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Holonomic D-Modules

In this chapter we study functorial behaviors of holonomic systems and show that
any simple object in the abelian category of holonomic Dy-modules is a minimal
extension of an integrable connection on a locally closed smooth subvariety Y of X.

3.1 Basic results

Recall that the dimension of the characteristic variety Ch(M) of a coherent Dyx-
module M (# 0) satisfies the inequality dim Ch(M) > dim X and that a coherent
Dyx-module M is called holonomic if dim Ch(M) = dim X or M = 0.

Notation 3.1.1. We denote by Mod; (Dyx) the full subcategory of Mod.(Dy) con-
sisting of holonomic D y-modules.

The next proposition implies that Mod;, (Dy) is a thick abelian subcategory of
Mod.(Dyx).

Proposition 3.1.2.
(i) For an exact sequence
O—-M-—->N-—->L—>0

in Mod.(Dyx) we have
N € Mod;,(Dyx) < M, L € Mod;,(Dy).

(i1) Any holonomic Dyx-module has finite length. In other words, the category
Mod; (Dy) is artinian.

Proof. The statement (i) is a consequence of Ch(N) = Ch(M) U Ch(L).
The statement (ii) is proved using the characteristic cycle as follows. For a
holonomic Dy-module M consider its characteristic cycle

CC(M) = Z me (M) C.
Cel(Ch(M))
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Note that dim C = dx for any C € I (Ch(M)). Define the rotal multiplicity of M by

m(M) = Z me(M).

Cel (Ch(M))

By Theorem 2.2.3 the total multiplicity is additive in the sense that we have m(M) =
m(L) + m(N) for any short exact sequence

O—L—->M-—>N-—>0

in Mody, (Dy). Moreover, we have m(M) = 0 <= Ch(M) = ) <= M = 0 by
the definition of characteristic varieties. Hence the assertion follows by induction
onm(M). ]

Notation 3.1.3. We denote by Dz (Dx) the full subcategory of Df (Dy) consisting of

objects M" € Df (Dx) whose cohomology groups are holonomic, that is, H' (M") €
Mod;, (Dy) for Vi € Z.

We easily see the following from Propositions 3.1.2 and B.4.7.
Corollary 3.1.4. Dz(DX) is a full triangulated subcategory of Df(DX).
Remark 3.1.5. It is known that

D"(Mod;,(Dx)) = Dj(Dx)
(see Beilinson [Bei]).

The following result is the first important step in the study of holonomic D-
modules. Namely, we can say “A holonomic D-module is generically an integrable
connection.”

Proposition 3.1.6. Let M be a holonomic Dyx-module. Then there exists an open
dense subset U C X such that M|y is coherent over Oy. In other words, M|y is an
integrable connection on U.

Proof. Let Ty X C T*X be the zero section of 7*X and set § := Ch(M) \ Ty X. If
S = ¢, then M itself is coherent over Ox by Proposition 2.2.5. Assume that S # (.
Since S is conic, the dimension of each fiber of w|g : S — 7(S) (w : T*X — X)is
> 1 and hence dim 7 (S) < dim § < dim X. Therefore, there exists an open subset
U C X such that X \ 7(S) D U # #. In this case we have Ch(M|y) \ TjU = 0
and hence M|y is coherent over Oy by Proposition 2.2.5. O

The following result, which can be proved by duality, is also important.

Proposition 3.1.7. Let M € Mod,.(Dx). For an open subset U C X suppose that
we are given a holonomic submodule N of M|y. Then there exists a holonomic
submodule N of M such that N|y = N.
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Proof. By Corollary 1.4.17 we may assume that M is coherent and M|y = N. Set
L = HYDxM). By Corollary 2.6.8 (ii) we have codim Ch(L) > dx and hence
L is a holonomic Dyx-module. Moreover, its dual N = Dy L is also holonomic by
Corollary 2.6.8 (vi). By L = H(DxM) ~ t=°(DxM) we have a distinguished
triangle

K — DxM — L i)
where K* = tS™1(DyM). By applying Dy we obtain
N—M—D x K’ i> .
Since the duality functors commute with restrictions to open subsets, we have

Nly =Dy(Lly) =D} (M|y) = M|y = N.

