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Perverse Sheaves

In this chapter we will give a self-contained account of the theory of perverse sheaves
and intersection cohomology groups assuming the basic notions concerning con-
structible sheaves presented in Section 4.5. We also include a survey on the theory
of Hodge modules.

8.1 Theory of perverse sheaves

An obvious origin of the theory of perverse sheaves is the Riemann—Hilbert correspon-
dence. Indeed, as we have seen in Section 7.2 one naturally encounters the category
of perverse sheaves as the image under the de Rham functor of the category of reg-
ular holonomic D-modules. Another origin is the intersection cohomology groups
due to Goresky—MacPherson. Perverse sheaves provide the theory of intersection
cohomology groups with a sheaf-theoretical foundation.

In this section we present a systematic treatment of the theory of perverse sheaves
on analytic spaces or (not necessarily smooth) algebraic varieties based on the lan-
guage of ¢-structures.

8.1.1 ¢-structures

The derived category of an abelian category C contains C as a full abelian subcate-
gory; however, it sometimes happens that it also contains another natural full abelian
subcategory besides the standard one C. For example, for a smooth algebraic variety
(or a complex manifold) X the derived category Df(X ) contains the subcategory
Perv(Cy) of perverse sheaves as a non-standard full abelian subcategory. It is the
image of the standard one Mod,, (Dyx) of Df’h(D x) by the de Rham functor

DRy : DY, (Dx) = D! (X).

More generally one can consider the following problem: in what situation does a
triangulated category contain a natural abelian subcategory? An answer is given by
the theory of ¢-structures due to Beilinson—-Bernstein—Deligne [BBD].
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In this subsection we give an account of the theory of 7-structures. Besides the
basic reference [BBD] we are also indebted to Kashiwara—Schapira [KS2, Chapter X].

Definition 8.1.1. Let D be a triangulated category, and let DS, D=0 be its full sub-
categories. Set D" = DSY[—p] and D" = D2°[—n] forn € Z. We say that
the pair (DSY, D>9) defines a z-structure on D if the following three conditions are
satisfied:

(T1H DS~! ¢ DSO, p2! ¢ D20,
(T2) For any X € D<Y and any Y € D>! we have Homp (X, Y) = 0.
(T3) For any X € D there exists a distinguished triangle

1
X0—>X—>X1L>

such that Xg € DS’ and X € DZ!.

Example 8.1.2. Let C be an abelian category and C’ a thick abelian subcategory of C in
the sense of Definition B.4.6. Then by Proposition B.4.7 the full subcategory Dg, ©)
of D*(C) (# = ¥, 4+, —, b) consisting of objects F* € D*(C) satisfying H/ (F") € C’
for any j is a triangulated category. We show that D = Dé, (C) admits a standard
t-structure (DSO, DZ0) given by

DS’ = (F" e DL(C) | H/ (F) =0for"j > 0},
D> = (F' e D.(C) | H/ (F') = 0for¥j < 0}.

Since the condition (T1) is trivially satisfied, we will check (T2) and (T3). For
F e DSO, G € DZ! and f € Homp(F', G') we have a natural commutative
diagram

f

P G

I I

<0
‘L'gOF. TSV thG',

where 7SO : D — DS denotes the usual truncation functor. By G* € DZ! we

easily see that 7S°G” is isomorphic in D to the zero object 0, and hence f is zero.
The condition (T2) is thus verified. The remaining condition (T3) follows from the
distinguished triangle

. . .+l
T ) Y N 2 A

for F* e D.
Now let (DS?, D=0) be a ¢-structure of a triangulated category D.

Definition 8.1.3. We call the full subcategory C = DS N D=? of D the heart (or
core) of the ¢-structure (Dgo, D>0).
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We will see later that hearts of ¢-structures are abelian categories (Theorem 8.1.9).

Proposition 8.1.4. Denote by 1 : DS" —s D (resp. ' : D" —> D) the inclusion.
Then there exists a functor t" : D —> DS (resp. 2" : D —> D>") such that
forany Y € DS and any X € D (resp. for any X € D and any Y € D>") we have
an isomorphism

Homypy<, (Y, 78" X) = Homp (1Y), X)

(resp. Homyy>, (17X, Y) => Homp(X, /(Y))),

i.e., TS is right adjoint to 1, and T>" is left adjoint to !

Proof. Ttis sufficient to show that for any X € D there exist Z € DS and Z’ € DZ"
such that

Homp(Y, Z) ~ Homp(Y, X) (Y € DY),
Homp(Z, Y') ~ Homp(X,Y') (Y € D>™).

We may assume that n = 0 and m = 1. Let X and X; be as in (T3). We will
show that Z = X and Z’ = X satisfy the desired property. We will only show the
statement for Xo (the one for X is proved similarly). Let ¥ € DS, Applying the
cohomological functor Homp (Y, e) to the distinguished triangle

1
Xo— X — X =

we obtain an exact sequence
Homp (Y, X{[—1]) — Homp (Y, Xg) — Homp (Y, X) —> Homp (Y, X).

By (T2) we have Homp (Y, X1[—1]) = Homp(Y, X1) = 0, and hence we obtain

Homp (Y, X¢) = Homp(Y, X).
The proof is complete. O

Note that if a right (resp. left) adjoint functor exists, then it is unique up to
isomorphisms. We call the functors

D — DY 2" . D —s D"

the truncation functors associated to the 7-structure (Dgo, D>O). We use the conven-

tion t>" = ¢2" ! and ¢<" = ¢,

By definition we have canonical morphisms
MY 5 X, X — "X (X e D). (8.1.1)

By the proof of Proposition 8.1.4 we easily see the following.
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Proposition 8.1.5.
(i) The canonical morphisms (8.1.1) is embedded into a distinguished triangle

(X)) — X —> 2 (x) L (8.1.2)

in D.
(ii) For X € D let
+1

Xo— X — X| —
be as in (T3). Then there exist identifications Xo =~ tS0X and X ~ 2y by
which the morphisms Xo — X and X — X are identified with the canonical
ones (8.1.1). In particular, Xo and X1 are uniquely determined from X € D.

Proposition 8.1.6. The following conditions on X € D are equivalent:

(i) We have X € DS (resp. X € D>").
(ii) The canonical morphism t<"X — X (resp. X — 12" X) is an isomorphism.
(iii) We have t="X = 0 (resp. T="X = 0).

Proof. The equivalence of (ii) and (iii) is obvious in view of (8.1.2). The implication
(ii))==(i) is obvious by TS"X € DS" and t>"X € DZ". It remains to show
(i)==(ii). Let us show that the canonical morphism TS'X — X isan isomorphism
for X € DS”. We may assume that n = 0. By applying Proposition 8.1.5 (ii) to the
obvious distinguished triangle
x4 x oL

we see that the canonical morphism tS°X — X is an isomorphism. The remaining
assertion is proved similarly. O

Lemma 8.1.7. Let

X — X — X"

be a distinguished triangle in D. If X', X" € DS (resp. DZ9), then X € DS (resp.
DZ%). In particular, if X', X" € C, then X € C.

Proof. We only prove the assertion for DS?. Assume that X', X” € DS, By
Proposition 8.1.6 it is enough to show 7>%(X) = 0. In the exact sequence

Homp (X", 77%(X)) — Homp(X, 77°(X)) — Homp (X', t7(X))

we have Homp(X”, 7%(X)) = Homp(X’, 7%X)) = 0 by (T2), and hence
Homp (t7°(X), 72%(X)) = Homp(X, t>°(X)) = 0 by Proposition 8.1.4. This
implies 7%(X) = 0. ]

Proposition 8.1.8. Let a, b be two integers.

