
I Poincoesduality ①

Def An orientation on anrdin's
-

12-vector space U is a choice of a

connected component of N V-507. An

ordered basic v
,
... is positively oriented

f v
,

... ~is in the given comport

Observ that an orientation is determinal

by a nonzero ful o : 1" V +> IR

Nandy o"(IR) gives on orientation

With this in mind :

Def An
n dim't Comanifold/

-

is orientable if He re exist, a

nowhere zero n-form or on X
.

Two such forms .. determine the

some Oriontah if wa = f ar
,
wh

-30 everywhe



G2
Ex A complex manifold X Is

-

Orientable
.

If , = X
,

+ i
, .

. .. En =

Putin
a holomorphic courdinte

,

w = fds
,
rdy

, 1dx1 ....

with 830
, gives on orientation

Ex The Mobins strip
,

etc
.

are well
-

Known to be non orientable
.

Reminders ht E
°
(x) = spacef p-form,

-

We have operatory
d : zP(X) +> 1Px(X)

such the d2 = 0
.

We detel

de Rhon cohomology

1· (x) =
t d : 3

"
(x) +3

+

(x)
--

i n d :
P (x) -

12(X)

Recall deRhon's thei

10an(X) = HP(X
,
IR (X
-

shee who mology



③
We have a stronger furn

The (multiplicate de Rhon i th
-

Under te previous isurpluse
, Cup

Product on
the right

,
corresponds to

A on
the left.

The find thing we need towe all

is integration on monifolds If

X is a compact oriented mon , fold.

Her Her is an operate

S : z "(X) -> I
X

such tab Stokes' Here holds

.. Sax = o

X

5 Our manifolds don't have a

bounda which is why we get o]



④
Thm (Poincare Quality 2)
-

If X is a compact connected

· -
inntable n dimensial man, full

,

then we have an isomorphis

H "(X) = IR
&R

give b < S
&

For a-

y R

S

Hi (X) x An e (x) - I
(

,
B) -> Java

gives a nondegenerate pairing.
Hence n - 1

Har(X) = He(x)
*

(F In (X) noncarnally)



③
Ex ht X = / ↳ I
-

n-turns .
The a

H"(X) E A "IR"
dR

Numer , all
&

Paincan' reduces to

He well knar ichn tits (n. ) = (n_ .).
2 careofofPour te

possibly noncompact nonbl

X lef
I

E(X) = ((e2x)) x has
Compact

supports .

Clearly d(2 ! (x) C I
+
X

So = : (x) < E(x) is a subcomplex

Define compartly supported do how



⑥
cohomology hy
It

↑

(x) = ( +
P
(a : (x)

,
d)

& R

The one computation no need is

Thm Hdr (IR") = S IR if p = n

-

O othern . 30

(See Spirck's D . f grow rul I

o.... )

We'll prove a statement bath

meaker and stronger than before

The If X is orientelle connected
-

n-manifold
,
then

n - ,
It cam(X) = ( (x

&



⑦
Define

eP(u) = Hmp([8(U), 1)
If u =V, al B = 2V(U)

Le 3 % IV)
,

define

B(n(d) = B (2 extend Ly 0 to US

⑳-V U

This make 2 a preshed

I- fanof

lamme er is a shoof .

--



↑

⑧
Define S : 2 - 2P

+

by (SB)(a) = ( )
**

B(dc)
↑ -

ji- (u)
can ignore

The- S= 0
,

so we have
a

complex of sheaves

Defe
1R

x

-> 20

1 - S
X

Putting previous results togethe showe

lamme
-

+
IR=
2 C's

->.. --

is a soft resolution
.



~

&
f of Poincare delity (2nd versial
-

-

On the one had

I (X, x) = Her (X)
On the other hand

It" (X
,
(R) = HP (2

°

(x)
E In x /

3 Riemann Surfaces
-

Prop If X is a compact (always
-

connected) Riemann Surface
,
Hea

b= dim H'(XIR) is even

bo(X) = b
, (X) = 1

,

ad all oth
2

Batti number a zero



⑳
proofThe pacr . g
-

(a
,
B) = S

,

x11

H(x) x H'(x) -> IR

is nondagament by Poincan' delt
and skew symetric

So now use

10 m - n If A is an nx n skensynte,
-

mcfrix
,
with mode

,
ten det (A) = 0.