It remains to show that the canonical morphism N — M is injective. For this we
have only to show H~!'(Dx K ") = 0. In fact, we will show that

Hi(DX(t>_kK‘)):0 (i<0, k>0 (3.1.1)
(note that 7> % K" ~ K" for k > 0). Let us first show
H! (Dx(H X(K)H[k]) =0 i<0, k>0). (3.1.2)

Fork > Owehave H %(K") ~ H*(Dx M) and hence codim Ch(H (K ")) > dx —
k by Corollary 2.6.8 (ii). Hence the assertion is a consequence of Corollary 2.6.8 (i).
Now we prove (3.1.1) by induction on k. If k = 1, then we have 27k =
H* (K")[k], and hence the assertion follows from (3.1.2). Assume k = 2. By
applying Dy to the distinguished triangle

H MKk — 12 F K — 2~ k=D L
we obtain a distinguished triangle
Dy (>~ * VK — Dy(r>*K) — Dy (H 5 (KHK]) -5 .

Hence the assertion follows from (3.1.2) and the hypothesis of induction. O

3.2 Functors for holonomic D-modules

3.2.1 Stability of holonomicity
We first note the following, which is an obvious consequence of Corollary 2.6.8.
Proposition 3.2.1. The duality functor Dy induces isomorphisms

Dy : Mody, (Dyx) = Modj, (D),

Dy : DY(Dx) =D (Dx)*.
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The following is also obvious by Ch(M X N) = Ch(M) x Ch(N).
Proposition 3.2.2. The external tensor product X induces the functors

(o) X (o) : Mod;, (Dx) x Mody(Dy) — Mody(Dxxy),
()X (o) : DY(Dx) x DY (Dy) — D} (Dxxy).

Recall that for a morphism f : X — Y of smooth algebraic varieties we have
functors

/f : D} (Dx) —> D}.(Dy),
f1: Db (Dy) — D}.(Dx).

Moreover, if f is proper (resp. smooth), [ ¥ (resp. fT) preserves the coherency and
we have the functors

f : DY (Dx) — D’ (Dy) (resp. f7: D2 (Dy) — D(Dx)).
f

However, neither [ ¢ nor fT preserves the coherency for general morphisms f. A
surprising fact, which we will show in this section, is that the holonomicity is never-
theless preserved by these functors for any morphism f : X — Y. Namely, we have
the following.

Theorem 3.2.3. Let f : X — Y be a morphism of smooth algebraic varieties.
(i) [ sends D} (Dx) to D} (Dy).

(i) f7 sends D} (Dy) to D} (Dx).

Corollary 3.2.4. The internal tensor product ®éx induces the functor

(8) ®(, (#) : D(Dx) x Dp(Dx) — Dj(Dx).

Proof. This follows from Proposition 3.2.2 and Theorem 3.2.3 (ii) noting that (e) ®éx
(o) = LA}‘( o ((e) X (o)), where Ay : X — X x X is the diagonal embedding. O

The proof of Theorem 3.2.3 will be completed in the next subsection. In the rest
of this subsection we reduce it to that of Theorem 3.2.3 (i) in the case when f is the
projection C" — C"~ 1,

Lemma 3.2.5. Leti : X — Y be a closed embedding. Then for M" € Df(DX)
we have

M e Db(Dy) = /M' e Db(Dy).
i
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Proof. Since fl is exact, we may assume that M = M" € Mod.(Dy). Let
P
T*Y <& X xy T*Y 5 T*X

be the canonical morphisms. Then we have
cn( / M) = wp~ Chmy),
i

by Lemma 2.3.5. Since @ is a closed embedding and p is a smooth surjective
morphism with one-dimensional fibers, we have

dimCh(/M) — dim Ch(M) + 1,
i

form which we obtain the desired result. O

Next we reduce the proof of Theorem 3.2.3 (i) to the case when f is the pro-
jection C* — C"~!. In order to prove Theorem 3.2.3 (i) it is sufficient to show
ff M e DZ(Dy) for M € Mod;, (Dy). By considering the decomposition of f into
a composite of a closed embedding and a projection we may assume that f is either a
closed embedding or a projection. The case of a closed embedding has already been
dealt with in Lemma 3.2.5, and hence we can only consider the case when f is the
projection X = Z x Y — Y. Since the problem is local on Y, we may assume that
Y is affine. Take a finite affine open covering Z = | J;_, Z; of Z such that Z \ Z; is
adivisor on Z for each i, and set X; = Z; x Y. Then X = (Ji_, X; is an affine open
covering of X. For0 <ip < --- < iy <rlet ji, i Xig..ir = ﬂ];:() X,-p —- X
be the embedding (note that X;, _; is affine by the choice of Z;’s). Then M is
quasi-isomorphic to the Cech complex