1) If b = a, then we have TSb o S8~ ¢S4 o SP ~ S gpg 12b 6 2a ~

724 o 72b ~ 720,
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(i) Ifa > b, then TSP 0 129 ~ 124 o 7S ~ ),

(iii) 729 0 TSP v S0 o 24,

Proof. (i) By Proposition 8.1.6 we obtain TSP o 7S¢ ~ 7S¢, We see from Proposi-
tion 8.1.4 that for any X € D and ¥ € DS we have

Hompy<. (Y, S84 Sb Yy ~ Homp (Y, TSPX) ~ Homp<» (Y, TSP x)

~ Homp (Y, X) ~ Homp<a (Y, TS¢X),
and hence 7S¢ o TSP ~ 7S¢ The remaining assertion can be proved similarly.
(i1) This is an immediate consequence of Proposition 8.1.6.
(iii) By (ii) we may assume b > a. Let X € D. We first construct a morphism
¢ 129X — tSbr2aX | By (i) there exists a distinguished triangle

<a

+1
She2ay o p2ax by T

from which we conclude 7S?

chain of isomorphisms

29X € D?* by Lemma 8.1.7. Hence we obtain a

Homp (t X, 129X) ~ Homp(tS° X, tSP12%X)
~ Homp>. (129 SPx, o Shp2ay).
Then ¢ € Homp(t zarsby , Sbezay ) is obtained as the image of the composite

of natural morphisms 7YX — X —» 729X through these isomorphisms. Let us
show that ¢ is an isomorphism. By (i) there exists a distinguished triangle

+1
79X — Shy  gZapshy T

from which we obtain t297<PX € DS? by Lemma 8.1.7. On the other hand,
applying the octahedral axiom to the three distinguished triangles

+1

r<ax L, <by _ p2ap<by T
o +1
reax L8 x o pzax I

+1
r<bx 4, x by —,

we get a new one

+1
2ArShy o p2ax by T

Then it follows from t>9t<PX € DS? and Proposition 8.1.5 (ii) that 2arshby ~
Sb(r2ay). O

Theorem 8.1.9.
(i) The heart C = DS N DZ0 is an abelian category.
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(ii) An exact sequence

0—x-yv2. 730

in C gives rise to a distinguished triangle

x Ly sz
in D.
Proof. (i) Let X,Y € C. By applying Lemma 8.1.7 to the distinguished triangle

X—>Xay —vy

inDweseethat X @Y € C.

It remains to show that any morphism f : X — Y in C admits a kernel and
a cokernel and that the canonical morphism Coim f — Im f is an isomorphism.
Embed f into a distinguished triangle

x Ly 724

Then we have Z € DSO N D>~ by Lemma 8.1.7. We will show that the kernel and
the cokernel of f are given by

Coker f ~ HY(Z) = A
Ker f ~ H'(Z) = S0 (Z[-1)).

Consider the exact sequences

Homp(X[1], W) — Homp(Z, W) — Homp (Y, W) — Homp(X, W),
Homp (W, Y[—1]) - Homp(W, Z[—1]) - Homp(W, X) — Homp(W, Y)

for W € C. By (T2) and Proposition 8.1.4 they are rewritten as

00— HomD(r>0Z, W) — Homp (Y, W) — Homp (X, W),
0 —> Homp(W, tS%(Z[-1])) —> Homp (W, X) —> Homp (W, Y).
This implies that Coker f ~ 1207 and Ker f ~ tSO(Z[—1]). Let us show that the

canonical morphism Coim f — Im f is an isomorphism. Let us embed ¥ —
Coker f into a distinguished triangle

I—>Y—>Cokerfil>.

Then I € D>° by Lemma 8.1.7. Applying the octahedral axiom to the three distin-
guished triangles
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vy 2 7z — x[1] =
Yﬂ)COkerf—>l[1]i>

z -4 Coker f — Ker f[2] i),
we get new distinguished triangles

X[1] —> I[1] —> Ker f2] -5,

Kerf—>X—>1Ll>.

This implies I € DSY by Lemma 8.1.7 and hence we have / € C. Then by the
argument used in the proof of the existence of a kernel and a cokernel we conclude that

Im f = Ker(Y — Coker f) >~ I ~ Coker(Ker f — X) = Coim f.

(i) Embed X —f> Y into a distinguished triangle

x-Lywi

Then by Ker f = 0 and Coker f >~ Z we obtain W >~ Z by the proof of (i). O
Definition 8.1.10. We define a functor
H’:D — ¢ =DS"ND>*

by HO(X) = 120¢S0x = ¢S0:20X ¢ C. Forn € Z we set H*(X) = HO(X[n]) =
(x2S X)[n] € C.

Proposition 8.1.11. The functor H® : D —> C = DS° N D=0 s ¢ cohomological
functor in the sense of Definition B.3.8.

Proof. We need to show for a distinguished triangle

X—)Y—>Zi>

in D that
HX) — H(Y) — H2)

is an exact sequence in C. The proof is divided into several steps.
(a) We prove that

0— H'X) — H'(Y) — H°2Z) (8.1.3)
is exact under the condition X, Y, Z € D=0, For W € C consider the exact sequence

Homp (W, Z[—1]) — Homp (W, X) — Homp(W, Y) — Homp(W, Z).
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By (T2) we have Homp (W, Z[—1]) = 0. Moreover, for V € D>% we have
S0y ~ <020y = HO(V), and hence Homp (W, V) ~ Homp(W, tS0V) ~
Home (W, HO(V)) by Proposition 8.1.4. Hence the above exact sequence is rewrit-
ten as

0 — Home(W, H°(X)) —> Home (W, H(Y)) —> Home(W, H°(Z)),

from which we obtain our assertion.

(b) We prove that (8.1.3) is exact assuming only Z € D=0 Let W € D<C.
Then we have Homp (W, Z) = Homp(W, Z[—1]) = 0 and hence Homp (W, X) ~
Homp (W, Y). By Proposition 8.1.4 this implies that the canonical morphism
19X — t<0Y is an isomorphism. Therefore, applying the octahedral axiom
to the distinguished triangles

1

<0x 2y x 205 L
o +1

r<0x L8y, 20y T

x-Ly -zt

we get a new one

1
20x 5 20y 7z L

Hence our assertion is a consequence of (a).
(c) Similarly to (b) we can prove that

H(X) — H(Y) — H%Z) — 0

is exact under the condition X € D<C,
(d) Finally, let us consider the general case. Embed the composite of the mor-
phisms 7S0X —> X —> Y into a distinguished triangle

+1
rgOX—>Y—>W—>.

By applying (c) we have an exact sequence
H°(X) — H°(Y) — H°(W).
Now applying the octahedral axiom to the distinguished triangles

1
<0y I, x 5 >0y L

+1
‘L’<0X sor Y W

xSy _——z 2

we get a distinguished triangle

W— 7 — 70x[1] =5
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Hence by (b) we have an exact sequence
0— H'W) — HY2Z).
This completes the proof. O

For a distinguished triangle

X—>Y—>Zi>

in D we thus obtain a long exact sequence
.— H Y%2) — H°(X) — H'(Y) — H"(Z) — H'(X) — ---

inC.

Now let D; be triangulated categories endowed with ¢-structures (DFO, D?O)
(i=1,2),andlet F : D — D be a functor of triangulated categories. We denote
by C; the heart of (Dfo, D?O),

1

Definition 8.1.12. We define an additive functor
PF:Cy — C;
by PF = H 06 Foe, where g1 : C; — Dy denotes the inclusion functor.

Definition 8.1.13. We say that F is left t-exact (resp. right t-exact) if F(D7°) ¢ D3°
(resp. F (Dlgo) - ngo). We also say that F is t-exact if itis both left and right 7-exact.

Example 8.1.14. Let C1, C, be abelian categories and let G : C; — C; be a left
exact functor. Assume that C; has enough injectives. Then the right derived functor
RG : DT(C)) —> D™ ((») is left t-exact with respect to the standard ¢-structures of
D' (C;) (see Example 8.1.2).

Proposition 8.1.15. Let D;, (DR, D7), (i = 1,2) and F : Dy —> D, be as above.
Assume that F is left t-exact.

(1) For any X € Dy we have tSOFESVX)) ~ ¢SOFR(X). In particular, for
X € D7 there exists an isomorphism PF(HO(X)) ~ HO(F (X)) in Cy.
(ii) PF : C; —> Cy is a left exact functor between abelian categories.

Proof. (1) It is sufficient to show that the canonical morphism

Hom, <o (W, tS0(F(zS°(X)))) — Hom <o (W, t<0(F (X))
2 2
is an isomorphism for any W € ngo. By Proposition 8.1.4 we have

Homy<o(W, t0(F(<°(X)))) = Homp, (W, F(z<°(X)),
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Hom,,<o (W, tSU(F(X))) ~ Homp, (W, F(X)),
and hence we have only to show that the canonical morphism
Homp, (W, F(rS°(X))) —> Homp, (W, F(X))

is an isomorphism for any W € Dfo. By the distinguished triangle

F(r<(X)) — F(X) — F(r>'(X)) =
we obtain an exact sequence

Homp, (W, F(t>'(X))[—1]) — Homp, (W, F(r<°(X)))
— Homp, (W, F (X))
— Homp, (W, F(zZ!(X))).

