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Analytic D-Modules and the de Rham Functor

Although our objectives in this book are algebraic D-modules (D-modules on smooth
algebraic varieties), we have to consider the corresponding analytic D-modules (D-
modules on the underlying complex manifolds with classical topology) in defining
their solution (and de Rham) complexes. In this chapter after giving a brief survey
of the general theory of analytic D-modules which are partially parallel to the theory
of algebraic D-modules given in earlier chapters we present fundamental proper-
ties on the solution and the de Rham complexes. In particular, we give a proof of
Kashiwara’s constructibility theorem for analytic holonomic D-modules. We note
that we also include another shorter proof of this important result in the special case of
algebraic holonomic D-modules due to Beilinson—Bernstein. Therefore, readers who
are interested only in the theory of algebraic D-modules can skip reading Sections 4.4
and 4.6 of this chapter.

4.1 Analytic D-modules

The aim of this section is to give a brief account of the theory of D-modules on
complex manifolds. The proofs are occasionally similar to the algebraic cases and
are omitted. Readers can refer to the standard textbooks such as Bjork [Bj2] and
Kashiwara [Kas18] for details.

Let X be a complex manifold. It is regarded as a topological space via the clas-
sical topology, and its dimension is denoted by dx. We denote by Ox the sheaf of
holomorphic functions on X, and by Oy, Qf( the sheaves of Oy-modules consist-
ing of holomorphic vector fields and holomorphic differential forms of degree p,
respectively (0 < p < dyx). We also set Qy = Qix . The sheaf Dy of holomorphic
differential operators on X is defined as the subring of Endc(Oyx) generated by Ox
and ®y. In terms of a local coordinate {x;};<;<, on a open subset U of X we have

Dxly = @ Ovd®,
aeN"

where
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3i=a (1<i<n), 3 =090 (a=(ap,...,an)).
1

We have the order filtration F' = {F; Dx};>0 of Dx given by

FDxly =Y 0yd?  (lal =) a),
i

le|<l

where U and {x;} are as above. It satisfies properties parallel to those in Proposi-
tion 1.1.3, and Dy turns out to be a filtered ring. The associated graded ring gr Dy
is a sheaf of commutative algebras over Oy, which is canonically regarded as a
subalgebra of 7, O7«x, where 7 : T*X — X denotes the cotangent bundle of X.

Note that we have obvious analogies of the contents of Section 1.2, 1.3. In
particular, we have an equivalence

Qx ®0, (e) : Mod(Dx) —> Mod(D})

between the categories Mod(Dy), Mod(D?(P) of left and right Dx-modules, respec-
tively. Moreover, for a morphism f : X — Y of complex manifolds we have
a (Dx, f~'Dy)-bimodule Dx_.y = Ox ® -1, f~'Dy and an (f~' Dy, Dx)-
bimodule Dy . x = Qx ®0, Dx_y ®r-10, f’lﬂg_l. We say that a Dx-module
is an integrable connection on X if it is locally free over Oy of finite rank.

Notation 4.1.1. We denote by Conn(X) the category of integrable connections on the
complex manifold X.

We have an analogy of Theorem 1.4.10. In particular, Conn(X) is an abelian
category.
The following result is fundamental in the theory of analytic D-modules.

Theorem 4.1.2.
(i) Dy is a coherent sheaf of rings.
(ii) For any x € X the stalk Dx . is a noetherian ring with left and right global
dimensions dim X.

The statement (i) follows from the corresponding fact for Ox due to Oka, and (ii)
is proved similarly to the algebraic case.

We can define the notion of a good filtration on a coherent Dy-module as in
Section 2.1. We remark that in our analytic situation a good filtration on a coherent
Dyx-module exists only locally. In fact, there is an example of a coherent D y-module
which does not admit a global good filtration. Nevertheless, this local existence of
a good filtration is sufficient for many purposes. For example, we can define the
characteristic variety Ch(M) of a coherent Dy-module M as follows. For an open
subset U of X such that M|y admits a good filtration F we have a coherent Op+«y-

module grf (M|y) = Or+y ®n5‘grDU

denotes the projection. Then the characteristic variety Ch(M) is defined to be the
closed subvariety of T*X such that Ch(M) N T*U = supp(grf (M|y)) for any U
and F as above. It is shown to be well defined by Proposition D.1.3.

As in the algebraic case we have the following.

n[j]ngM|U, where ny @ T*U — U
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Theorem 4.1.3. For any coherent Dx-module M its characteristic variety Ch(M) is
involutive with respect to the canonical symplectic structure of the cotangent bun-
dle T*X. In particular, for any irreducible component A of Ch(M), we have that
dim A > dim X.

We say that a coherent Dy-module M is holonomic if it satisfies
dim Ch(M) < dim X.

Notation 4.1.4.
(1) We denote by Mod.(Dy) (resp. Mod,(Dyx)) the category of coherent (resp.
holonomic) Dy-modules.
(i) We denote by Df(DX) (resp. DZ(DX)) the subcategory of Db(DX) consisting
of M € D(Dy) satisfying H' (M") € Mod,(Dy) (resp. Mod;,(Dy)) for any i.

As in Section 2.6 we can define the duality functor Dy : D?(Dy) — D!(Dx)°P
satisfying D2, ~ Id by

DxM" = RHomp, (M, Dx ®p, Q;‘?_l[dx])-

All of the arguments in Section 2.6 are also valid for analytic D-modules. In particular,
Dy induces Dy : Mody (Dx) — Mod;, (Dyx)°P.
Let f : X — Y be a morphism of complex manifolds. The functors

Lf*: D"(Dy) » D"(Dx) (M +> Dxy ®f1py f7'M),
f1:D"(Dy) > D'(Dx) (M > Lf*M'[dx —dy])

are called the inverse image functors. Note that the boundedness of Lf*M" follows
from Theorem 4.1.2 (ii). The notion that f : X — Y is non-characteristic with
respect to a coherent Dy-module M is defined similarly to the algebraic case, and we
have the following analogy of Theorems 2.4.6 and 2.7.1.

Theorem 4.1.5. Let f : X — Y be a morphism of complex manifolds and let M be
a coherent Dy-module. Assume that f is non-characteristic with respect to M.

G) H/ (Lf*M) =0for"j #0.

(ii) HO(Lf*M) is a coherent Dy-module.
(iii) Ch(HO(Lf*M)) C p fwj_-l(Ch(M)).
(V) Dx(Lf*M) = Lf*(Dy M).

Here, py : X xy T*Y — T*X and wy : X xy T*Y — T*Y are the canonical
morphisms.

The proof is more or less the same as that for Theorem 2.4.6, 2.7.1.
For a morphism f : X — Y of complex manifolds we can also define the direct
image functor

ff :D*(Dx) > D"(Dy) (M’ Rfu(Dyx ®p, M)).
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The fact that f preserves the boundedness can be proved as follows. By decomposing
f into a comp051te of a closed embedding and a projection we may assume that f
is either a closed embedding or a projection. The case of a closed embedding is
easy. Assume that f : X = Y x Z — Y is a projection. We may assume that
M = M € Mod(Dy). As in the algebraic case we have ff M = Rfy,(DRx;yM),
where DR,y M is the relative de Rham complex defined similarly to the algebraic
case. Then the assertion follows from the well-known fact that R’ f,.(K) = 0 unless
0 <i < 2dim Z for any sheaf K on X (see, e.g., [KS2, Proposition 3.2.2]).
We have the following analogy of Theorem 2.5.1, Theorem 2.7.2.

Theorem 4.1.6. Let f : X — Y be aproper morphism of complex manifolds. Assume
that a coherent Dx-module M admits a good filtration locally on Y .