0 — COM) — C' M) — - — (M) —> 0 —> -
with

ffojio i jiTJ qqqqq ikM(: ff ‘/j/'iohu.ik jiT) ----- ikM) € Dz(DY) for any (o, ..., i). There-
fore, we may assume from the beginning that X and Y are affine. Fix closed embed-

dingsa : X — C", B :Y — C™, and consider the commutative diagram

!
X —Y
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where g is the graph embedding associated to f and p is the projection. By
Lemma 3.2.5 ff M e D?(Dy) if and only if fﬂ ff M € Db(Dcm). Note that

Job == L™
pJr pof pJ@xp)og

Since (o x B) o g is a closed embedding, we have
/ M € Mody, (Dgn+m)
(axp)og

by Lemma 3.2.5, and hence the problem is reduced to the case when f is the projection
Crtm — ™. Since C"™ — C™ is a composite of morphisms C¥ — CF~!, the
problem is finally reduced to the case when f is the projection C* — C"~!.

Let us show that Theorem 3.2.3 (i) implies Theorem 3.2.3 (ii). So we assume
that Theorem 3.2.3 (i) holds and show f*M € Dz(Dx) for any M € Mod,(Dy).
By decomposing f into a composite of a closed embedding and a projection we may
further assume that f is either a closed embedding or a projection. Consider first the
case where f is the projection X = Z x Y — Y. Then f™ is an exact functor and the
complex fTM = f*M[dim Z]is concentrated in the degree — dim Z. Moreover, we
have f*M ~ Oz X M and it is holonomic by

Ch(Oz ® M) = Ch(Oz) x Ch(M) = T5Z x Ch(M),

and hence f M e Dﬁ (Dx). Let us consider the case of a closed embeddingi : X <
Y. Letj:U :=Y\ X < Y be the corresponding open embedding. Then by the
results in Section 1.7 there exists a distinguished triangle

/ﬂ'M—>M—> jtm 2L
i j

We have jTM = M|y € Mody,(Dy), and hence (i) implies fj jtm e DZ(Dy).
Therefore, we see by the above distinguished triangle that fl i"™M e DZ (Dy). This

implies i M e DZ(DX) by Lemma 3.2.5. Theorem 3.2.3 (ii) is verified assuming
Theorem 3.2.3 (i).

3.2.2 Holonomicity of modules over Weyl algebras

In the last subsection the proof Theorem 3.2.3 (i), (ii) was reduced to that of (i) in
the case when f is the projection p : C* = C x C*~! — C"~!. The aim of this
subsection is to prove it using the theory of D-modules on C”".

Set
D, :=T(C", De») = P Cx*9”,
a.p
where x% = x{'x32 - x" fora = (a1, ..., e,) and 3 = 8{3‘852-~-8,’,3” for B =
(B1, .-, Bn)- The algebra D, is called the Weyl algebra. Since C" is affine, we have

equivalences of categories
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Mod,(Den) = Mod(D,),
Mod,(Dgcn) = Mod ¢ (D,)

given by M — I'(C", M). For N € Mod(D,,) we denote the corresponding Dcn-
module by N.A D, -module N is called holonomic if N is a holonomic Dcn-module.
Let N be a D,-module. We define its Fourier transform N as follows. As an
additive group N is the same as N , and the action of the generators x;, d; of D, on
Nis given by
XxX;jos:=—20;s, 0;08:=Xx;s.
It is easily checked that N is a left D,-module with respect to this action o. This
definition of the Fourier transform N is motivated by the classical Fourier transform.
The Fourier transform induces equivalences of categories

(o) : Mod(D,,) => Mod(D,),
(o) : Mod s (D,) <> Mod f(D,).

The corresponding equivalences for the categories of Dcn-modules are also de-
noted by

(8) : Mod,c(Den) = Mod e (Den),
() : Mod, (D) == Mod,(Dcn).
Proposition 3.2.6. Let p : C"(= C x C* ') — C"! be the projection and let i :

C" Y= {0}xC"" 1) < C"(= CxC"~ ') be the embedding. For M € Mod ¢ (Dcn)
we have

—

H"(/ M) ~ H*(Li* M)
P
for any k.