H(X) = <8 CP(x))d8 =0 3 = I

al other valus follow from Poincare/

Def The genus of a compact R . S.

X is g
= ↓ din H'( X >

2

-

Eg .

g : 2E-



⑪
A selfel Observat is

Co r (oth) The Euler characterish .

-

e(X) = z (- 1) b: (x) = 2 - 2g

Next we
want to compute some hulomorphic

invariants

Let 8 = sheet of holomorphic futX

C Co (U)&
,R
c = : 2,(u)

Give a lock holonorphic coordinat

Z on U
,
let

x = Ro z anl y = ch z
.

dz = dx + idy c E! (4) := (us
,R

and dz = dx - idy = I' ! (4)
1
,

0 A

E(u) = C
,
(4) .dz ; 3 (u) = 2,(dz

We extend d : 20 -> ExcX, a

-line
We Spl.. t

-

wh m



C

O12
of = t) i (dz e G

o

56 = ( + i(dee ,

Prop & is holomorph. ( If = O
-

Of This follows from12 Couchy-Riemann
09 . /

Iemma d (8x) Cr x
-

Of Obvious .I
2

We define 2 : 3- E
,

5 : 3! Z
&

by

I(fdz) = (56)1de

2(f(z) = (25/1dE

We again hav

d = 2 + 5

2

We note E= Cajda1dz = : E

The 16 DC D is an open disk,
-

O(D) = R, (D)
is surjective



⑬
I Suppose &E & '(D) ,

the

ad = (2 +J)d = 56 = 0

Therefo
a = df

by the Poincare Comme

Homever
,

we must how f = 0.

Theref & (D) /

Cor We have on exact sequence
-

0 + x + 0 X

d

1x + 0->

It follows that we get on exact ses.

0
- H(X

,
c) -> H(x

,
0

d
-

-

& E

ithe
-

"by



⑲
Since X

,
0x1 = D

,
it follows

that the first map labelled is zero

The second map Labellad & is

also zero by

Thm H'(X
,

r
x
) = c

-

It follows tet

Prop There is a short exact see
-

· Ho(X,=) H'(x, c) + H'(X
, 0x)+ o

Cor b
,
(x) = c (o(xj) + d(t)(8))



⑮
4 Serve duality
--

Thm (Serve duality) Let X be a

-

compact Riemann surface
,
andL be

a line
bunde on L

/
Cup product

gives a nondagenerate pairing

H'(x
,
L) + H°(x

,
/(*) - H'(x

,

z'
=
)= 0

Therefor ,

Here is a natural

isomorphism
I'(X

,

L) = H
°

(X
,
&=(

*

)
*

Cor The
genus

-

g(x) = du H
P(x

,

-= 1 = de H'(X
, 0x)

of Serve implies
- d H

°
(x

,

r') = H'(X
,
8)

The result follows from this plus .
1

Previous car:

29 = d H
° (d))) + d H(0))

/



HarmonicForms ⑯
No will say a few words about

procfs . First
,

we reall the holomorphic
functions and harmonic functions an closely
related. This can be explained by

noting that

25t= ( +E lb dand
--

A

Iwf = - 25f

Therefore

& holomorphic = G& harmonic

=> Ref hormonic

Conversary it's known that a read

valued harmonic function is the read

part of a holomorphic fatin locally.
This suggest,



⑰
Def Al-furn & a R . S

.

is harmonic

if
its a linear contination of holomorphic

I-form and the complex conjugate of a

Kolomorphic -furn (antikolomorphic (-for).

Rok This isn't the usal def
,

but it's
-

equivalent

Lemna A harmonia 1-form is closed
-- i . e. It satisf dx = 0.

16 when x is holomorphic

dx = =x =
0

Likewise for the antihelomorphic case
/

"Hudge"<hm (Ney 1 When X is a compact D.
S.

every class in It'(X
,
C) has a

unique

harmonic representation.

Histor.e Not Hodge proved the

analogous ther in higher dims .