(i) [, M € D!(Dy).
(ii)ffDxMZ]D)yffM

The proof of this result is rather involved and omitted (see Kashiwara [Kas18]).
In the situation where f : X — Y comes from a proper morphism of smooth
algebraic varieties and M is associated to an algebraic coherent D-module (in the
sense of Section 4.7 below) the statements (i) and (ii) in Theorem 4.1.6 follow from
Theorem 2.5.1, Theorem 2.7.2, respectively, in view of Proposition 4.7.2 (ii) below.
We also point out that if f is a projective morphism of complex manifolds, the proof
of Theorem 4.1.6 is more or less the same as that of Theorem 2.5.1, 2.7.2.

In the algebraic case holonomicity is preserved under the inverse and direct im-
ages; however, in our analytic situation this is true for inverse images but not for
general direct images.

Theorem 4.1.7. Let f : X — Y be a morphism of complex manifolds, and let M be
a holonomic Dy-module. Then we have Lf*M € Dz(DX).

Theorem 4.1.8. Let f : X — Y be aproper morphism of complex manifolds. Assume
that a holonomic Dx-module M admits a good filtration locally on Y. Then we have
JMe D! (Dy).

Theorem 4.1.7 is proved using the theory of b-functions (see Kashiwara [Kas7]),
and Theorem 4.1.8 can be proved using Ch(f M) C szp_ (Ch(M)) and some
results from symplectic geometry. The proofs are omitted. We note that in both
theorems if we only consider the situation where f comes from a morphism of smooth
algebraic varieties and M is associated to an algebraic holonomic D-module, then
they are consequences of the corresponding facts on algebraic D-modules in view of
Proposition 4.7.2 below.

Example 4.1.9. Let us give an example so that the holonomicity is not preserved
by the direct image with respect to a non-proper morphism of complex manifolds
even if it comes from a morphism of smooth algebraic varieties. Set X = C \ {0},
Y = C and let x be the canonical coordinate of ¥ = C. Let j : X — Y be the
embedding. We regard it as a morphism of algebraic varieties. If we regard it as a
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morphism of complex manifolds, we denote it by j*" : X* — Y2 Then we have
Ho(fj Ox) = jOx and Ho(fjan Oxan) = jAOxa. Note that j,Ox = Oy[x~']is
holonomic, while j& Oy contains non-meromorphic functions like exp(x ~!) and is

much larger than Oy [x~!]. The Dya-module Oya[x '] is holonomic; however,
JjAOxan is not even a coherent Dyan-module.

For a closed submanifold X of a complex manifold ¥ we denote by Modf (Dy)
(resp. Modff (Dy)) the category of coherent (resp. holonomic) Dy-modules whose
supportis containedin X. Kashiwara’s equivalence also holds in the analytic situation.

Theorem 4.1.10. Leti : X < Y be a closed embedding of complex manifolds. Then
the functor fl induces equivalences

Mod,(Dx) —> ModX (Dy),

Mody, (Dx) — Mod¥ (Dy)

of categories.

The proof is more or less the same as that of the corresponding result on algebraic
D-modules.

4.2 Solution complexes and de Rham functors
Let X be a complex manifold. For M" € D?(Dy) we set

DRx M := Qx ® M
Solxy M™ = RHomDX(M', Ox).

We call DRx M" € D?(Cy) (resp. Solx M" € D?(Cy)) the de Rham complex (resp.
the solution complex) of M' € D?(Dy). Then DRy (e) and Soly (e) define functors

DRy : D’(Dx) — D”(Cy),
Soly : D?(Dx) —> DP(Cyx)°P.

As we have explained in the introduction, a motivation for introducing the solution
complexes Soly M~ = RHomp, (M, Ox) came from the theory of linear partial dif-
ferential equations. In fact, for a coherent D y-module M the sheaf Hom p, (M, Ox)
(on X) is the sheaf of holomorphic solutions to the system of linear PDEs correspond-
ingto M.

By (an analogue in the analytic situation of) Proposition 2.6.14 we have the
following.

Proposition 4.2.1. For M" € Df(DX) we have

DRx (M) >~ RHomp, (Ox, M")[dx] ~ Solx (DxM")[dx].
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Hence properties of Soly can be deduced from those of DRy . The functor DRy
has the advantage that it can be computed using a resolution of the right Dx-module
Qy. In fact, similar to Lemma 1.5.27 we have a locally free resolution

0— Qg)( ®oy Dx— -—— Q?’}X ®oy Dx—Qx = 0

of the right Dy-module Qx. It follows that for M € Mod(Dy) the object
DRy (M)[—dx] of the derived category is represented by the complex

0, W = [ 0, - 00, ]
where |
dP: Qk ®@oy, M — QK ®o, M
is given by
dp(w®s):dw®s+2dxi/\a)®8is (weQb,seM)
i

({x;, 0;}1s alocal coordinate system of X).

Let us consider the case where M is an integrable connection of rank m (a coherent
Dx-module which is locally free of rank m over Ox). In this case the Oth cohomology
sheaf L := HY(Qy ®p, M) ~ Homp, (Ox, M) of Qy ®», M coincides with the
kernel of the sheaf homomorphism

d°=V: M=} ®0, M — Qf ®0, M,
which is the sheaf
MY ={seM|Vs=0}={seM|Oxs =0}

of horizontal sections of the integrable connection M. Itis a locally free Cy-module
of rank m by the classical Frobenius theorem.

Definition 4.2.2. We call a locally free Cx-module of finite rank a local system on X .
Notation 4.2.3. We denote by Loc(X) the category of local systems on X.

Using the local system L = MY we have a Dy-linear isomorphism Oy ®¢ y L~
M. Conversely, for a local system L we can define an integrable connection M by
M=0x®c, LandV =d ®id; : Ox ®cy L ~ Q% ®0, M —> Q% ®c, L ~
Qk ®0y M such that M V ~ L. As aresult, the category of integrable connections
on X is equivalent to that of local systems on X.

integrable connections on X ‘ «—> ’ local systems on X

Under the identification Ox ®c, L ~ M, the differentials in the complex Q' ® v, M
are written explicitly by



4.3 Cauchy—Kowalevski—Kashiwara theorem 105
. 1
d®idp :Qf( ®cy L — Q§+ ®cy L.

Therefore, the higher cohomology groups H' (Qy ®oy M) (i > 1) of the complex
Qy ®y M vanish by the holomorphic Poincaré lemma, and we get finally a quasi-
isomorphism Qy ®o, M ~ L = M V for an integrable connection M. We have
obtained the following.

Theorem 4.2.4. Let M be an integrable connection of rank m on a complex manifold

X. Then H/(DRx (M)) = 0fori # —dx, and Hdx (DRx (M)) is a local system on
X. Moreover, we have an equivalence

H ™% (DR (e)) : Conn(X) —=>Loc(X)
of categories.

Theorem 4.2.5. Let f : X — Y be a morphism of complex manifolds. For M~ €
DP(Dy) we have an isomorphism

Rf«DRx M’ >~ DRy / M
f

in D?(Cy)

Proof. By

DRy / M = Qy ®p, Rfi(Dyx ®p, M)
f

= R.f*(f_le ®I];—IDY DY(—X ®be M)a
Rf.DRx M = Rf.(Qx ®p, M).

It is sufficient to show Qx =~ f_IQY ®§‘*‘Dy Dy x. This follows easily from
Lemma 1.3.4. ]

4.3 Cauchy-Kowalevski-Kashiwara theorem

The following classical theorem due to Cauchy—Kowalevski is one of the most fun-
damental results in the theory of PDEs.