Since F is left r-exact, we have F(t21 (X)) e D?l, and hence

Homp, (W, F(zZ'(X)[n) =0  (n <0)

by (T2). Therefore, the assertion follows from the above exact sequence.
(i1) For an exact sequence

00— X —Y—>Z7Z—0

in C; we have a distinguished triangle

X—Y—z 4

in Dy by Theorem 8.1.9 (ii). Hence we obtain a distinguished triangle

F(X) — F(Y) — F(Z) =5

in D;. By considering the cohomology long exact sequence associated to it we obtain

an exact sequence

HY(F(2)) — HY(F(X)) — H°(F(Y)) — H°(F(2)).

It remains to show H~'(F(Z)) = 0. Since F is left r-exact, we have F(Z) €
D?O. Hence we have 17! F(Z) = 0 by Proposition 8.1.6. It follows that we have

H Y F(2) =t>"1+STF@2)[-1]1=0.

Lemma 8.1.16. Let D! be a triangulated category and D; C D, its full triangulated

subcategory with a t-structure (Digo, D?O) (i = 1,2). Assume that F : D| — D),
and G : Dy — D) are functors of triangulated categories and F is the left adjoint

Sunctor of G.



8.1 Theory of perverse sheaves 191

() If F(D1) C Dy and F(DY") € DS ford € Z, then for any Y € D3 satisfying
G(Y) € Dy we have G(Y) e D7 ™.

(i) IfG(D2) C Dy and G(D5°) € DY~ ford € Z, thenforany X € D" satisfying
F(X) € Dy we have F(X) € D3“.

Proof. We prove only the assertion (i). By Proposition 8.1.6 it is enough to show
1<74G(Y) = 0. According to Proposition 8.1.4, for any X & Df_d we have an
isomorphism

Homp,—u(X, =7G(¥)) = Homp, (X, G(Y))
~ Homp, (F(X), ¥) =0

(note F(X) € D2<0 and Y € D2>0). Therefore, we have t<"¢G(Y) = 0. |

Corollary 8.1.17. Let D; be a triangulated category with a t-structure (i = 1, 2).
Assume that F : Dy —> Dy and G : Dy —> Dy are functors of triangulated
categories and F is the left adjoint functor of G. Then F is right t-exact if and only
if G is left t-exact.

8.1.2 Perverse sheaves

From now on, let X be a (not necessarily smooth) algebraic variety or an analytic space
and denote by Df (X) the full subcategory of D?(X) = D’(Mod(Cyx)) consisting of
objects F~ € DP(X) such that H/ (F") is a constructible sheaf on X for any j. For the
definition of constructible sheaves and basic properties of Df (X) see Section4.5. The

aim of this subsection is to introduce the perverse t-structure (PDfo(X ), PD? O(X )
on D = Df (X) and define the category of perverse sheaves on X to be its heart
pD§O X)n pD? 0 (X). We follow the basic reference [BBD]. We are also indebted
to [GM1], [G1], and [KS2, Chapter X].

Remark 8.1.18.

(1) Although we restrict ourselves to the case of complex coefficients, all of the
results that we present in Sections 8.1.2 and 8.2 remain valid even after replacing
Mod(Cx) with Mod(Qx). In particular, we have the notion perverse sheaves
and intersection cohomology groups with coefficients in Q. They are essential
for the theory of Hodge modules to be explained in Section 8.3.

(ii) The ¢-structure that we treat here is the one with respect to the “middle perversity”
in the terminology of [GM1].

(iii) There exists a more general theory of perverse sheaves on subanalytic spaces as
explained in [KS2, Chapter X].

Notation 8.1.19. For a locally closed analytic subspace S of X we denote its dimen-
sion by dg. The inclusion map § — X is usually denoted by i5.

Recall that we denote by Dy : Df (X)°P = Df (X) the Verdier duality functor.
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Definition 8.1.20. We define full subcategories ”DEO(X ) and ”D? 0(X ) of D? (X) as
follows. For F* € D(X) we have F* € ”DS(X) if and only if

(i) dim{supp H/(F")} <— j forany j € Z,
and F* € PDZ°(X) if and only if

(ii) dim{supp H/ (Dx F")} <— j forany j € Z,
We define a full subcategory Perv(Cyx) of Df,’(X ) by

Perv(Cy) = PDS0(X) N PDZ0(X).

We will show later that the pair (”DC@(X), ”D? O(X)) defines a t-structure on
Df (X), and hence Perv(Cy) will turn out to be an abelian category. Since we have
DxDxF >~ F forany F' € D? (X), the Verdier duality functor Dy (e) exchanges
PDSO(X) with PDZ°(X).

Lemma 8.1.21. Let F € ch(X). Then we have
supp H/(Dx F') = {x € X| H I (ij,,F") # 0}
forany j € Z, where iy : {x} < X are inclusion maps.
Proof. Since for each x € X we have
i F > il DxDxF ~ Dy (DxF),
we obtain an isomorphism H ~/ (i{!x}F') ~ [H/(DxF),]* forany j € Z. i

Proposition 8.1.22. Let F* € Df (X)and X = |_|a e Xa be a complex stratification

of X consisting of connected strata such that iy al F' and i!Xa F" have locally constant
cohomology sheaves for any « € A. Then

(1) F € /’D§O(X) if and only iij(igi F’) =0 forany a and j > —dx,.
(i) F' e pD?O(X) if and only iij(i;(aF') =0forany a and j < —dx,.

Proof. (i) Trivial.
(i) By Lemma 8.1.21, F" € PD?O(X) if and only if

dim{x € X| H7/(ijF) #0} <— j
for any j € Z. For x € X, decompose the morphism if,) : {x} < X into
{x} Jﬂ) Xo cg X. Then we have an isomorphism
i F > jlgix, F' = Jyyix, Fl=2dx,], (8.1.4)
where we used our assumption on i%a F’ in the last isomorphism. Hence for any
j € Z by the connectedness of X,, Xy N {x € X| H‘j(i{’x}F') #0} = Xy, N

supp H J(DxF’) is X, or . Moreover, from (8.1.4) we easily see that the following
conditions are equivalent for any « € A:
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(a) Hj(i!XaF') = Oforany j < —dx,.
(b) H_j(i{!x}F') =0forany x € Xy, and j > —dx,.
(¢) Xo Nsupp H/ (Dx F") = ¢ for any j > —dx,.

The last condition (c) implies that for any stratum X, such that X, C supp H J(DxF")
we must have dx, < —j. This completes the proof. O

Corollary 8.1.23. Assume that X is a connected complex manifold and all the coho-
mology sheaves of F~ € Df(X) are locally constant on X. Then

(i) F' e pD§O(X) if and only lij(F) = 0forany j > —dx.
(ii) F' e ‘”D?O(X) if and only lfH/(F) = 0forany j < —dx.

Proposition 8.1.24. Let F~ € Df (X). Then the following four conditions are equiv-
alent:

() F" e PDZ°(X).
(ii) For any locally closed analytic subset S of X we have

Hj(i!S(F')) =0 forany j < —ds.
(iii) For any locally closed analytic subset S of X we have
H{(F)= H/RTs(F)=0 forany j<—ds.
@iv) For any locally closed “smooth” analytic subset S of X we have
HIGY(F) =0 forany j < —ds.
Proof. First, since we have H é (e) = H'Ri S*i!S(o), the conditions (ii) and (iii) are
equivalent. Let us prove the equivalence of (ii) and (iv). Assume that the condition
(iv) is satisfied for F* € D?(X). We will show that
HI(iL,(F) =0 forany < —djz. (8.1.5)

for any locally closed (possibly singular) analytic subset Z of X by induction on
dim Z. Denote by Zc, the smooth part of Z and set Z' = Z \ Zeg. Then dim Z" <
dim Z and our hypothesis of induction implies that

Hé,(F') =0 forany j < —dy.
In particular, we have
HL(F)=0 forany j < —dy.
So the assertion (8.1.5) follows from (iv) and the distinguished triangle

RT/(F) —> RTz(F) —> Rz, (F) > .
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Now let us take a complex stratlﬁcatlon X = UyeaXy of X consisting of con-
nected strata such that iy 'F" and i! x, I~ have locally constant cohomology sheaves
for any o € A. Then by Proposmon '8.1.22 the condition (1) is equivalent to the one
HI @} aF) = 0 for any @ and j < —dx,. Therefore, if we take § = X, in (iv)
we see that (iv) implies (i). It remains to prove that (i) implies (iv). Assume that
H/’ (ié(aF ) = 0forany o and j < —dx,. For any locally closed (smooth) analytic
subset S in X, we need to show that

HIG5(F) =0 forany j < —ds.
Set X} = leimXafk Xein X (k=-1,0,1,...,dx). Since

X 1=0C XoC---CXyy =X,

it is enough to prove the following assertions (P); by induction on k:

Py Hiy (F)=0 forany j<—ds. (8.1.6)

Moreover, by the distinguished triangles

) ) o+l
RIsnx_ (F) —> RIsnx, (F) — Rlsnx\x,en(F) —>

fork =0, 1,...,dy, we can reduce the problem to the proof of the assertions

Q)i : Hém(Xk\Xk_l)(F.) =0 forany j < —ds. (8.1.7)

Note that X \ X;—1 is the union of k-dimensional strata. Hence we obtain a direct
sum decomposition

J N j .
Hynoxe nF) = @ Hgny, (F)
dim X, =k

and it remains to show H/ (i!SmXa F)~O0foranyua € Aand j < —ds. Decomposing
isnx, : SN Xy = X into § N X, &) Xo 'lﬁ) X we obtain an isomorphism
i!szaF' ~ j)!(a (ié(a (F")). Therefore, by applying Lemma 8.1.25 below to ¥ = X,
and G = i!xa (F) e Df(Y) we obtain

HYji (G~ Hligny (F)~0 forany j < —dsnx,.
This completes the proof. O

Lemma 8.1.25. Let Y be a complex manifold and G € Df (Y). Assume that all the
cohomology sheaves of G’ are locally constant on Y and for an integer d € 7 we have
H’/G = 0for j < d. Then for any locally closed analytic subset Z of Y we have

HL(G)=0 forany j<d+2codimy Z.
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Proof. By induction on the cohomological length of G* we may assume that G" is a
local system L on Y. Since the question is local on Y, we may further assume that L
is the constant sheaf Cy. Hence it is sufficient to show

Hé(@y) =0 forany j <2codimy Z.

This well-known result can be proved by induction on the dimension of Z with the
help of the distinguished triangle

+1
RI'2\ 2, (Cy) —> RI'z(Cy) —> RI'g,,(Cy) — . o

Itis easily seen that F~ € Dé’ (X) belongs to ”DEO(X ) if and only if the condition

()* for any Zariski locally closed irreducible subvariety S of X there exists a Zariski
open dense smooth subset Sg of S such that H/ (i 501 F)is alocal system for any

j and Hf(iS_OlF') =0forany j > —ds

is satisfied (see the proof of Lemma 7.2.9). Also by the proof of Proposition 8.1.24,
we easily see that F~ € D?(X ) belongs to ”D? 0(X ) if and only if the condition

(i)* forany Zariski locally closed irreducible subvariety S of X there exists a Zariski
open dense smooth subset Sy of S such that H/ (i !So F") is alocal system for any

j and Hj(i!SOF‘) =0 forany j < —dg
is satisfied.
. . <0 . >0
Proposition 8.1.26. Let F* € D" (X) and G* € PDZ ™ (X).

(i) We have _
H’'(RHomc, (F',G")) =0

forany j < Q.
(ii) The correspondence

{open subsets of X} > U +— Homps ;) (F'lu, G'lu)
defines a sheaf on X.

Proof. (i) Set S = Uj<0 supp(Hj(RHom(cX(F', G’))) C X. Assume that § # (.
Letig : S — X be the embedding. For j < 0 we have

supp(HjRHom(cX(F', G) CS,
and hence
H’/RHomc, (F',G) =~ H/ (R[sRHomc, (F, G'))
~ H(is,isRHomc, (F', G))
~ s, H (RHomc(is ' F',i5G)).
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Our assumption F' € ”D§0 (X) implies that
dim supp{ H*(ig' F)} < —k
for any k € Z, and the dimension of
Z:= U supp{Hk(iS_IF')} cSs
k>—ds

is less than dg. Therefore, we obtain Sop = S\ Z # ¢ and H-/iS_()IF' = 0 for any
j > —ds. On the other hand, we have Hfing' = 0 for any j < —ds. Hence we
obtain H/ RHomcg (i;lF', i!SG')|50 = 0 for any j < 0. But this contradicts our
definition S = ;o supp{ H/ RHomc, (F', G')}.
(i1) By (i) we have
Hom p iy (F'lu, G'ly) = H*(U, RHome, (F', G)
=T'(U, H(RHomc, (F', GY)).

Hence the correspondence U —— Hom pp ;) (F'|ly, G'ly) gives a sheaf isomorphic
to H*(RHomc, (F', G")). O

Now we are ready to prove the following.
Theorem 8.1.27. The pair (PD§0(X), PD?O(X)) defines a t-structure on Df(X).

Proof. Among the conditions of 7-structures in Definition 8.1.1, (T1) is trivially sat-
isfied and (T2) follows from Proposition 8.1.26 above. Let us show (T3). For
F e Df (X), take a stratification X = | |, 4 X of X such that i;: F’and i%a F’ have
locally constant cohomology sheaves for any o € A. Set Xx = | |gip, x, <k Xo C X
(k=-1,0,1,2,...)and consider the following assertions: a

There exists Fy' € /’D§0(X \ Xp), F1' € /’D?I(X \ X%), and a distin-
guished triangle

Sk Fy — F.|X\Xk — F|’ L1)

in Df(X \ Xi) such that Fy'|x, and F;’|x, have locally constant coho-
mology sheaves for any o € A satisfying X, C X \ Xk.

Note that what we want to prove is (S)_;. We will show (S);’s by descending
induction on k € Z. It is trivial for £ > 0. Assume that (S); holds. Let us prove
(S)r—1. Take a distinguished triangle
. . .+l
F() — F |X\Xk — F1 — (818)
in Df(X \ Xx) asin (S)g. Let j : X \ Xx =< X \ Xk—1 be the open embedding
and i : Xi \ Xx—1 < X \ X)—1 be the closed embedding. Since j is left adjoint
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to j!, the morphism Fy° —> j!(F'|X\Xk_|) >~ F’|x\x, gives rise to a morphism
JiFo" —> F’|x\x,_,. Let us embed this morphism into a distinguished triangle

My — Flxxe, — G i (8.1.9)

We also embed the composite of the morphisms tS7%i'G" — ii'G" — G into

a distinguished triangle

SN N . ~ . +1

S50 G — G — FIT . (8.1.10)

We finally embed the composite of F'[x\x, , — G —> Fl' into a distinguished

triangle
+1

Fo' — Flxwx,, — FI' — . (8.1.11)
By our construction Fy’| x,, and Fi| x,, have locally constant cohomology sheaves for
anyoa € A satisfying Xo C X\ Xg—1. It remains to show I:“o' € PD§O(X \ Xk—1)
and F1 € pD/ (X\ Xk 1) Applymg the functor ]*1(0) to (8.1.10) and (8.1.9), we
get an isomorphism j~ '~ -G and a distinguished triangle

Fy — F.|x\xk —> j_lﬁl' —
Hence we have j_lﬁl' ~ F|’, and j_lﬁo' ~ Fp by (8.1.8) and (8.1.11). Therefore,

we have only to show that

@) H/(l_]FO)—Ofor Jj>—k
(i) H/G'F;"y =0for" j<—-k+1

in view of Proposition 8.1.22 (note that X \ Xx_1 is a union of k-dimensional strata).
By applying the octahedral axiom to the three distinguished triangles

S . f .o+l
hFy — F |X\Xk L = G —

gof g L
FO — I I\ X5 —) Fi' —
< +1

Sl — ¢ 5 B S

we obtain a distinguished triangle

JiFy — F() — ST m '

Hence we have i_lﬁo' ~ i_ltg_kigi!G' ~ i_li[‘E< i'G" ~ tS7K'G". The asser-
tion (i) is proved. By applying the functor i' to (8.1.10) we obtain a distinguished

triangle
. N e NSRS |
i'TS klyl'G —i'G —>l'F1 —
We have i'tS7%i'G ~ i'i\t<7%i'G ~ t<7Ki'G, and hence we obtain i'F}" ~

27 1(i'G") by this distinguished triangle. The assertion (ii) is also proved. O

<—k
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Definition 8.1.28. The 7-structure (”D§O(X ), ”D? 0(X )) of the triangulated cate-
gory Df (X) is called the perverse ¢-structure. An object of its heart Perv(Cy) =

1’D§O(X )N /’D? 0(X ) is called a perverse sheaf on X. We denote by
<O pbx)y — PDSO(x), P20 Db (X) — PDZO(X)

the truncation functors with respect to the perverse ¢-structure. For n € Z we define
a functor
rH™ Df(X) — Perv(Cy)

by PH"(F') = PrSOPc20(F'[n]). For F' € D2(X) its image PH" (F") in Perv(Cy)
is called the nth perverse cohomology (or the nth perverse part) of F".