Proof. Set N = I'(C", M). Since p is an affine morphism, we have

d
/ M =~ Rpo(DRgnjon 1 (M) = [poM 5 p.M],
p

and hence
Ker[N 2> N] k= —1).
r (C”_l» Hk(/ M)) ~ { Coker[N -2 N] (k = 0),
g 0 (k £ 0, —1).

Therefore, we have
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S Ker[ﬁ N ﬁ] (k =-1),
r ((C”“, Hk(/ M)) ~ 1 Coker[N =5 N] (k = 0),
! (k #0, —1),
~ @', H Li*M))
from which we obtain the desired result. O

In proving Theorem 3.2.3 we also need the following results.
Proposition 3.2.7. A coherent Dcn-module M is holonomic if and only if M isaswell.

Proposition 3.2.8. Let j : (C \ {0})) x C"~! — C" be the embedding. If M is a
holonomic Dcn-module, then so is Ho(f/. M) (since (C\ {0}) x C*~V is an affine

open subset of C" we have Hk(fj M) = 0fork #0).

Letus complete the proof of Theorem 3.2.3 assuming Propositions 3.2.7 and 3.2.8.
By Propositions 3.2.6 and 3.2.7 and the arguments in the last subsection it is sufficient
to show i "M e DZ(D(C):—I) for M € Mody,(Dcn), where i : C"~! — C" is as in
Proposition 3.2.6. Let j : (C\ {0}) x C"~! < C" be as in Proposition 3.2.8. By the
distinguished triangle

/iTM—>M—>/jTMi>
i j

we obtain an exact sequence

0—> Ho(fﬁM) M — H°</jTM) s H‘(/iTM) —0.
i J i
Since Ho(fj j"M) is holonomic by Proposition 3.2.8, we obtain | i"M € DY (Dcn)
(note H*(f;i"M) = 0 for k # 0,1). Hence we have i"M € D!(Dgu-1) by
Lemma 3.2.5.

The rest of this subsection is devoted to proving Proposition 3.2.7 and Proposi-
tion 3.2.8.

In addition to the usual order filtration F', the Weyl algebra D,, has another filtration
B defined by

B;D, := Z Cx*3? c D,.
loe|+BI<i

We call it the Bernstein filtration of the Weyl algebra D,,. The graded algebra gr® D,
associated to the Bernstein filtration B is commutative and isomorphic to the poly-
nomial ring C[x, ] (x = (x1,x2,...,x,), § = (£1,&2,...,&,)), as in the case of
the usual order filtration. For a D,,-module M we can also define good filtrations F'
on it with respect to the Bernstein filtration B. Any finitely generated D,-module
has a good filtration. The Bernstein filtration has the advantage that for any good
filtration F of a finitely generated D, -module M each F; M is finite dimensional over
C. Therefore, we can apply results on Hilbert polynomials to the associated graded
gr8 D,-module.
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Proposition 3.2.9.

(i) Let F be a good filtration on a non-zero module M € Mod y(D,) with respect to
the Bernstein filtration. Then there exists a unique polynomial x (M, F; T) €
QIT] such that

x(M, F; i) =dimc F;,M (i > 0).

(i) If the degree of x (M, F; T) isd, then the coefficient of the degree d (the highest
degree) partof x(M, F; T)ism/d! for some integer m > 0. These two integers
d and m do not depend on the choice of the good filtration F. They depend only
on M itself.

Proof. By dim¢ F;M = )", _; dim¢ gr,f M most of the statements are well known
in algebraic geometry [Ha2, Chapter 1]. Let us show that d and m are independent of
the choice of a good filtration. Let F and F’ be good filtrations of a finitely generated
D,-module M. By Proposition D.1.3 there exists ip > 0 satisfying

F/_,M C F;M C F/,; M,
and hence
XM, F'si—ig) < x(M, F;i) < x(M, F'; i 4 io)
for i > 0. The desired result easily follows from this. O

We call d = dp (M) the dimension of M, and m = mp (M) the multiplicity of M.
Proposition 3.2.10. Let

O—L—->M-—N—0

be an exact sequence of finitely generated D,,-modules.

(i) We have dg(M) = Max{dg(L),dp(N)}.
(ii) We have

mp(L) +mp(N)  (dp(L) =dp(N)),
mp(M) = {mp(L) (dp(L) > dg(N)),
mp(N) (dp(L) < dp(N)).