Theorem 4.3.1 (Cauchy-Kowalevski). Let X be an open subset of C* with a local
coordinate {z;, 3; }1<i<n, and let Y be the hypersurface of X defined by Y = {z; = 0}.
Let P € Dy be a differential operator of order m > 0 on X such that Y is non-
characteristic with respect to P (this notion is defined similarly to the algebraic
case, see Example 2.4.4). Then for any holomorphic function v € Ox defined on an
open neighborhood of Y and any m-tuple (uq, ..., upnu—1) € O?m of holomorphic
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functions on Y, there exists a unique holomorphic solution u € Oy defined on an
open neighborhood of Y to the Cauchy problem

Pu =v,

uly =uj (G=0,1,...,m—1).

For X, Y, P as in Theorem 4.3.1 let f : ¥ — X be the inclusion and set
M = Dx/DxP. By Theorem 4.1.5 we have H'(Lf*M) = 0 fori # 0. Set
My = HO(Lf*M). Then Theorem 4.3.1 implies in particular that the natural mor-
phism

f"Homp, (M, Ox)
~{ueOxly | Pu=0} — O?m ~ Homp, (My, Oy).
W )}
u — (uly, dwuly, ..., 30" luly)

obtained by taking the first m-traces of u € Ox|y is an isomorphism (see Exam-
ple 2.4.4).

In this section we will give a generalization of this result due to Kashiwara. We
first note that results in Section 2.4 for algebraic D-modules can be formulated in the
framework of analytic D-modules and proved similarly to the algebraic case. Let
f Y — X be a morphism of complex manifolds. For any coherent Dyx-module M
we can construct a canonical morphism

f™ Hompy (M, Ox) —> Hom ;-1 (f 7'M, 7' Ox)
—> Homp, (Oy ® ;10 M, 0y ® r-10y f'ox)
~ Homp,(Oy ®-10, f~' M, Oy),

which extends the above trace map in the classical case. The corresponding morphism

=1 Soly (M) (: = RHomp, (M, ox))
— Soly(Lf*M) (= RHomp, (Lf*M, Oy))

in the derived category D?(Cy) can be also constructed similarly. The following
theorem is a vast generalization of the Cauchy—Kowalevski theorem.

Theorem 4.3.2 (Kashiwara [Kasl]). Let f : Y — X be a morphism of complex
manifolds. Assume that f is non-characteristic for a coherent Dx-module M. Then
we have

£ Soly (M) => Soly (Lf*M). 4.3.1)

Proof. As in the proof of Theorem 2.4.6 we can reduce the problem to the case when
Y is a hypersurface in X. Since the problem is local, we may assume that X and Y
are as in Theorem 4.3.1. By an analogue (in the analytic situation) of Lemma 2.4.7
we have an exact sequence of coherent Dx-modules



4.4 Cauchy problems and micro-supports 107
0—K-—L—M—70

where L = @?:1 Dyx/Dx P; and Y is non-characteristic with respect to each P;. By
the classical Cauchy—Kowalevski theorem (Theorem 4.3.1) we have an isomorphism

f'RHomp, (L, Ox) =>RHomp,(Ly, Oy).
for L. Now consider the commutative diagram
0 —> f~"Homp, (M. Ox) —— f~"Homp, (L, Ox)—>

it |

0 — Homp,(My,Oy) —— Homp,(Ly,Oy) —

[ Hompy (K, Ox) —— f~'€xt}, (M,0x) —— f~'€xtp (L, Ox)
] | 1|
Homp, (Ky,Oy) —— Extp (My,Oy) —— Extp, (Ly, Oy)

with exact rows. We see from this that the morphism A is injective. It implies that
the canonical morphism

f~YHomp, (N, Ox) — Homp, (Ny, Oy)

is injective for any coherent Dy-module N with respect to which Y is non-
characteristic. In particular, the morphism B is injective because Y is non-character-
istic with respect to K. Hence by the five lemma, the morphism A is an isomorphism.
Consequently B is also an isomorphism by applying the same argument to K instead
of M. Repeating this argument we finally obtain the quasi-isomorphism

S RHomp, (M, Ox) == RHomp, (My, Oy).
This completes the proof. O

By Theorem 4.1.5 (iv), Proposition 4.2.1, and Theorem 4.3.2 we have the follow-
ing.

Corollary 4.3.3. Let f : Y — X be a morphism of complex manifolds. Assume that
f is non-characteristic for a coherent Dx-module M. Then we have

DRy (Lf*M) =~ f~' DRx(M)[dy — dx].

4.4 Cauchy problems and micro-supports

Theorem 4.3.2 has been extended into several directions. For example, we refer
to [DS1], [Is]. Indeed, the methods used in the proof of Theorem 2.4.6 (see also
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Theorem 4.1.5) and Theorem 4.3.2 have many interesting applications. We can prove
various results for general systems of linear PDEs by reducing the problems to those
for single equations. Let us give an example. Denote by Xp the underlying real
manifold of X. Then we have a natural isomorphism 7* X >~ (T*X)g. For a point
p € T X take areal-valued C I_function ¢ : Xg —> R such that d¢(x) = p (here
d¢ is the real differential of ¢) and denote by d¢(x) € 7,°X its holomorphic part.
Then by this identification 7*Xr =~ (T*X)g. The point p € T, XR corresponds to
d¢(x) € T} X. As for a more intrinsic construction of the isomorphism 7*Xpr =~
(T*X)R, see Kashiwara—Schapira [KS2, Section 11.1].

Theorem 4.4.1. Let ¢ : X —> R be a real-valued C*°-function on X such that
S =f{z € X | ¢(r3 = 0} C X is a real smooth hypersurface and 2 =
{z € X | ¢(z) <0} C X is Stein. Identifying T*X with T* X as above, assume that
a coherent Dx-module M satisfies the condition Ch(M) N T$(Xgr) C Ty X. Then
for Sy ={z € X | $(z) = 0} we have

[RFS+RH0mDX (M, OX)]S ~ 0.
Proof. Since we have
[RTs, RHomp, (M., Ox)]g ~ RHomp, (M, H'[RTs, (Ox)][—1])

and H'[RTs, (Ox)]g = [Fa(Ox)/Ox];. the assertion for single equations M =
Dy /Dy P is just an interpretation of the classical result in Theorem 4.4.2 below. The
general case can be proved by reducing the problem to the case of single equations
in the same way as in the proof of Theorem 4.3.2. O

Theorem 4.4.2. Let ¢ : X —> R be a real-valued C*°-function on X such that
S ={z € X | ¢(9 = 0} C X is a real smooth hypersurface and set
Q={z€ X | ¢(z) <0}. Fora differential operator P € Dx assume the condition:
o (P)(z; 0¢(2)) # O forany z € S. Then we have the following:

(1) (Zerner[Z]) Let f be a holomorphic function on Q2 such that P f extends holomor-
phically across S = 02 in a neighborhood of 7 € S. Then f is also holomorphic
in a neighborhood of z.

(ii) (Bony-Schapira [BS]) For any z € S = 9Q the morphism P : I'q(Ox); —>
I'a(Ox), is surjective.

Corollary 4.4.3. Let M, ¢, S as in Theorem 4.4.1. Then we have an isomorphism

Homp, (M, Ox)Q —>T'oHomp, (M, Ox).

That is, any holomorphic solution to M on Q extends across S as a holomorphic
solution to M.

Proof. Consider the cohomology long exact sequence associated to the distinguished
triangle
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RIs, (RHompy (M, Ox)) — RHomp, (M, Ox)

— RTq(RHomp, (M, Ox)) >
and apply Theorem 4.4.1. O

It is well known that Theorem 4.4.1 is true for arbitrary real-valued C°°-function
¢ : X — Rsuchthat S = {z € X | ¢(z) = 0} is smooth. Namely, we do
not have to assume that @ = {z € X | ¢(z) < 0} is Stein. For the proof of this
generalization of Theorem 4.4.1, see Kashiwara—Schapira [KS2, Theorem 11.3.3].
This remarkable result was a motivation for introducing the notion of micro-supports
in Kashiwara—Schapira [KS1], [KS2].