Note that for any perverse sheaf F* € Perv(Cx) on X we have H'(F") = 0 for
i ¢ [—dx,0]. By Proposition 8.1.11 a distinguished triangle

FF— G — H’ =L
in Df (X) gives rise to a long exact sequence
o= PH"NH') — PH"(F') — PH"(G') — PH"(H') — PH"tY(F) — - ..

in the abelian category Perv(Cy).

By definition, being a perverse sheaf is a local property in the following sense.
Let X = (J;c; Ui be an open covering of X. Then F' € Df (X) is a perverse sheaf
if and only if F'|y, is so forany i € .

Remark 8.1.29. It can be shown that the correspondence
{open subsets of X} 5 U —— Perv(Cyp)

defines a stack, i.e., akind of sheaf with values in categories. More precisely, let X =
U, Ui be an open covering and assume that we are given a family F; € Perv(Cy,)
equipped with isomorphism Fj|y,nu; = Fjlu,nu; satisfying obvious compatibility
conditions. Then we can glue it uniquely to get F* € Perv(Cy). This is the reason
why we call a complex of sheaves F' € Perv(Cy) a perverse “sheaf.”

Definition 8.1.30. Foraperverse sheaf F* € Perv(Cy), we define the support supp F’
of F’ to be the complement of the largest open subset U —— X such that F’'|y = 0.

Proposition 8.1.31. Assume that X is a smooth algebraic variety or a complex man-
ifold. Then for any local system L on X* we have L[dx] € Perv(Cy).

Proof. Assume that X is a complex manifold. By wx" ~ Cx[2dx] we have
Dy (L[dx]) = RHomc, (L[dx], Cx[2dx]) >~ L*[dx],

where L* denotes the dual local system Homc,, (L, Cx). Hence the assertion is clear.
The proof for the case where X is a smooth algebraic variety is the same. O
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Remark 8.1.32. More generally, it is known that if X is a pure-dimensional alge-
braic variety (resp. analytic space) which is locally a complete intersection, then
we have L[dx] € Perv(Cy) for any local system L on X" (see for instance [Di,
Theorem 5.1.20]).

The following proposition is obvious in view of the definition of 1’D§O(X ) and
rDZ0(X).

Proposition 8.1.33. The Verdier duality functor Dy : Df(X) — Df (X)°P is t-exact
and induces an exact functor

Dy : Perv(Cx) —> Perv(Cx)®P.

Proposition 8.1.34. Leti : Z — X be an embedding of a closed subvariety Z of
X. Then the functor iy sends Perv(Cz) to Perv(Cy).

Proof. 1t is easily seen that i, sends pro(Z) to PDC@(X). Since Z is closed, we
have i, = iy = Dy o i, o Dz. Hence i, sends I’D?O(Z) to I’D?O(X). O

By Propositions 8.1.31 and 8.1.34 we obtain the following.

Example 8.1.35.

(i) Let X be a (possibly singular) analytic space and ¥ C X a smooth complex
manifold contained in X as a closed subset. Then for any local system L on Y,
the complex iy, (L[dy]) € D’c’ (X) is a perverse sheaf on X.

(ii)Let X = Cand U = C\ {0} <’ X. Then for any local system L on U,
Rj. (L[1]D), Rj,(L[1]) = j(L[1]) € Df(X) (jy is an exact functor) are perverse
sheaves on X = C.

Definition 8.1.36. Let X, Y be algebraic varieties (or analytic spaces). For a func-
tor F : D2(X) —> Db(Y) of triangulated categories we define a functor PF :
Perv(Cx) — Perv(Cy) to be the composite of the functors

0
Perv(Cy) — DY(X) - DP(v) 25 Perv(Cy).

Let f : X — Y be a morphism of algebraic varieties or analytic spaces. Then
we have functors
Pr=t Pt Perv(Cy) —> Perv(Cy).

Assume that f : X — Y is a proper morphism. Then we also have functors
PRfy, PRfi : Perv(Cyx) —> Perv(Cy).

Notation 8.1.37. We sometimes denote the functors ’Rf ., PRf by Pf,, P fi, respec-
tively, to simplify our notation.
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Lemma 8.1.38.
(1) For an object F" of Df(X) we have F' = 0 if and only if PH/ (F") = 0 for any
j eZ.
(ii)A morphism [ : F* — G’ in Dg(X) is an isomorphism if and only if the
morphism PHY (f) : PH/ (F") — PH’(G") is an isomorphism for any j € 7.

Proof. (i) Assume that PH/(F") = 0 for any j € Z. Since F’ is represented by a
bounded complex of sheaves, there exist integers a < b such that F~ € prb(X )N

PDZ(X). In the distinguished triangle

pr<b=l(Fy — F— Pr2b(F) AN

we have Pr2b(F") ~ Pe2br<b(py ~ PHP(F)[—b] = 0, and hence we have
F~ Pr<b=1(F") e PDSP71(X)NPDZ%(X). By repeating this procedure we finally
obtain F~ € ”chafl X)yn "D?a(X), and hence F* = 0.

(ii) Assume that the morphism PH/ ( f) : PH/(F") — PHJ(G") is an isomorphism

for any j € Z. Embed the morphism f : F* — G into a distinguished triangle
Fle—mth

By considering the long exact sequence of perverse cohomologies associated to it we
obtain PH/(H") ~ 0 for ¥j e Z. Hence we have H = 0 by (i). It follows that
F° — G’ is an isomorphism. O

The following result is an obvious consequence of Proposition 8.1.5 (ii).

Lemma 8.1.39. Let

Pl oS g L
be a distinguished triangle in Df(X) and assume F’ € pro(X) and H' € prl (X).
Then we have F* ~ Pt<9(G") and H" ~ "tZ1(G").

Proposition 8.1.40. Let f : Y —> X be a morphism of algebraic varieties or ana-
Iytic spaces such that dim f~'(x) < d for any x € X.

(i) For any F* € PDS°(X) we have f~1(F') € PDS4(Y).
(i) For any F* € PDZ°(X) we have f'(F") € PDZ 4 (Y).
Proof. (i) For F* € ’DS°(X) we have
dim (supp Hj(f_lF'[d])) = dim(f_1 (supp Hj+d(F')))
< dim(supij+d(F')) +d<—-j—d+d=—],
—1 - P <0 —1 P <d
and hence [~ F'[d] € PD:"(Y), Therefore, we have f~'F € PD>"(Y).

(i) This follows from (i) in view of f' = Dy o f~! o Dy and Proposition
8.1.33. O
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Corollary 8.1.41. Let Z be a locally closed subvariety of X and leti : Z — X be
the embedding.

. 1. nb b .. s
(i) The functori=" : D2(X) — D.(Z) is right t-exact with respect to the perverse
t-structures.
. NI b . y
(ii) The functor i’ : D2(X) —> DJ(Z) is left t-exact with respect to the perverse
t-structures.

The following propositions are immediate consequences of Proposition 8.1.40
and Corollary 8.1.41 in view of Lemma 8.1.16.

Proposition 8.1.42. Let f : X — Y be as in Proposition 8.1.40.

(1) For any G* € /’D?O(Y) such that Rf .(G") € Df(X) we have Rf . (G") €
DZ7(X).

(ii) For any G € PDS(Y) such that Rf(G) € D®(X) we have Rf(G') €
DS (X).

Proposition 8.1.43. Let i : Z — X be as in Corollary 8.1.41.

(i) For any G* € PDZ°(Z) such that Ri,(G') € DE(X) we have Ri,(G") €
rDZ0(X).
(i) For any G" € PDE0(Z) such that iy(G") € Db (X) we have i\(G") € PDE(X).

Corollary 8.1.44.

() Let j : U =< X be an inclusion of an open subset U of X. Then j~! = j'is
t-exact with respect to the perverse t-structures and induces an exact functor

1

Pj=l = Pj': Perv(Cyx) —> Perv(Cyp).

(i) Leti : Z — X be aninclusion of a closed subvariety Z. Then i, = i\ is t-exact
with respect to the perverse t-structures and induces an exact functor

Pi, = Piy : Perv(Cz) —> Perv(Cy).

Moreover, if we denote by Pervz(Cyx) the category of perverse sheaves on X
whose supports are contained in Z, then the functor Pi~' = Pi* : Pervz(Cx) —>
Perv(Cy) is well defined and induces an equivalence

pl'flzpl'!
Pervz(Cx) ——— Perv(Cy)

Pj =Pj,

of categories. The functor 'i " is the quasi-inverse of Vi.

