely many connected com-
ponents. For a generic b, the functlon does not have a constant value b on any of these

components of codimension 1. Hence, for a generic b, the subspace %lf = al —b=0}
has codimension at least two. Let us fix such a generic b

We can repeat the same arguments with %215 =< — b = 0} instead of {2 E)l2 =0}
and P—b [ = a instead of 2€ = b. This shows that { 812 =% —b=P—bl—a=0} has
codimension at least 3, for a generic a. That means that the intersection { %2722 = % =

@ = 0} is isolated and the proof is done. m

This proposition, applied to Q(z) = P¢(x), for small € # 0, implies that the defor-
mation (%ZI; , I ) is special. Furthermore, 5 can be estimated in the same way as us: in
the original coordinates us = #(P(x,€),&.P(x,€),&2.P(x,€)) where P, £.P and £2.P are
polynomials in z of degree not greater than, respectively, p, p+d—1 and p +2(d — 1).
We apply Remark 2 and obtain

(17) s <p(p+d—1)(p+2(d—1)).

The same kind of arguments as in the proof of Proposition 6 proves that if Q(y) is an
analytic function such that % is not identically zero, then, for a generic a, the intersection

{Q—-—a= 88 = ng = 0} is isolated. By setting Q(y) = P(y) — b l(y)e, for small € # 0,

it follows that (P, %IZD , gf ) is a special deformation. To estimate the multiplicity ug, we
would like to replace 2 DT P by a polynomial in z and then apply Bézout’s theorem. This

will be possible, due to the following lemma.

LEMMA 7. There exists a vector field {o(x) = & constant in the coordinates x such
that
~ OP OP ~ OP ~
P —,— | = P,— &.P).
#( ’8278?}1) #( 762750 )

This lemma allows to write ug = #(ﬁ(.ﬁ,6)7f.f)($,6),€0.ﬁ($,€)). By applying Re-
mark 2 we have then
(18) e < plp+d—1)(p—1).
Finally, the multiplicity p satisfies p < p1 + ps + 5 + pe- By using estimates (14), (16),
(17), (18) we have

p<p+2p(p+d—1)>
which is the estimate required in Theorem 3. =
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Proof of Lemma 7. Let us recall that #(]37 38—1;, g—i) is defined as the number
of isolated zeroes, counted with their multiplicities, of {P¢ = oprt _ 9Pt _ 0}, € # 0,

. .. Oz Oy1
converging to the origin O when € — 0. =

Let 7 be the curve defined by the ideal (P, %—f) (v is a curve because we assume P
irreducible). If € v, let T(x) be the tangent to v at x, and L(x) be the 2-plane (vector
space) spanned by T'(x) and the z-axis L, (L(x) is a plane for x small and # O, because
by hypothesis v does not contain the z-axis which is the integral curve of £). If = tends
to 0, the planes L(z) have a finite number of limit positions L;, 1 < i < (at most one
for each local irreducible component of 7). Let {, be an analytic vector field such that
&(0) € L;, 1 < i <1, and M(z) be the 2-plane spanned by &y(z) and L, (M(z) is a
2-plane for small & because by hypothesis £,(O) & L;).

Let Bs be the ball of center O and radius 9, S5 = 0Bs.

PROPOSITION 8. Under the above hypothesis, there exists dg > 0 such that for 6 < dg,
there exists €y such that the system
_ope
0z

(19) P =P =0

has no solution on S5 for € < €.

Proof. Let d be a distance function on the projective space of 2-planes in C3. Hy-
pothesis §,(0) € L; implies that there exist C > 0 and §y > 0 such that for any § < §
we have d(L(x), M(z')) > C for x € yN S5, 2’ € S5 (by continuity of d). If z€ is a solution
of (19), the tangent plane to the (smooth) surface S¢ = { P = 0} is M (z), and it is close
to L(z') for ' € v N Sy (this is because near a smooth point x € +, the tangent to ~¢
at a point z¢ is close to the tangent T'(z) to 7). But that is impossible if § < dp, since
d(L(z),M(z"))>C. =

This proposition implies easily the following facts:

e There exists 6o > 0 such that for e small enough, the set defined in Bs, by the
system (19) is made with isolated points. In fact, if not, the set of solutions of (19) would
contain a connected component of v¢N B, which is impossible, because such a component
must intersect Ss.

e The limit (when € — 0) of all solutions of (19) is O. In fact, if there exist no sequence
of such limit points converging to O, we can choose §p, small enough such that Bs does
not contain any limit point. If there exists a sequence of such limit points converging
to O, for any dp, we would find a solution of (19) in Sy for some § < g for arbitrarily
small e.

These two facts prove that the number of solutions of (19) in Bs (for small ¢), is

exactly the number #(15, %—IZD, fo.ﬁ) we are looking for.

Now, set & = 9/0y;. In the z-coordinates, set &1 = &1(0)+&a, & = £1(O) +t&s. Then,
by compactness of [0, 1], we may assume that for § < g, the conclusion of Proposition 8
is valid for any ¢ € [0, 1]. Then, for € < ¢, the number of solutions of

€ aP€ € __
Pl= o =P =0

in the ball Bs is locally independent of ¢ ([1], p. 76), and so, by connectivity of [0, 1],
constant for ¢ € [0, 1]. That proves Lemma 7. m
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4. Degree of nonholonomy. Let ¥ = {x1,...,Xxs} be a set of vector fields in C™.
Let £' = L(x1,...,Xs) the set of all linear combinations, with complex coefficients, of
the vector fields x1, ..., xs. We define recursively £¢ = L¢(x1,...,xs) by setting

£i _ ‘Cifl + [ﬁl,ﬁifl]
for i > 2. The union £ = L(x1,. .., xs) of all L is the Lie algebra generated by the vector
fields x;.

For x € C", let L'(z) (resp. L(x)) be the linear subspace generated by the values at
of the vector fields in £!(X) (resp. in £(X)). The minimal 4 such that dim Li(x) = dim L(x)
is denoted by r(z) and called degree of nonholonomy of ¥ at z. Due to the importance of
this degree in nonholonomic control theory (see for instance [2]), the problem of bounding
it arises in a natural way.

Let us consider vector fields x1, ..., xs whose coordinates are polynomials of degree
not exceeding d. The problem is to find a bound on the degree of nonholonomy in terms
of degree d and of dimension n. Let us state a result of Gabrielov [5]:

Let x € C™. Under the above hypothesis, there exists a polynomial vector field £ of
degree not exceeding 2" 3d and a polynomial P of degree not exceeding 2"~ 'd such that:

e P|, # 0, where 7y denotes the trajectory of £ through x;
e if 11 denotes the order of P|, at z, then

r(z) <2772 4 p2ns,

Thus a bound on the order p gives also a bound on the degree of nonholonomy. As a
consequence of Theorem 3 we have then

THEOREM 9. Let ¥ = {x1,...,Xs} be a set of vector fields on C* whose coordinates
are polynomials of degree not greater than d; let r(x) be the degree of nonholonomy of ¥
at x € C3. Then we have the following upper bound:

r(z) <2+ 4d +8d(5d — 1)°.
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