Definition 4.4.4. Let X be areal C*®°-manifold and F* € D?(Cy). We define a closed
R-o-invariant subset SS(F") of T*X as follows:

po = (x0,80) ¢ T*X

<= There exists an open neighborhood U of pg in T*X such that for any
x € X and any C*-function ¢ : X — R satisfying ¢(x) = 0 and
(x, grad ¢ (x)) € U we have RT"(¢>0) (F)x = 0.

We call SS(F°) the micro-support of F".

Note that the notion of micro-supports was recently generalized to that of truncated
micro-supports in [KFS]. As we see in the next theorem, using micro-supports we can
reconstruct the characteristic variety of a coherent Dy-module M from its solution
complex RHomp, (M, Ox).

Theorem 4.4.5 (Kashiwara-Schapira [KS1]). Let X be a complex manifold and M
a coherent Dx-module. Then under the natural identification (T*X)gr >~ T*Xg,
we have

Ch(M) = SS(RHomp, (M, Ox)).

The inclusion Ch(M) D SS(RHomp, (M, Ox)) is just an interpretation of The-
orem 4.4.1 and its generalization in Kashiwara—Schapira [KS2, Theorem 11.3.3].
The proof of the inverse inclusion is much more difficult and requires the theory of
microdifferential operators. See [KS1, Theorem 10.1.1]. Combining Theorem 4.4.1
(or its generalization in [KS2, Theorem 11.3.3]) with Kashiwara’s non-characteristic
deformation lemma (Theorem C.3.6 in Appendix C), we obtain various global ex-
tension theorems for holomorphic solution complexes RHom p, (M, Ox) as in the
following theorem.

Theorem 4.4.6. Let X be a complex manifold, {$2;};cr a family of relatively compact
Stein open subsets of X such that 32, is a C*°-hypersurface in X for any t € R,
and M a coherent Dx-module. Identifying (T*X)r with T* Xr assume the following
conditions:

(i) For any pair s < t of real numbers, Q25 C ;.
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(i) Foranyt e R, @; = |, 2.
(iii) For any t € R, (,-, (25 \ Q) = 0, and Ch(M) N TS*Q, (Xr) C T X.
Then we have an isomorphism
RE ([ @, RHomp, (M, 0x)) <RI (R, RHompy (M, Ox))
seR

foranyt € R.

This result will be effectively used in the proof of Kashiwara’s constructibility
theorem later.

4.5 Constructible sheaves

In this section we recall basic facts concerning constructible sheaves on analytic
spaces and algebraic varieties. For the details of this subject we refer to Dimca [Di],
Goresky—MacPherson [GM2], Kashiwara—Schapira [KS2], Schiirmann [Schu], and
Verdier [V1].

For a morphism f : X — Y of analytic spaces we have functors

f~': Mod(Cy) — Mod(Cy),
f« : Mod(Cx) — Mod(Cy),
fi : Mod(Cx) — Mod(Cy).

The functor f~! is exact, and the functors f, fi are left exact. By taking their derived
functors we obtain functors

£~ D"(Cy) — D"(Cy),
Rfi: D*(Cx) — D’(Cy),
Rfi: D"(Cx) — D’(Cy)
for derived categories, where DP(Cx) = D?(Mod(Cyx)). We also have a functor
f':D"(Cy) - D"(Cx)

which is right adjoint to R f;.
Let X be an analytic space. The tensor product gives a functor

(8) Q¢ (o) : D’(Cx) x D’(Cx) — D’(Cy)
sending (K", L) to K" ®c L.

Definition 4.5.1. Let X and Y be analytic spaces. For K* € D’(Cy) and L' €
D" (Cy) we define K" K¢ L' € D?(Cxxy) by

K XclL = pl_lK. ®Cyxy pz_lL.’

where p; : X x Y — X and py : X x Y — Y are projections.
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Definition 4.5.2. For an analytic space X we set
wy = ayC e DP(Cy),

where ax : X — pt is the unique morphism from X to the one-point space pt. We
call it the dualizing complex of X .

When X is a complex manifold, wy is isomorphic to Cx[2dim X]. The Verdier
dual Dx (F) of F* € D?(Cy) is defined by

Dx(F’) := RHomc, (F', wx’) € D"(Cx).

It defines a functor
Dy : D’(Cx) - D”(Cx)°.

Recall that a locally finite partition X = | |, 4 X« of an analytic space X by
locally closed analytic subsets X, (¢ € A) is called a stratification of X if, for any
o € A, Xy is smooth (hence a complex manifold) and Xy = Lgep X g for a subset B
of A. Each complex manifold X, for @ € A is called a stratum of the stratification

X =lyes Xa-

Definition 4.5.3. Let X be an analytic space. ACx-module F is called a constructible
sheaf on X if there exists a stratification X = | |, 4 X of X such that the restriction
F|x, is alocal system on X, for Ya € A.

Notation 4.5.4. For an analytic space X we denote by Df (X) the full subcategory
of D?(Cy) consisting of bounded complexes of Cy-modules whose cohomology
groups are constructible.

Example 4.5.5. On the complex plane X = C let us consider the ordinary differential
equation (x % —Mu = 0 (x € C). Denote by Oy the sheaf of holomorphic functions
on X and define a subsheaf F C Oy of holomorphic solutions to this ordinary
equation by

d
F = {u € Ox ‘ (x——k)u:O}.
dx
Then the sheaf F is constructible with respect to the stratification X = (C — {0}) u{0}

of X. Indeed, the restriction F|c_joy =~ Cx* of F to C — {0} is a locally free sheaf
of rank one over Cc_{; and the stalk at 0 € X = C is calculated as follows:

C A=0,1,2,...
Fo >~ )
0 otherwise.

For an algebraic variety X we denote the underlying analytic space by X*". For a
morphism f : X — Y of algebraic varieties we denote the corresponding morphism
for analytic spaces by f : X* — Y. Alocally finite partition X = | |,.4 Xa
of an algebraic variety X by locally closed subvarieties X, (¢ € A) is called a
stratification of X if for any @ € A X, is smooth and Xy = Lgep X g for a subset B
of A. Astratification X = | |, .4 X of an algebraic variety X induces a stratification
X" = ]yeq X5 of the corresponding analytic space X*".



112 4 Analytic D-Modules and the de Rham Functor

Definition 4.5.6. Let X be an algebraic variety. A Cxa-module F is called an alge-
braically constructible sheaf if there exists a stratification X = | |, 4 X« of X such
that F|xa is a locally constant sheaf on X" for Yo € A.

Notation 4.5.7.

(i) For an algebraic variety X, we denote by Df (X) the full subcategory of DP(Cxan)
consisting of bounded complexes of Cxan-modules whose cohomology groups
are algebraically constructible (note that D?(X ) is not a subcategory of D?(Cyx)
but of D?(C yan)).

(ii) For an algebraic variety X we write @yuw and Dyan : D?(Cxan) — D?(Cxan )P
simply as wy and Dy, respectively, by abuse of notation.

(iii) For a morphism f : X — Y of algebraic varieties we write (f*)~!, (fa)',
Rf2, Rf!an as f’l, f!, Rf«, Rfi, respectively.

Theorem 4.5.8.

(i) Let X be an algebraic variety or an analytic space. Then we have vy, € Df(X).
Moreover, the functor Dy preserves the category Df(X) andDx oDy ~1Id on
DE(X).

(ii) Let f : X — Y be a morphism of algebraic varieties or analytic spaces. Then
the functors =1, and f" induce

Dby — DX,
and we have
f'=Dxo f oDy

on Df (Y).