Lemma 8.1.45. For an exact sequence 0 — F° —> G' —> H — 0 of perverse
sheaves on X, we have supp G* = supp F" U supp H .
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Proof. We first show supp F* C supp G'. Set U = X \ supp G. Itis enough to show
F’|y = 0. By Corollary 8.1.44 (i) we have an exact sequence

0— Fly -5 Gy

in the abelian category Perv(Cy). Hence we obtain F'|y = 0 from G|y = 0.
The inclusion supp H™ C supp G can be proved similarly. Let us show suppG™ C
supp F" U supp H'. It is sufficient to show that if we have F'|y = H |y = 0 for an
open subset U of X, then G'|y = 0. This follows easily from Theorem 8.1.9 (ii)). O

Remark 8.1.46. The formal properties of perverse sheaves on X that we listed above
carry rich information on the singularities of the base space X. Indeed, using perverse
sheaves, we can easily recover and even extend various classical results in singularity
theory. For example, see [Di], [Masl], [Mas2], [NT], [Schu], [Tk2]. Note also
that Kashiwara [Kas19] recently introduced an interesting ¢-structure on the category
Df ,» (Dx) whose heart corresponds to the category of constructible sheaves on X
(here X is a smooth algebraic variety) through the Riemann—Hilbert correspondence.

8.2 Intersection cohomology theory

8.2.1 Introduction

Let X be anirreducible projective algebraic variety (or an irreducible compact analytic
space) of dimension dx. If X is non-singular, then we have the Poincaré duality
Hi(X,Cyx) =~ [szx_i(X, CX)Tk for any 0 < i < 2dyx. However, for a general
(singular) variety X, we cannot expect such a nice symmetry in its usual cohomology
groups. The intersection cohomology theory of Goresky—MacPherson [GM1] is a
new theory which enables us to overcome this problem. The basic idea in their
theory is to replace the constant sheaf Cx with a new complex ICx [—dx] € D’CJ (X)
of sheaves on X and introduce the intersection cohomology groups

IH'(X) = H'(X,ICx'[-dx]) (0 <i <2dx)

by taking the hypercohomology groups of ICx". Then we obtain a generalized
Poincaré duality

TH (X) = [IH** 7 (X)]" (0<i<2dy)

for any projective variety X. Moreover, it turns out that intersection cohomology
groups admit the Hodge decomposition. Indeed, Morihiko Saito constructed his
theory of Hodge modules to obtain this remarkable generalization of the Hodge—
Kodaira theory to singular varieties (see Section 8.3). To define the intersection
cohomology complex ICx" € Df,’(X ) of X, first we take a constant perverse sheaf
Cyldx] onaZariski open dense subset U of the smooth part Xee of X. ThenICyx isa
“minimal” extension of Cy [dx] € Perv(Cp) to a perverse sheaf on the whole X. Let
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us briefly explain the construction of ICx ". To begin with, take a Whitney stratification
X = |yen Xo of X and set X = | |4y x, <4 Xo € X (k =—1,0,1,2,...). Then
we get a filtration

X=X4y D Xay—12D--DX0DX_1=0

of X by closed analytic subsets X of X such that X \ Xy_1 is a smooth k-dimensional
complex manifold for any k € Z. Set Uy = X \ Xy—1 and ji : Uy —> Ui—1. Then
we have

Jdy+1 Jax i 1
@szX_’_ch) Usyy = Ugy—1 = == U == Uy =X

and the perverse sheaf ICyx " is, in this case, isomorphic to the complex
(tS7'Rj1) 0 (t572Rj2s) 0 -+ 0 (t5 7 Rjiay, ) (Culdx])

for U = Ugy C X. We can prove that the Verdier dual of ICy" is isomorphic to
ICx " itself. Namely, we have Dx(ICx") ~ ICx". This self-duality of ICx" is the
main reason why the intersection cohomology groups of X satisfy the generalized
Poincaré duality. In order to see that this construction of ICx " is canonical, it is, in fact,
necessary to check that it does not depend on the choice of a Whitney stratification
X = [ ]yea Xq- For this purpose, in [GM1] Goresky and MacPherson introduced a
“maximal” filtration

XD)_(dXD)_(dX_lD“-D)_(oD)_(_l:(/)

of X (that is, any Whitney stratification X = [ |,.4 Xo of X is finer than the strati-
fication X = | |;c7(Xk \ Xx—1)). But here, we define the intersection cohomology
complex ICy " by using the perverse z-structures and prove that it is isomorphic to the
complex

(rS7'Rj1) 0+ 0 (tS TN Rjay, ) (Culdx D)

whenever we fix a Whitney stratification X = | |,.4 Xo of X. More generally, for
any pair (X, U) of an irreducible complex analytic space X and its Zariski open dense
subset U (j : U — X), we can introduce a functor

Pjiy : Perv(Cy) —> Perv(Cy)

such that 7, (Cy[dx]) >~ ICx" in the above case. Such an extension of a perverse
sheaf on U to the one on X will be called a minimal extension or a Deligne—Goresky—
MacPherson extension (D-G-M extension for short). In addition to the two funda-
mental papers [BBD] and [GM1] on this subject, we are also indebted to [Bor2],
[CG], [Di], [G1], [Ki], [Na2], [Schu].

8.2.2 Minimal extensions of perverse sheaves

Let X be an irreducible algebraic variety or an irreducible analytic space and U a
Zariski open dense subset of X. In what follows, we set Z = X \ U and denote by
i:Z<— Xandj:U < X the embeddings.
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We say that a stratification X = | |, .4 Xq of X is compatible with F* € Df(U)
ifU = |_|a€B X for some B C A, and both F|x,, Dy F’|x, have locally constant
cohomology sheaves for any @ € B. Such a stratification always exists if X is an
algebraic variety; however, it does not always exist in the case where X is an analytic
space.

Example 8.2.1. Regard X = C and U = C \ {0} as an analytic space and its Zariski
open subset, respectively. Set ¥, = {1/n} for each positive integer n. We further set
V = U\ (U2, Yn). Then the stratification U = V U (|72, ¥,) of U (and any of
its refinement) cannot be extended to that of X. In particular, if F is a constructible
sheaf on U whose support is exactly U \ V, then there exists no stratification of X
compatible with F'.

Assume that a stratification X = | |,.4 Xo of X is compatible with F* €
Df(U ). By replacing it with its refinement we may assume that the stratification
X = |_|0[e 4 X satisfies the Whitney condition (see Definition E.3.7). In this situa-
tion the cohomology sheaves of Rj,.F'|x, and jiF"|x, are locally constant for any
a € A. In particular, we have Rj,. F", j) F € Df(X).

Now let F" be a perverse sheaf on U and assume that there exists a Whitney
stratification of X compatible with F°. We shall consider the problem of extending
F" to a perverse sheaf on X.

By taking the Oth perverse cohomology PH® of the canonical morphism ji F* —>
Rj,.F" we get a morphism ?ji " — Pj, F" (see Notation 8.1.37) in Perv(Cy).

Definition 8.2.2. We denote by 7, F" the image of the canonical morphism
PjF — PjF
in Perv(Cy), and call it the minimal extension of F’ € Perv(Cy).
In other words, the morphism 7ji F* — Pj, F" factorizesas ’jiy F"—>Pj, F* —
Pj. F"(—> isanepimorphism and < is amonomorphism) in Perv(Cy). Moreover,

by definition, in the algebraic case for any morphism F* — G in Perv(Cy ) we obtain
a canonical morphism ?j, F* — ?j;,G" in Perv(Cy).

Proposition 8.2.3. For F' € Perv(Cy), we have Dx (Pji  F*) >~ Pji.(Dy F).
Proof. By applying Dy to the sequence
PjiF =P P PjF’
of morphisms in Perv(Cyx) we obtain a sequence
Dx(PjxF)—>>Dx(PjiF) <> Dx(Pji F")

of morphisms in Perv(Cy) by Proposition 8.1.33. Furthermore, it follows also from
Proposition 8.1.33 that
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Dy (Pj.F") ~ PHDx (Rj. F") ~ Pji(Dy F")
Dx(PjiF") ~ PH'Dx (RjiF") =~ Pj.(Dy F").

Therefore, we obtain a sequence
PiDy F)—>Dx (Pji F') — Pj(Dy F")

of morphisms in Perv(Cy), which shows that we should have Dx(?ji, F") =~
Pji(Dy F). O

Lemma 8.2.4. Let U’ be a Zariski open subset of X containing U such that we have
U' = Uyep' Xy for some B C A. We denote by j| : U — U’ and j, : U — X the
embeddings.