Proof. Take a good filtration F on M. With respect to the induced filtrations on L
and N we have an exact sequence

O—>ngL—>ngM—>ngN—>O
of graded gr? D,-modules. The desired result follows from this. O
Proposition 3.2.11. For a non-zero finitely generated D,,-module M we have

dim Ch(M) = dg(M).
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Proof. Set j(M) := Min{i | E)ct;')'1 (M, D) # 0}. By applying Theorem D.4.3 to
the two filtrations F and B of D,, we have

dim Ch(M) =2n — j(M) = dim supp(grf’ M),

where F is a good filtration on M with respect to the Bernstein filtration and gr¥ M
denotes the corresponding coherent O¢2.-module. It is well known in algebraic

geometry that we have dim supp(grf M) = dg(M) [Ha2, Chapter 1]. O

By Proposition 3.2.10 a coherent Dcr-module M associated to M is holonomic
if and only if dp (M) = n. We can use the following estimate as a useful criterion for
the holonomicity of M.

Proposition 3.2.12. Let M be a (not necessarily finitely generated) non-zero D,,-
module. We assume that M has a filtration F bounded from below (with respect to
the Bernstein filtration B of D,,) such that there exist constants c, ¢’ satisfying the
condition
: € .n /.n—1
dimc F;M < —i + i
n!

for anyi. Then M is holonomic and mp(M) < c.

Proof. We first show that any finitely generated non-zero D,,-submodule N of M is
holonomic and satisfies mp(N) < c. Take a good filtration G on N. By Proposi-
tion D.1.3 we have

GiN C NN Fi4j,M C Fi1iyM (Vi)

for some i, and hence
Lo c . <\ e . \n—1
X(N,G,t)fﬁ(tﬂo) +c (i +ig)" .

It follows that dg (N) < n. By N # 0 and dp(N) = dim Ch(N) we obtain dg(N) =
nandmpg(N) < c.
It remains to show that M is finitely generated. It is sufficient to show that any
increasing sequence
0£FZN CNC---CM

of finitely generated submodules of M is stationary. We have shown that N; is
holonomic and satisfies mp(N;) < c. Moreover, we have

mp(N1) <mp(N2) <mp(N3) <---<c

by Proposition 3.2.10, and hence the sequence {m p(N;)} is stationary. This implies
the desired result by Proposition 3.2.10. O

Now we are ready to give proofs of Proposition 3.2.7 and Proposition 3.2.8.
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Proof of Proposition 3.2.7. Set N = F(g”, M). By the definition of B and the
Fourier transform we ha/\\/e dp(N) = dp(N). Hence by Proposition 3.2.11 we have
dim Ch(M) = dim Ch(M). This implies the desired result. O

Proof of Proposition 3.2.8. Set N = I'(C", M). Note that I'(C", H%( J; M) is

isomorphic to the localization Ny, = Clx, x| l] ®cr N. Hence it is sufficient to
show that Ny, is holonomic. Take a good filtration F' of N and define F; Ny, to be the

image of Fo; N > 5 — xl_i s € Ny,. Itis easily checked that this defines a filtration
of Ny, with respect to the Bernstein filtration. Moreover, we have

dimg F,'le <dimg¢ F; N

M
- mB(' ) iy + 0"
n!
M)2"
_ mp(M)2" : )20 4 oy,
and hence Ny, is holonomic by Proposition 3.2.12. O

3.2.3 Adjunction formulas
Let f : X — Y be a morphism of smooth algebraic varieties.

Definition 3.2.13. We define new functors by
/f = ID)Y/ Dy : D} (Dx) —> D2 (Dy),
1! f
f* :=Dxf Dy : D2(Dy) — D}(Dx).

Theorem 3.2.14. For M' € D}IZ(DX) and N € DZ(Dy) we have natural isomor-
phisms

RHomDy< M, N') =5 Rf.RHomp,(M", fTN"),

3

Rf.RHomp, (f*XN', M) =>RHomp, <N', / M').
!

Proof. We have
Rf«RHomp,(M', fTN")
~ Rf. ((2x ®b, DxM') &b, fTN') [~dx]
~ Rf. ((2x ®b, DxM) @5, Dy &L, 7N} [=dy]

~ Rf. ((2x ®b, DxM') &%, Dx_v) &b, N'-dy]
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~ (QY ®6, /f]D)XM'> ®p, N'[—dy]
~ <Qy ®p, Dy /f! M') ®p, N'[—dy]
>~ RHomp, ( r M, N') .