(iii) Let f : X — Y be a morphism of algebraic varieties or analytic spaces. We
assume that f is proper in the case where f is a morphism of analytic spaces.
Then the functors Rf ., Rf induce

Rf.. Rf,:DE(X) — DE(Y),

and we have
Rfi =Dy o Rf, oDy

on D2(X).
(iv) Let X be an algebraic variety or an analytic space. Then the functor (e) Qc (e)
induces
(o) ®c (o) : DX (X) x DX (X) — D2(X).
Proposition 4.5.9.

() Let fi : Xi — Yi (i = 1,2) be a morphism of algebraic varieties or analytic
spaces. Then we have

(fix L Re Ly =~ f7' Ly Re f;7 'Ly (L e DP(Yy),  (45.1)
(fi x f2)'(Ly B Ly) ~ fiLy Bc fiL) (L; € D2(Y)). (45.2)
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(i) Let f; : X; — Y; (i = 1,2) be a morphism of algebraic varieties or analytic
spaces. We assume that f is proper in the case where f is a morphism of analytic
spaces. Then we have

R(fi x f)(K; M K3) ~ RfuK; Be RfaK;  (K; € DP(X))), (453)
R(fi x f2)«(K; Bg K3) = Rfi.K; Bc RfuK;  (K; € DX(X)). (4.5.4)

(iii) Let X1, X be analytic spaces. Then we have
Dx,«x,(K; B¢ K3) ~ Dy, (K}) K¢ Dx, (K3) (K € DY(X))).

Proof. Note that (4.5.1) follows easily from the definition, and (4.5.3) is a conse-
quence of the projection formula (see Proposition C.2.6). Hence in view of Theo-
rem 4.5.8 we have only to show (iii). Let p; : X1 x Xo — X; (i = 1, 2) be the
projections. Then we have
Dy, xx,(Kj Kc K3) = RHom(p; ' K| ®c p; ' K3, 0y, xx,)

~ RHom(pl_lKi, RHom(pz_lKé, w‘Xlsz))

~ RHom(p; 'K;.Dx,xx,p; ' K3)

~ R'Hom(pl_lKi, p!szzKi)

~ DXlKi |Z|(C DXzKé»

where the last isomorphism is a consequence of [KS1, Proposition 3.4.4]. O

Definition 4.5.10. Let X be an algebraic variety or an analytic space. An object
F e Df (X) is called a perverse sheaf if we have

dimsupp(H’(F)) < —j,  dimsupp(H/(DxF’)) < —j

for any j € Z. We denote by Perv(Cy) the full subcategory of Df (X) consisting of
perverse sheaves.

We will present a detailed account of the theory of perverse sheaves in Chapter 8.

4.6 Kashiwara’s constructibility theorem

In this section we prove some basic properties of holomorphic solutions to holo-
nomic D-modules. If M is a holonomic Dy-module on a complex manifold X, its
holomorphic solution complex Solx (M) = RHomp, (M, Ox) possesses very rigid
structures. Namely, all the cohomology groups of Solx (M) are constructible sheaves
on X. In other words, we have Soly (M) € Df((Cx) = Df(X). This is the famous
constructibility theorem, due to Kashiwara [Kas3]. In particular, we obtain

dim H’ Soly (M), < +00
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for Y Jj € Z and Yz € X. Moreover, in his Ph.D. thesis [Kas3], Kashiwara essentially
proved that Soly (M)[dx] satisfies the conditions of perverse sheaves, although the
theory of perverse sheaves did not exist at that time. Let us give a typical example.
Let Y be a complex submanifold of X with codimension d = dy — dy. Then for the
holonomic Dy-module M = By|x (see Example 1.6.4), the complex

Solx (M)[dx] ~ (Cy[—dDldx] = Cyldy]

is a perverse sheaf on X. Before giving the proof of Kashiwara’s results, let us
recall the following fact. It was shown by Kashiwara that for any holonomic Dy-
module there exists a Whitney stratification X = | |, 4 X of X such that Ch(M) C
L, A T;(‘QX . This follows from the geometric fact that Ch(M) is a C*-invariant
Lagrangian analytic subset of 7% X (see Theorem E.3.9). Let us fix such a stratification
X = ||, e X« for a holonomic system M.

Proposition 4.6.1. Set F* = RHomp, (M, Ox) € D*(Cx) = D(X). Then for
VieZand a € A, H (F)|x, is a locally constant sheaf on X.
Proof. Let us fix a stratum X,. The problem being local, we may assume

XaO:(C"_dz{zl=--~=zd:0}CX:(C’;.

It is enough to show that for Vj € Z and zg € X, there exists a small open ball
B(zp; €) in X, centered at zo such that the restriction map

T (B(zo; €), H/ (F)) — H/(F’),

is an isomorphism for Ve B (zo; €). First, let us treat the case when j = 0. Since
the geometric normal structure of the Whitney stratification X = | |, 4 X4 is locally
constant along the stratum X, (the Whitney condition (b)), by Theorem 4.4.6 for each
z € B(zp; €) we can choose a sufficiently small open neighborhood U of B(zp; €) in
X so that we have a quasi-isomorphism

RI(U,F) — F.,". 4.6.1)

Indeed, by SS(F') = Ch(M) C | l,ca TX*aX and the Whitney condition (b) (see
Definition E.3.7) we can find a family of increasing open subsets {€2; C X};¢(0,1] of
X such that

L =U, ﬂte(o,u Q ={z}
(i1) 9€2; is a real C*°-hypersurface in X and Ta*Qt (X)NCh(M) C TgX

(see the figure below).

X B(zp; &)

S
BN ~/

U= Qs 0<dkl
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Since H/(F") = 0 for j < 0, it follows from the quasi-isomorphism (4.6.1) that
LU, HO(F) =>H"(F"),.
If we take an inductive limit of the left-hand side by shrinking U, we get the desired
isomorphism
T'(B(zo; &), H'(F)) = H(F"):..
This shows that HO(F") | Xap is a locally constant sheaf on X, in a neighborhood of

20 € Xg,- To prove the corresponding assertion for H LFY) Xqp At the given point
20 € Xg, first choose a sufficiently small open ball B(zo; €) in X, centered at zg so
that we have a quasi-isomorphism

RI(B(z0; €), F') == F;’
for ¥z € B(zo; €). Next setting K = B(zo; ¢) and fixing z € B(zp; €) consider the

morphism of distinguished triangles

RT(K, H(F)) ——> RT(K,F) ——> RI(K,1>'F) —

l | l

HOF), —— F = ——  lpe *

Then the leftmost vertical arrow is a quasi-isomorphism, because H O(FY| Xap is a
locally constant sheaf on X, and K is contractible. Therefore, the rightmost vertical
arrow is also a quasi-isomorphism:

RI'(B(zo; ¢), T2 F) =12 F,".

Taking H!(e) of both sides, we finally get
F(B(zo; ), H'(F) =>H'(F"),.

By repeating this argument, we can finally show that for all j € Z, H/(F")| Xap isa
locally constant sheaf on X, for Yo € A. This completes the proof. O

Proposition 4.6.2. Let M be a holonomic Dx-module. Then for VieZand"z e X
the stalk H'[RHomp, (M, Ox)]; at z is a finite-dimensional vector space over C.