(i) We have Pj . F" ~ Pj Pj1 F and PjiF" >~ PjyPj F".
(1) P F™ = Pjay Pjug F.
Proof. (i) Since the functors Rj;, and R}y, are left z-exact, we have
PjuF' = PHO(Rj2,Rj1, F') = PHO(Rjo, PHO (R)1, F) = "o, j1,

by Proposition 8.1.15 (i). The proof of the assertion PjiF" >~ Pj, Pji, F" is similar.
(i) Recall that Pj;,, F" is a subobject of 7j;, F" in Perv(Cy/) such that the mor-
phism ?j;, F* — Pj F" factorizes as

pjl!F'_»pjl!*F' — pjl*F.'

By using the right 7-exactness of ”j», (Propositions 8.1.43 (ii) and 8.1.15 (ii)) and the
left r-exactness of 7j,, (Proposition 8.1.43 (i) and Proposition 8.1.15 (ii)) we obtain

Pj!F' = ij! o ij!F'H»P]é! o ij!*F'—»p]é!* o pjl!*F'
— pj2>k o pjl!*F‘ — sz* o pjl*F. = pj*F.-
It follows that we have Pja, o Pj1 F" =~ Pj, F". |
Proposition 8.2.5. The minimal extension G = P F" of F* € Perv(Cy) is charac-
terized as the unique perverse sheaf on X satisfying the conditions
OGly=F,

(i)i~'G e PDSV(2),
(i) i'G" € D71 (2).

1

Proof. We first show that the minimal extension G* = 7}, F" satisfies the conditions

(i), (ii), (iii). Since the functor j_1 = j! is t-exact by Corollary 8.1.44 (i), we have

PjF'ly = j~ Im[PjF" — P F]
=Im[j"PjF — jTPjF]
=Im[PH (i Rj\F") — PHO(j ™' Rj .F)]
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=Im[F — F’]
=F"
Hence the condition (i) is satisfied. By the distinguished triangle

Wit — ¢ —iiT'e

in Dé’ (X) we obtain an exact sequence
PH°(j1j~'G) — PHY(G") — PH (ixi7'G") — PH' (jij ' G)).

By the definition of G* we have PHY(G) = Pji F . By (i) we have j7'G" =
F’, and hence PH(jij~'G") = PjiF". Moreover, we have PH'(jij~'G") = 0 by
Proposition 8.1.43 (ii). Finally, the canonical morphism 7jiF* — Pj.F’ is an
epimorphism by the definition of 7ji,. Therefore, we obtain PH%(i,i ~'G") = 0 by
the above exact sequence. Since iy is t-exact, we have f”HO(i_1 G) =0. Sincei'is
right #-exact, we havei =!G e PDCSO(Z). It follows that i "' G € pr_l(Z). Hence
the condition (ii) is satisfied. The condition (iii) can be checked similarly to (ii) by
using the distinguished triangle

ii'G — G —> Rjj 'G5 .

Let us show that G* € Perv(Cy) satisfying the conditions (i), (ii), (iii) is canon-
ically isomorphic to ?ji, F". Since j~!(= j') is left adjoint to Rj, and right adjoint
to ji, we obtain canonical morphisms jiF* — G —> Rj,F in Df(X). Hence we
obtain canonical morphisms 7ji F* — G — Pj, F" in Perv(Cy). Itis sufficient to
show that 7jiF* — G is an epimorphism and G' — 7j, F" is a monomorphism
in Perv(Cyx). We only show that 7, FF — G’ is an epimorphism (the proof of the

remaining assertion is similar). Since the cokernel of 7j;F* — G" is supported by
Z, there exists an exact sequence

PiF —> G —> iyH —> 0

for some H' € Perv(Cz) (Corollary 8.1.44 (ii)). Since i~lis right #-exact, we have
an exact sequence /i ~'G* — Pi~li,H" —> 0. By Corollary 8.1.44 (ii) we have
Pi~Yi,H =i"'i,H = H'. Moreover, by our assumption (ii) we have #i ~!G" = 0.
It follows that H* = 0, and hence ?ji F* —> G" is an epimorphism. O

Corollary 8.2.6. Assume that X is smooth. Then for any local system L € Loc(X)
on X we have L|dx] >~ Pj.(L|yldx]).

Proof. By Proposition 8.2.5 it is sufficient to show i ~!L[dx] € PDE_l(Z) and
i'Lldy] € PDZ'(Z). By dz < dx we easily see that i~'L[dx] € PDS"'(2).
Furthermore, we have

i'Lldx] ~ i'DxDx (L[dx])
~ Dyxi~'(L*[dx]) € PDZ'(X),

where L* is the dual local system of L. O
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Proposition 8.2.7. Let F* € Perv(Cy) be as above. Then

(1) Pj« F" has no non-trivial subobject whose support is contained in Z.
(i) Pj1F" has no non-trivial quotient object whose support is contained in Z.

Proof. (i) Let G C Pj,F" be a subobject of 7j, F" such that supp G* C Z. Then by
Corollary 8.1.41 i'G" ~ i~'G" is a perverse sheaf on Z and we obtain %i'G" ~ i'G".
Since we have G ~ i,i'G", it suffices to show that %'G" ~ 0. Now let us apply the
left r-exact functor %' to the exact sequence 0 — G — Pj,F". Then we obtain an
exact sequence 0 — 7i'G" — Pi'Pj, F". By Proposition 8.1.15 (i) and i'Rj ,F* ~ 0
we obtain 7i'Pj, F* ~ PHO(i'Rj,F') ~ 0. Hence we get %i'G" ~ 0. The proof of (ii)
is similar. O

Corollary 8.2.8. The minimal extension Pji, F" has neither non-trivial subobject nor
non-trivial quotient object whose support is contained in Z.

Proof. By the definition of the minimal extension ”jy, " the result follows immedi-
ately from Proposition 8.2.7. O

In the algebraic case we also have the following.

Corollary 8.2.9.
(i) Let 0 — F° — G’ be an exact sequence in Perv(Cy). Then the associated
sequence 0 — Pji F" — Pj,.G" in Perv(Cy) is also exact.
(ii) Let F* — G' — 0 be an exact sequence in Perv(Cy). Then the associated
sequence Pji F* — Pj,G" — 0 in Perv(Cy) is also exact.

Proof. (i) Since the kernel K™ of the morphism 7j, F* — Pj,G" is a subobject of
P\ F" whose support is contained in Z, we obtain K 2~ 0 by Corollary 8.2.8. The
proof of (ii) is similar. ]

Corollary 8.2.10. Assume that F" is a simple object in Perv(Cy ). Then the minimal
extension Pj, F" is also a simple object in Perv(Cy).

Proof. Let G* C ?ji, F" be a subobject of 7ji, F" in Perv(Cy) and consider the exact
sequence 0 - G° — Pj,F' — H' — 0 associated to it. If we apply the ¢-exact

functor j' = j~! to it, then we obtain an exact sequence 0 — j~'G" — F —
j~'H" — 0. Since F"is simple, j~'G" or j~!'H" is zero. In other words, G or H'
is supported by Z. It follows from Corollary 8.2.8 that G" or H" is zero. O

Now we focus our attention on the case where U is smooth and F* = L[dx] fora
local system L € Loc(U) on U. Note that we assume that X is irreducible as before.
We can take a Whitney stratification X = | |,.4 X« of X such that U is a union
of strata in it. In view of Lemma 8.2.4 and Corollary 8.2.6 we may assume that U
is the unique open stratum in considering the minimal extension of L[dx]. In other
words we fix a Whitney stratification X = | |,.4 X« of X and consider the minimal
extension ”j,(L[dx]) of L € Loc(U), where U is the open stratum and j : U — X
is the embedding.



208 8 Perverse Sheaves
Set Xi = | lgim Xy <k X, for each k € Z. Then we get a filtration
X=X4y DXugy-1D--DXoDX1=0

of X by (closed) analytic subsets. Set Uy = X \ Xj—1 = |_|dim Xo>k X and consider
the sequence

Jdy Jdy—1 ¥ Ji
U:dec_)UdX_lr—)c_)Ulc_)U():X

of inclusions of open subsets in X.
Proposition 8.2.11. In the situation as above, we have an isomorphism
Pjn(LIdx]) = (tS7'Rj1,) 0 - 0 (tST Rjgy ) (LIdx]).

Proof. In view of Lemma 8.2.4 it is sufficient to show that for any perverse sheaf F~
on Uy whose restriction to each stratum X, C Uy has locally constant cohomology
sheaves we have

Pk F 2 SRR (F).