The first isomorphism is established. The second isomorphism follows from the first
by duality. O

By applying H°(RT'(Y, o)) to the isomorphisms in Theorem 3.2.14, we obtain
the following.

Corollary 3.2.15. For M" € Dz(DX) and N' € Dz(Dy) we have natural isomor-
phisms

. . - . + Az
Hosz(Dy) ( f!M, N)—)HomDﬁ(DX)(M, f'N),
Hosz(DX)(f*N', M')%Hosz(Dy) (N', /fM>

Namely, ff! (resp. fX) is the left adjoint of f¥ (resp. ff)'

Theorem 3.2.16. There exists a morphism of functors
/ — / : DY (Dx) — D} (Dy).
! f

Moreover, if f is proper, then this morphism is an isomorphism.

Proof. By Hironaka’s desingularization theorem [Hi], there exists a smooth comple-
tion X of X. Since X is quasi-projective, a desingularization X of the Zariski closure
X of X in the projective space is such a completion (even if X is not quasi-projective,
there exists a smooth completion by a theorem due to Nagata). Therefore, the map
f : X — Y factorizes as

xS xxy< L Xxxy Ly,

where g is the graph embedding associated to f and p = pry is a projection. In this
situation, g and p are proper and j is an open embedding. This implies that we can
reduce our problem to the cases of proper morphisms and open embeddings. If f is
proper, we have an isomorphism

/!zmy/fm)x%/f
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by Theorem 2.7.2. So let us consider the case when f = j : X < Y is an open
embedding. Let M" € Dz(DX). By Corollary 3.2.15 we have

Hosz(Dy) (AM, /JM) _HomDZ(DX)(M, J /].M)

~ Hosz(DX)(M‘, M),

and hence we obtain the desired morphism

/M'—>/M'
J! J

as the image of id € HomD}z;(DX)(M', M). O

3.3 Finiteness property

The aim of this section is to show the following.

Theorem 3.3.1. The following conditions on M" € Df(DX) are equivalent:

(i) M" € Db (Dx).
(ii) There exists a decreasing sequence

X=X0D2X1D- DX DXpup1=90

of closed subsets of X such that X, \ X,+1 is smooth and all of the cohomology
sheaves H* (irTM‘) are integrable connections, where i, : X, \ X;4+1 — X
denotes the embedding.

(iii) For any x € X all of the cohomology groups H (i i M) are finite dimensional
over C, where iy : {x} < X denotes the inclusion.

For the proof we need the following.

Lemma 3.3.2. Let M be a coherent (but not necessarily holonomic) Dyx-module.
Then there exists an open dense subset U C X such that M|y is projective over Oy .

Proof. Take a good filtration F of M. Then grf” M is coherent over m,Ors+x. It
follows from a well-known fact on coherent sheaves that there exists an open dense
subset U C X such that (ng M)|y is free over m,Or+y. By shrinking U if nec-
essary we may assume that (ng M)|y is free over Oy. This implies that each
(FiM/F;—1M)|y (and hence each F;M|y) is projective over Opy. Consequently
M|y is projective over Oy . O

Proof of Theorem3.3.1. (ii) = (i). SetU, = X\ X,. We willshow M|y, € Dg(DUr)
by induction on r. Assume M|y, € DZ(DUr)' Letj:U, = Upt1,0: X \ Xp41
(= U541\ Uy) = U4 be embeddings. Then we have a distinguished triangle



94 3 Holonomic D-Modules

fi*(M‘mm) — My, — /jT(M'w,H) =
i J

.t . T b - . b
By i"(M'|y,,,) = irM" € Dj(Dx,\x,.,) we have fl i'(M'|y,,,) € Dy(Dy,,,).
On the other hand by j*(M'|y,,,) = M'|U, € D! (Dy,) we have J; "My, e
Dz (Dy,,,). Hence the above distinguished triangle implies M'|y, ., € DZ (Dy, ).

(i) = (iii). By Theorem 3.2.3 we have i;M' € DZ(D{X}). Note that Dy, >~ C.
Hence the desired result follows from the fact that objects of DZ (Dyy) = D? (Dyy) =
Df (Mod(C)) are just complexes of vector spaces whose cohomology groups are finite
dimensional.