Proof. Let X = | |,c4 Xo be a Whitney stratification of X such that Ch(M) C
Llyca Tx, X Let us prove our assertion for z € Xo. By the Whitney condition (b)

of the stratification | |, .4 X« we can take a small positive number § > 0 such that

T3*(B(z;£))X NCh(M) C T;X

for 0 < Y& < 8. Here B(z;¢) is an open ball in X centered at z with radius ¢.
Therefore, by the non-characteristic deformation lemma (see Theorem 4.4.6) we have
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RT(B(z; €1), RHompy (M, Ox)) =>RI'(B(z; €2), RHompy (M, Ox))

for 0 < Ye» < Ye¢; < 8. Since the open balls B(z; ;) (i = 1,2) are Stein, this

quasi-isomorphism can be represented by the morphism

0 —— Ox(Bze)™ BELIN Ox(B(z; 1) b

l L

0 —— Ox(B(z e)™ —25% Ox(B(z eV —25 ...

between complexes, where P; is an N; x N;_1 matrix of differential operators. Since
the vertical arrows are compact maps of Fréchet spaces, the resulting cohomology
groups

H'(B(z; e1), RHomp, (M, Ox)) = H' (B(z; £2), RHomp, (M, Ox))
are finite dimensional by a standard result in functional analysis. O

By Proposition 4.2.1, 4.6.1 and 4.6.2 we obtain Kashiwara’s constructibility the-
orem:

Theorem 4.6.3. Let M be a holonomic D-module on a complex manifold X. Then
Solx(M) = RHomp,(M,Ox) and DRx(M) = Qx ®1L) M are objects in the
X

category Df (X).

For a holonomic Dyx-module M we saw that Solyx (M)[dx] and DRy (M) were
constructible sheaves on X. Next we will prove moreover that they are dual to each
other:

DRy (M) —Dx (Solx (M)[dx]),

where Dy : Df X)) Df,’ (X) is the Verdier duality functor. For this purpose, recall
that for a point z € X the complex RI'(;;(Ox)|; satisfies

H/(RT;(Ox)|;) =~ 0 for"j # dy

and that B?zo}l y=H dx(RT 2}(Ox)l;) is an (FS) type (Fréchet—Schwartz type) topo-
logical vector space. Regarding Bf;‘  as the space of Sato’s hyperfunctions supported
by the point z € X, we see that the (DFS) type (dual F-S type) topological vector
space (Oyx); is a topological dual of Bf;f}l x- The following results were also obtained
in Kashiwara [Kas3].

Proposition 4.6.4. Let M be a holonomic Dx-module. Then

(i)ForVz € X and"i € 7, Extlbx (M, B{O;”X) is a finite-dimensional vector space
over C.

(ii) For¥z € X and"i € 7, the vector spaces H~'(DRx (M),) andé'xt’bx (M, B{O;|X)
are dual to each other.
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(iii) DRx (M) =Dx (Solx (M)[dx]).

Proof. (i) Since RHomp, (M, szo}lx) = RT';yRHomp, (M, Ox)|dx]and the func-
tor RI'(;}(e) preserves the constructibility, the result follows.
(i1) Let us take a locally free resolution

X Py

x P N N
Dy' — Dy — M — 0

O—>D§¥"—>~-~—>

of M on an open neighborhood of z € X, where P; isa N; x N;_1 matrix of differential
operators acting on the right of Dg". Then we get

DRy (M) = [0 — (@)™ — - 25 (@™ 2 (@)™ — 0],
RHomp, (M, B{O;IX)

Py x Py x

N, N N,
=[0— B — BEx ' = — B

—_ 0].
Taking a local coordinate and identifying Qx with Ox, we also have

* P x

DRy(M). =[ - 25 0™ D25 (oM — 0],

where P is a formal adjoint of P;. Because (Ox), and B?zol y are topological dual
to each other, and both DRy (M), and RHomp, (M, B{O;H ) have finite-dimensional
cohomology groups, we obtain the duality isomorphism

[H™'(DRx(M),)]" ~ Ext'y (M. B x).
(iii) Since Cy >~ RHom p, (Ox, Ox), we have a natural morphism
DRx (M) = RHomp, (Ox, M)[dx]
2 RHome, (RHompy (M, Ox), RHompy(Ox, Ox))ldx]
~ RHomc, (Solx (M)[dx], Cx)[2dx]
=~ Dx (Solx (M)[dx]).

Our task is to prove DRy (M), ~ Dx(Solx (M)[dx]), for Yz € X. Indeed, by (ii),
we get the following chain of isomorphisms for i) : {z} — X:

Dy (Solx (M)[dx]). = i Dx(Solx (M)[dx])
~ Dypyif,y (Solx (M)[dx])
~ [RHomp, (M, RT;j(Ox)[dx]]*
~ [RHompy (M, B x 1"

~ DRx(M),.

This completes the proof. O
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Corollary 4.6.5. Let M be a holonomic Dyx-module and Dx M its dual. Then we
have isomorphisms

Dx (DRx(M)) ~ DRx (Dx M)
Dy (Solx (M)[dx]) >~ Solx(Dx M)[dx].

Proof. The results follow immediately from Proposition 4.6.4 and the formula
DRy (Dx M) >~ Solyx (M)[dx]. O

Theorem 4.6.6. Let X be a complex manifold and M a holonomic D-module on it.
Then Soly(M)[dx] = RHomp, (M, Ox)ldx] and DRx (M) = Qx ®g M are
X

perverse sheaves on X.

Proof. By DRx(M) =~ Solx(DxM)[dx], it is sufficient to prove that F* =
Soly (M)[dx] is a perverse sheaf for any holonomic Dx-module M. Moreover, since
we have Dy (Soly (M)[dx]) >~ Solx(Dx M)[dx] by Corollary 4.6.5, we have only to
prove that dim supp(H/ (F")) < —j for ¥j € Z. Let us take a Whitney stratification
X = |yea Xo of X such that Ch(M) C | ], Tx, X and setiy, : Xo <> X for
a € A. Then by Proposition 4.6.1 the complex zgi F’ of sheaves on X, has locally
constant cohomology groups for Yo € A. For j € Zset Z = supp H/ (F"). Then Z is
aunion of connected components of strata X, ’s. Weneedtoprovedim Z =dz < —j.
Choose a smooth point z of Z contained in a stratum X, such that dim X, = dim Z
and take a germ of complex submanifold Y of X at z which intersects with Z transver-
sallyatz € Z (dimY = dy = dx — dz). We can choose the pair (z, Y) so that Y is
non-characteristic for M, because for the Whitney stratification X = | |,.4 Xo We
have the estimate Ch(M) C | |,c4 T;aX . Therefore, by the Cauchy—Kowalevski—
Kashiwara theorem (Theorem 4.3.2), we obtain

F'ly = RHomp, (M, Ox)|yldx]
~ RHomp, (My, Oy)[dx].

Our assumption H/ (F"), # 0 implies Sxt{;;dx (My, Oy); # 0. On the other hand,
by Theorem 4.1.2 and

RHomp, (My, Oy) ~ RHomp,(My, Dy) ®I§Y Oy,
we have SxtiDY (My, Oy) = 0for¥i > dy. Hence we must have j+dx <dy <
dz = dx —dy < —j. This completes the proof. O

Let M be a holonomic Dy-module as before. Then Kashiwara’s constructibility
theorem implies that for any point x € X the local Euler—Poincaré index

xalSolx (M)] =)~ (=)' dim Extly (M, Ox)s
i€z
of Soly (M) at x is a finite number (an integer). An important problem is to express
this local Euler—Poincaré index in terms of geometric invariants of M. This problem



4.7 Analytic D-modules associated to algebraic D-modules 119

was solved by Kashiwara [Kas8] and its solution has many applications in various
fields of mathematics.

Let us briefly explain this result. First take a Whitney stratification X = | |, 4 X«
of X such that Ch(M) C || TX*aX . Next denote by m, € Z>¢ the multiplicity of

the coherent O7+x-module grf M = Op«x Q1 grF Dy n_l(ng M) along T;(‘(y X,
where F is a good filtration of M and 7w : T*X — X is the projection. Then the
characteristic cycle CC(M) of the (analytic) holonomic Dx-module M is defined by

oeA

CC(M) := ) mq[T5, X].

a€A

This is a Lagrangian cycle in 7*X. Finally, for an analytic subset S C X denote
by Eus : S — Z the Euler obstruction of S, which is introduced by Kashiwara
[Kas2], [Kas8] and MacPherson [Mac] independently. Recall that for any Whitney
stratification of § the Euler obstruction Eug is a locally constant function on each
stratum (and on the regular part of S, the value of Eug is one). Then we have

Theorem 4.6.7 (Kashiwara [Kas2], [Kas8]). For any x € X the local Euler—
Poincaré index x.[Solx(M)] of the solution complex Solx (M) at x is given by

KelSolx (M) = )~ (=) mg - Eug(x),

xeXy
where ¢y is the codimension of the stratum Xy in X.

Kashiwara’s local index theorem for holonomic D-modules was a starting point
of intensive activities in the last decades. The global index theorem was obtained
by Dubson [Du] and its generalization to real constructible sheaves was proved by
Kashiwara [Kas11] (see also Kashiwara—Schapira [KS2] for the details). As for
further developments of the theory of index theorems, see, for example, [BMM],
[Gi], [Gui], [SS], [SV], [Tk1]. Note also that Euler obstructions play a central role in
the study of characteristic classes of singular varieties (see [Mac], [Sabl]).

4.7 Analytic D-modules associated to algebraic D-modules

Recall that for an algebraic variety X we denote by X*" the corresponding analytic
space. We have a morphism ¢ = 1y : X* — X of topological spaces, and a
morphism :~!Ox — Oy of sheaves of rings. In other words we have a morphism
(X, Oxm) — (X, Ox) of ringed spaces.

Assume that X is a smooth algebraic variety. Then X" is a complex manifold,
and we have a canonical morphism

l_lDX —> Dxan

of sheaves of rings satisfying
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Dxan >~ Oxan ®,-104 L_IDX o~ L_IDX ®,-10y Oxan.
Hence we obtain a functor
()™ : Mod(Dyx) — Mod(Dxan)

sending M € Mod(Dx) to M*™ := Dxam ®,-1p, ~'M € Mod(Dxm). Since Dyan
is faithfully flat over 1~ Dy, this functor is exact and extends to a functor

()™ : D’(Dy) — D?(Dxm)
between derived categories. Note that (e)*" induces
()" : Modc(Dx) — Mod.(Dxa), (&)™ : D’(Dx) — D”(Dxn).

We will sometimes write (M")*" = Dxa ®p, M by abuse of notation.
The following is easily verified.

Proposition 4.7.1. For M" € D’ (Dyx) we have (Dx M")* =~ Dxan (M")3".

Proposition 4.7.2. Let f : X — Y be a morphism of smooth algebraic varieties.

(i) For M € D*(Dy) we have (fTM)™ ~ (f&)7 (M),
(ii) For M° € DP(Dx) we have a canonical morphism (ff MH*" — ffan (M)A,
This morphism is an isomorphism if f is proper and M™ € Df(DX).

Proof. The proof of (i) is easy and omitted.
Let us show (ii). First note that there exists a canonical morphism

(fan)_l Dyan ®(fa")7ll;lDy t;(l DY(*X — Dyan <« xan.
Indeed, it is obtained by applying the side-changing operation to
-1 —1
ly Dx_y ®(f2‘“)*1L;IDy (fan) Dyan
-1 -1
= [X OX ®(fan)—1[;1(')y (fan) DYa“
~ (L}IOX ®(f“")_'z;1(’)y (fan)—IOyan> ®(f““)*1(’)yan (fan)—lDyan

- OXa" ®(fan)710yan (fan)_lDYan

= Dyan_, yan
(note ty o 2 = f ox). Next note that there exists a canonical morphism
iy RAK — RFNL'K
forany K* € D?(f~'Dy). Indeed, it is obtained as the image of Id for

Hom, 1 o (0 K'. ' K') = Hom 1, (K, Rixaty' K)
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— Homp, (Rf.K ", Rf.Rixux'K)
~ Homp, (RfiK, Riy« RF™5'K')
~Hom_1, (' REK RF™GK).

Then we obtain
\an _1 L )
([ M)" = Dyw @1y, 17 RE(Dy x &, M)
f
— Dy ®:1p, Rffnl}l(DYex ®§)X M)

— Rf:.n ((fan)—lDyan ®€f‘m)*lL)—,lDy [;1DY(_X ®II;—{1DX [;1M.>

L —1as
— Rf:n (Dyi\n(;xan ®L;1DX Ly M)
R an D L D L 71M
- f* yan < xan ®Dxan Xxan ®L71DX tx
X

— (M-)an.
fa

It remains to show that ( [ FMT f an (M)™ is an isomorphismif f is proper. We
may assume that f is either a closed embedding or a projection f : X = Y xP" — Y.
The case of a closed embedding is easy and omitted. Assume that f is a projection
f: X =Y xP"— Y. We may also assume that M = M € Mod.(Dy). In this
case we have

( ff )" = Oy @ 10, RE(DRyyy (M),
/an M™ = RfI™(DRxan jyan (M™)),
and hence it is sufficient to show that
Oy ® -1, RE(DRxyy (M)") = RE (DR pyan (M™))
for each k. Since DRy, y (M ¥isa quasi-coherent Oy -module satisfying
Oxn ®,10, DRx/y (M)* = DRxan yan (M*™)¥,
this follows from the GAGA-principle. O

For a smooth algebraic variety X we define functors

DRy : D?(Dy) —> D?(Cxm),
Soly : D?(Dyx) —> D”(Cxm)°P
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by

DRx (M) := DRyan (M) = Qxan @b (M)™,

Solx (M") := Solxa (M)™) = RHom p,u (M)*, Oxan).
Remark 4.7.3. It is not a good idea to consider Qx ®gx M and RHompy (Ox, M)
for a smooth algebraic variety X as the following example suggests. Regard X = C
as an algebraic variety, and set M = DX/DX(% —X) for » € C\ Z. Then we

easily see that DRy (M) =~ Cxan[1] and Solx (M) =~ Cxa, while Qx ®be M =

RHomp, (Ox, M)[1] = 0. This comes from the fact that the differential equation

ﬁ—i = \u has a holomorphic solution exp(lx) € Oxan which does not belong to Oy .

By Proposition 4.2.1 and Proposition 4.7.1 we have the following.
Proposition 4.7.4. Let X be a smooth algebraic variety. For M' € Dé’(DX) we have
DRx (M) = RHom pyum (Oxan, (M')*™)[dx] = Solx (Dx M")[dx].
By Theorem 4.2.5 and Proposition 4.7.2 we have the following.
Proposition 4.7.5. Let [ : X — Y be a morphism of smooth algebraic varieties.
For M € Df (Dx) there exists a canonical morphism

DRY(/f M) — Rf«(DRx(M’)).

This morphism is an isomorphism if f is proper.
By Corollary 4.3.3 and Proposition 4.7.2 we have the following.

Proposition 4.7.6. Let f : X — Y be a morphism of smooth algebraic varieties.
Assume that f is non-characteristic for a coherent Dy-module M. Then we have

DRx(Lf*M) ~ f~' DRy (M)[dx — dy].

The following is a special case of Kashiwara’s constructibility theorem for analytic
holonomic D-modules. Here we present another proof following Bernstein [Ber3]
for the convenience of readers who wants a shortcut for algebraic D-modules.

Theorem 4.7.7. For M" € D} (Dx) we have DRx (M), Solx (M) € Dt (X).