(iii) = (ii). It is sufficient to show that for any closed subset ¥ of X satisfying
Y D supp(M°) := |, supp(H k(M)) there exists a decreasing sequence

Y:YODYlD"'DYmDYm—Fl:Q

of closed subsets of Y such that ¥, \ Y,4+; is smooth and all of the cohomology
sheaves H k( jj M) are integrable connections, where j, : Y\ Y41 <> X denotes the
embedding. We will prove this statement by induction on dim Y. Take an open dense
smooth subset V of Y, and leti : V — X denote the embedding. By Kashiwara’s
equivalence we have i'TM" € Df (Dy). Hence by Lemma 3.3.2 there exists an open
dense subset V' of V such that each cohomology sheaf H*(i"M")|y is projective
over Oy-. Therefore, by shrinking V if necessary we may assume from the beginning
that each cohomology sheaf H k¥ M) is coherent over Dy and projective over Oy.
We first show that H*(i* M) is an integrable connection. Take x € V and denote by
Jjx : {x} < V the embedding. Then we have

C®o, . HXGTM), ~ B (Glitmy ~ H G,

where the first isomorphism follows from the fact that H* (i M), is projective over

Oy . Hence the finite-dimensionality of H ktdy (i ;M ") implies that the rank of the
projective Oy ,-module H kKGTMy, is finite. Tt follows that H*(i¥M") is coherent
over Oy, hence an integrable connection. Now take an open subset U of X such that
V=YNU,andlet j : U — X be the embedding. Define N by the distinguished
triangle

N'—>M'—>/jTM'i>.
j

We easily see that fj j™™ =~ [i"M" € D2(Dy), and hence the above distinguished
triangle implies N* € Df (Dx). We also easily see that supp(N') C Y\ V. Moreover,
for any locally closed smooth subset Z of Y \ V we have i;M ! ;N ", where iz :
Z — X denotes the embedding. Indeed, we have i; f ;= 0 by Proposition 1.7.1 (ii).
In particular, for any x € Y \ V we have H*(i;M') ~ H* (iiN'). Hence by applying

the hypothesis of induction to N there exists a decreasing sequence

Y\V=Y1D2--- DYy DYpy1 =0
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of closed subsets of Y \ V such that Y, \ Y, is smooth and all of the cohomology

sheaves H k( er M) are integrable connections, where j, : Y, \ Y41 < X denotes
the embedding. Then the decreasing sequence

Y=Y2YV1 D DYy DVYpus1 =9

satisfies the desired property. O

3.4 Minimal extensions

A non-zero coherent D-module M is called simple if it contains no coherent D-
submodules other than M or 0. Proposition 3.1.2 implies that for any holonomic
D-module M there exists a finite sequence

M=MyODMyD---DM, DM41=0

of holonomic D-submodules such that M; /M; is simple for each i (Jordan—Holder
series of M). In this section we will give a classification of simple holonomic D-
modules. More precisely, we will construct simple holonomic D-modules from inte-
grable connections on locally closed smooth subvarieties using functors introduced
in earlier sections, and show that any simple holonomic D-module is of this type.
This construction corresponds via the Riemann—Hilbert correspondence to the mini-
mal extension (Deligne—Goresky—MacPherson extension) in the category of perverse
sheaves.

Let Y be a (locally closed) smooth subvariety of a smooth algebraic variety X.
Assume that the inclusion map i : ¥ < X is affine. Then Dy, y is locally free
over Dy and Ri, = i, (higher cohomology groups vanish). Therefore, for a holo-
nomic Dy-module M we have H/ [, M = H/ [, M = 0 for ¥j # 0. Namely, we
may regard fl M and fi! M as Dx-modules. These Dx-modules are holonomic by
Theorem 3.2.3. By Theorem 3.2.16 we have a morphism

Jor=J

Definition 3.4.1. We call the image L(Y, M) of the canonical morphism f“ M —
f[. M the minimal extension of M.

in Mod;, (Dy).

By Proposition 3.1.2 the minimal extension L (Y, M) is a holonomic Dx-module.

Theorem 3.4.2.