Proof. By Proposition 4.7.4 we have only to show the assertion on DRx (M ). More-
over, we may assume that M~ = M € Mod;(Dyx). By Proposition 3.1.6 M is
generically an integrable connection, and hence DRx (M) is generically a local sys-
tem up to a shift of degrees. Hence there exists an open dense subset U of X such
that DRy (M |y) € Df (U). Therefore, it is sufficient to show the following.

Claim. Let M € Mod;(Dy), and assume that DRy (M|y) € Df,’(U) for an open
dense subset U of X. Then there exists an open dense subset ¥ of X \ U such that
DRyuy (Mlyuy) € DU UY).
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For each irreducible component Z of X \ U there exists an étale morphism f from
an open subset V of X onto an open subset V' of A” such that V N (X \ U) (resp.
V/NA" %) is an open dense subset of Z (resp. A" %)and =1 (V' NA" %) = VN (X\
U), where 0 < k < n and A" ¥ is identified with the subset {0} x A"k of A" (see
Theorem A.5.3). Since f is an étale morphism, DRy (M|y) € Df(V) if and only if
f«(DRy(M|y)) € D2(V"). Moreover, we have fi.(DRy (M|v)) = DRV/(f})(MIv))
by Proposition 4.7.5. Hence we may assume from the beginning that X is an open
subsetof A", X\U = X NA"* and XNA" % isdensein A" %, SetT = XNA"k,
By shrinking X if necessary we may assume that X is an open subset of A x T

Now we regard A as an open subset of PX. Set § = (PF x 7))\ X. Then we have
PKx T =SuUUT,X =UUT,and S and T are closed subsets of P* x T. Let
p P x T — T be the projection and let jx : X — P x T, jy : U — Pk x T,
js 8 - PCx T, jr : T — PKx T be the embeddings. Set N' = fjx M,
K = DRpi, 7 (N°). By applying Rp.(= Rpy) to the distinguished triangle

R [ . R [ .1, HL
Juig' K — K — jsijs 'K @ jrij; 'K —
we obtain a distinguished triangle

. . . . . — . . — .+l
R(po ju)j;' K —> Rp«K —> R(po js)js 'K ® R(po jrj; 'K — .

By j, 'K =~ DRy(M|y) € D’(U) we have R(p o ju)j;'K € Di(T). By
Proposition 4.7.5 we have

Rp.K = Rpy DRpi, 7 (N') ~ DRT(/ N.
P

By f » N € DZ (Dr) there exists an open dense subset Y of 7" such that Rp, K |ya €

Df (Y). It follows from the above distinguished triangle that R(p o jr)ij; 'k lyan €
Db(Y). By po jr = id we have R(p o jr)ij; ' K' == i~ DRx(M), where
i : T — X is the embedding. Thus i ! DRy (M)|y= € Df(Y). Hence we have
DRyyuy (M|yuy) € Df(U U Y). The proof is complete. O

The technique used in the proof of Theorem 4.7.7 also allows us to prove the
following results.

Proposition 4.7.8. Let X and Y be smooth algebraic varieties. For M € Df (Dx)
and N € Dé’ (Dy) we have a canonical morphism

DRx (M) X¢c DRy(N') — DRxxy(M X N).
This morphism is an isomorphism if M™ € DZ(DX) or N € D;’l(Dy).

Proposition 4.7.9. Let X be a smooth algebraic variety. For M' € Dé’(DX) we have
canonical morphisms
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DRx(DxM") — Dx(DRx (M),
Soly (DxM")[dx] — Dx (Solx (M")[dx]).

These morphisms are isomorphisms if M" € D}IZ(DX).
Proof of Proposition 4.7.8. Let M € D?(Dx) and N' € D?(Dy). By
(M BIN)™ = Dyanxym ®F 51 (M) B (N)™)
we have
DRxxy(M BIN') = Qxuxym @) 5.p ., (M) B (N)™).
On the other hand we have
DRx (M) ®¢ DRy (N') ~ (Qxm ®p_,, (M)™) K¢ (Qya @ ,, (N)™)
: (QX&I’I &(C Qyﬂn) ®lbxanchyan ((M)an &(C (N.)an)'

Hence the canonical morphism Qya Ko Qyan — Qyanyyan induces a canonical
morphism
DRx (M) Xc DRy(N) — DRxxy(M X N').
Let us show that this morphism is an isomorphism if either M" € Dﬁ(DX) or
N € Dz(Dy). By symmetry we can only deal with the case M" € DZ(DX).
We first show it when M~ is an integrable connection. In this case we have

(M)*™ >~ Oxan ®C,um K for alocal system K on X*' and we have DRx (M) =~
K|[dx]. Then we have

(M BN = pi ' K ®C an,yan (Ox BN = p 'K ©Cyan,yn (P3N
where p; : X x Y — X and py : X x Y — Y are projections. Hence we have

DRxxy(M ®N') 2 p;' K ®Can .y DRxxy (P3N

~ p7 K ®Cun,ym Py DRy(N)dx]
~ DRx(M") Xc DRy (N")

by Proposition 4.7.6.

Finally, we consider the general case. We may assume that M° = M €
Mody, (Dy). Since M is generically an integrable connection, there exists an open
subset U of X such that the canonical morphism

DRy (M|y) W DRy (N') — DRyxy (M|y) XIN')

is an isomorphism. Therefore, it is sufficient to show the following.
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Claim. Assume that the canonical morphism
DRy (M|y) Wc DRy (N') — DRy xy((M|y) K N")

is an isomorphism for an open dense subset U of X. Then there exists an open dense
subset Z of X \ U such that

DRyuz(M|yuz) W DRy (N') = DRwuuzyxy (M|yuz) XIN')
is an isomorphism.

This can be proved similarly to the claim in Theorem 4.7.7. The details are
omitted. ]

Proof of Proposition 4.7.9. By Proposition 4.7.4 it is sufficient to show that there
exists a canonical morphism

Solx(M') — Dx(DRx(M"))[—dx] (M € D2(Dx)),

which turns out to be an isomorphism for M" € D;l’ (Dy).
Let M € Df(DX). Then we have a canonical morphism

RHompya (Oxan, (M)*™) ®C yan RHOM pyan (M )™, Oxan)
—> RHOmeun (Oxan, Oxan),

By
RHomp u (Oxan, (M)™) >~ DRy (M)[—dx],
RHomp o (M)*™, Oxan) == Solx (M),
RHOompyan (Oxan, Oxan) > Cxan,
we obtain

DRx (M) ®C,an Solx (M) — Cxan[dx].

Hence there exists a canonical morphism
Solx (M) — RHomc . (DRx (M), Cxan[dx]) (= Dx (DRx (M"))[—dx]).

Let us show that this morphism is an isomorphism for M" € Dfl (Dx). We
may assume that M° = M € Mod,(Dyx). If M is an integrable connection, then
we have M*" =~ Oym ®c,., K for a local system K on X', and Soly (M) =~
Homg o (K, Cxa), DRx(M) >~ KJ[dx]. Hence the assertion is obvious in this
case. Let us consider the general case M € Mody,(Dy). Since M is generically an
integrable connection, there exists an open subset U of X such that the canonical
morphism

Soly (M'|y) — Dy (DRy (M’ [y))[—dx]

is an isomorphism. Therefore, it is sufficient to show the following.
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Claim. Assume that the canonical morphism
Soly(M'|y) — Dy (DRy (M'|y))[—dx]

is an isomorphism for an open dense subset U of X. Then there exists an open dense
subset Y of X \ U such that

Solyuy (M |yuy) — Dyuy (DRyuy (M |yuy))[—dx]

is an isomorphism.

This can be proved similarly to the claim in Theorem 4.7.7. Details are omitted.
O