(1) Let Y be alocally closed smooth connected subvariety of X suchthati : Y — X is
affine, and let M be a simple holonomic Dy-module. Then the minimal extension
L(Y, M) is also simple, and it is characterized as the unique simple submodule
(resp. unique simple quotient module) of [; M (resp. of [, M).
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(i) Any simple holonomic Dyx-module is isomorphic to the minimal extension
LY, M) for some pair (Y, M), where Y is as in () and M is a simple inte-
grable connectionon 'Y .

(iii) Let (Y, M) be as in (ii), and let (Y', M) be another such pair. Then we have
LY, M) ~ L(Y', M') ifand only if Y = Y" and M|y ~ M'|y for an open
dense subset U of Y N'Y'.

Proof. (i) We choose an open subset U C X containing Y such thatk : YU is a
closed embedding. Let j : U < X be the embedding, and let Mod};c Dy denote the

category of Ox-quasi-coherent Dy-modules whose support is contained in Y. We
first show the following four results:

(a) For any E € Modgc(Dx) we have HUTE = 0 (I # 0). Hence HO%T =7
Modgc(DX) — Mod(Dy) is an exact functor.

(b) For any non-zero holonomic submodule N of fl M, wehave iTN ~ M.

(©) fl M (resp. fi! M) has a unique simple holonomic submodule (resp. simple holo-
nomic quotient module).

(d) For a sequence 0 = N; C Ny C fl M of holonomic submodules of fl M, we
have iT(N2/Ny) = 0.

For E € MoquC(Dx) we have i"E = k"jTE = k" j~'E and supp j~'E C Y.
Hence (a) is a consequence of Kashiwara’s equivalence.
Let N be as in (b). By Corollary 3.2.15 we have

HomDX<N, fM):HomDX<N,//M>
i i Jk
:HomDU(j*N, /M)
k

Since j is an open embedding, we have j * = jT = j~!. Therefore, the inclusion
N — fl M induces a non-zero morphism ¢ : jTN — fk M. Since fk M is a simple
holonomic Dy -module by Kashiwara’s equivalence, ¢ is surjective. Applying k¥ to
it, we obtain a surjective morphism i N — kf f «M =~ M. On the other hand, we
have an injective morphism i TN — if fl M = M because i is exact by (a). Hence

we must have i TN ~ M, and (b) is proved.
Suppose there exist two simple holonomic submodules L # L’ of fl M. Set
N=L+ L =L&L' Then by (b) we have

M~i'N=i"Lai'l =MaeM,

which is a contradiction. The assertion (c) for fl M is proved. Another assertion for
f“ M is easily proved using the duality functor.
By (a) we have

i"™NiciNy C iT/M =M, i"™N2/iTNy ~ iT (N2 /NY).
i
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Hence (b) implies iT(Ny/N1) = 0, and (d) is proved.
Now let us finish the proof of (i). By (c) there exists a unique simple holonomic
submodule L of fl M. By Corollary 3.2.15 there exist two isomorphisms

(b)
Homp, (/ M, L) ~ Homp, (M, i'L) ~ Homp, (M, M),
i!

Homp, (f M, /M) ~ Homp, (M, inM) ~ Homp, (M, M),
i! i i

from which we see that the canonical morphism fi! M — fl M 1is non-zero and
factorizes as fi! M— L — fl M. Since L is a simple module, the image of this
morphism should be L. This completes the proof of (i).

(i1) Assume that L is a simple holonomic Dy-module. We take an affine open
dense subset ¥ (i : ¥ < X) of an irreducible component of supp L so that i "L is an
integrable connection on Y (this is possible by Proposition 3.1.6). Set M = i L. We
easily see by Proposition 3.1.7 that M is simple. Moreover, by Corollary 3.2.15 we
get an isomorphism

Hom p, (f M, L) ~ Homp, (M, i’ L) ~ Homp, (M, M) # 0,
i!

from which we see that there exists a non-zero surjective morphism fl.! M — L.
Namely, L is a simple holonomic quotient module of f“ M. Hence we obtain L =
L(Y, M) by (i). The assertion (ii) is proved.

The proof for the last part (iii) is easy and left to the readers. O

Proposition 3.4.3. Let Y be a locally closed smooth subvariety of X such that i :
Y — X is affine, and let M be an integrable connection on Y. Then we have

DxL(Y, M) >~ L(Y, DyM).
Proof. By the exactness of the duality functor we obtain
DxL(Y, M) :Im(]DX/M — ]D)X/ M) ~ Im(/ DyM — /]D)yM)
i il il i
= L(Y, DyM).

The proof is complete. O