We will show that the conditions (i), (ii), (iii) of Proposition 8.2.5 is satisfied for G* =
STk Rjk (F) € D?(Uk_l). Since Uy, consists of strata with dimension > k, we have
H"(F") = 0forr > —k by Proposition 8.1.22. It follows that [rg_kRjk*(F')] |Uk ~
F’, and hence the condition (i) is satisfied. Set Z = Ux—1 \ Ux = | gim x, =11 Xa
andleti : Z — Uy be the embedding. Theni ' G has locally constant cohomology
sheaves on each (k — 1)-dimensional stratum X, C Z and we have H" (i~'G") =0
for r > —k. It follows that i "' G € ”fol (Z) by Proposition 8.1.22 (i), and hence
the condition (ii) is satisfied. Consider the distinguished triangle

G = tSRji F' —> Rji F —> > 1Rj Fr *L
Applying the functor i' to it, we get i'G" ~ i'(t> *t!Rji, F)[—1] because

i!Rjk*F' ~ 0. Hence we have H'(i'G) = 0 for r < —k + 1. Since i'G" has

locally constant cohomology sheaves on each (k — 1)-dimensional stratum X, C Z,

we have i'G” € pD? ! (Z) by Proposition 8.1.22 (ii). The condition (iii) is also satis-

fied. O

Corollary 8.2.12. There exists a canonical morphism (j.L)[dx] — Pji.(L[dx])
in Db(X).

Proof. The result follows from the isomorphism
TSTNPfL(LLAX]) 2 (iy 0 s+ 0 Jax ) (D)dx] = (jL)[dx]

obtained by Proposition 8.2.11. O
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Definition 8.2.13. For an irreducible algebraic variety (resp. an irreducible analytic
space) X we define its intersection cohomology complex ICx" € Perv(Cy) by

ICx" = Pjic(Cxmn [dx]) (resp. ICx " = Pj1(Cx, ldx]),
where X;eg denotes the regular part of X and j : Xeg < X is the embedding.
By Proposition 8.2.3 we have the following.
Theorem 8.2.14. We have Dx (ICx") = ICx".
Proposition 8.2.15. There exist canonical morphisms
Cx — ICx'[—dx] — wx'[-2dx]
in Db(X).

Proof. By Corollary 8.2.12 there exists a natural morphism Cy — ICx[—dx]. By
taking the Verdier dual we obtain a morphism ICx [dx] — wx . O

Definition 8.2.16. Let X be an irreducible analytic space. For i € Z we set

IH'(X) := H'(RT(X, ICx"[—dx])),
ITH!(X) := H' (RT (X, ICx'[—dx])).

We call TH (X) (resp. 1 Hci (X)) the ith intersection cohomology group (resp. the ith
intersection cohomology group with compact supports) of X.

The following theorem is one of the most important results in intersection coho-
mology theory.

Theorem 8.2.17. Let X be an irreducible analytic space of dimension d. Then we
have the generalized Poincaré duality

TH (X) ~ [IHX 7 (X)]"
forany 0 <i <2d.

Proof. Let ay : X—>{pt} be the unique morphism from X to the variety {pt}
consisting of a single point. Then we have an isomorphism

RHomc(Rax ICx", C) ~ Ray,RHomc,(Cx", wx")

in Db ({pth) =~ DP(Mod(C)) by the Poincaré—Verdier duality theorem. Since
RHomc,(ICx", wx’) = Dx(ICx") =~ ICx" by Theorem 8.2.14, we get an isomor-
phism

[RT.(X,ICx")]" ~ RT(X,ICx")

By taking the (i — d)th cohomology groups of both sides, we obtain the desired
isomorphism. O
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In what follows, let us set H' (X) = H' (X, Cx) and HCi (X) = H(f (X, Cyx). By
the Verdier duality theorem we have an isomorphism H (X, wx") ~ [Hg (X)1* for
any i € Z. This hypercohomology group H ' (X, wy ') is called the ith Borel-Moore
homology group of X and denoted by HiB M (X). If X is complete (or compact), then
HiBM(X) is isomorphic to the usual homology group H;(X) = H;(X, C) of X. By
Proposition 8.2.15 we obtain the following.

Proposition 8.2.18. There exist canonical morphisms
H'(X) — TH'(X) — Ha_(X).
foranyi € Z.

The morphism H!(X) —> H;;j)‘(”_ ;(X) can be obtained more directly as fol-

lows. Recall that the top-dimensional Borel-Moore homology group Hzlfi’;’ X) =

[HCM" (X)]* >~ C of X contains a canonical generator [X] called the fundamental
class of X (see, for example, Fulton [F, Section 19.1]). Then by the cup product

H(X) x H**71(X) — H*x(X)

and the morphism HCM" (X) — C obtained by the fundamental class [X] €
[chdx (X)]1* we obtain a bilinear map

H(X) x H**71(X) — C.
This gives a morphism H'(X) — HpY (X) = [HX T O

Proposition 8.2.19. Let X be a projective variety with isolated singular points. Then

we have
Hi(Xreg) 0<i<dx
TH (X) = § In[HX (X) —> H (Xreg)] i =dx
H(X) dy <i <2dy.

In particular we have H! (Xreg) >~ H2Ax=1(X) forany 0 <i < dy.

Proof. Let p1, p2, ..., px be the singular points of X and j : X —— X the
embedding. Then X = Xep U (ufle{ pi}) is a Whitney stratification of X and we
have ICx [—dy] o~ tSdx—1 (Rj*(cxreg). Hence we obtain a distinguished triangle

ICx [—dx] — Rj,Cx,, — T2 (Rj,Cxyp) —> .
Applying the functor RI"(X, e), we easily see that

[H'(X) = H'(X,ICx [~dx]) =~ H' (Xreg)
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for 0 <i < dx and the morphism
TH™(X) = H™ (X, 1Cx [—dx]) = H™ (Xreg)

is injective. Now let us embed the canonical morphism Cy — ICx[—dx] (Propo-
sition 8.2.15) into a distinguished triangle

(CX — ICX.[—dx] — F il) .

Then F is supported by the zero-dimensional subset |_|f.‘=1 {piYof X and H'(F) =0
for any i > dx. Therefore, applying RI'(X, e) to this distinguished triangle, we
obtain

H'(X) ~ IH' (X) = H' (X, ICx [—dx])

for dxy < i < 2dx and the morphism
H™(X)—>>TH™(X) = H™ (X, ICx [~dx])
is surjective. This completes the proof. O

For some classes of varieties with mild singularities, intersection cohomology
groups are isomorphic to the usual cohomology groups. For example, let us recall
the following classical notion.

Definition 8.2.20. Let X be an algebraic variety or an analytic space. We say that X
is rationally smooth (or a rational homology “manifold”) if for any point x € X we
have
' C i =2dx
H{,(X,Cx) =
0  otherwise.

By definition, rationally smooth varieties are pure-dimensional. Smooth varieties
are obviously rationally smooth. Typical examples of rationally smooth varieties with
singularities are complex surfaces with Kleinian singularities and moduli spaces of
algebraic curves. More generally V-manifolds are rationally smooth. It is known that
the usual cohomology groups of a rationally smooth variety satisfy Poincaré duality
(see Corollary 8.2.22 below) and the hard Lefschetz theorem.

Proposition 8.2.21. Let X be a rationally smooth irreducible analytic space. Then the
canonical morphisms Cx — wx'[—2dx] and Cx — ICx '[—dx] are isomorphisms.

Proof. Letiy) : {x} =< X be the embedding. Then we have
iy@x" =i jDx(Cx) =~ Dyyij,(Cx) =~ RHome (R (X, Cx), C)
and hence an isomorphism

i— .- . 2dx—j
HI7N oy T~ [H ™ (X, Col*
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for any j € Z. Then the isomorphism Cy >~ wyx'[—2dx] follows from these iso-
morphisms and the rationally smoothness of X. Now let us set F' := Cx[dx] ~
wx'[—dx] € Df,’(X). Then the complex F’ satisfies the condition Dx (F") >~ F".
Therefore, by Proposition 8.2.5 we can easily show that F" is isomorphic to the in-
tersection cohomology complex ICy . O

Corollary 8.2.22. Let X be a rationally smooth irreducible analytic space. Then we
have an isomorphism H' (X) ~ I H' (X) for anyi € Z.

Definition 8.2.23. Let X be an irreducible algebraic variety or an irreducible analytic
space. Let U be a Zariski open dense subset of Xyeg and j : U — X the embedding.
For a local system L € Loc(U) on U we set

ICx (L) = Pji(Lldx]) € Perv(Cyx)

and call it a twisted intersection cohomology complex of X. We sometimes denote
ICx (L) [—dx] by "L".

Let X be an algebraic variety or an analytic space. Consider an irreducible closed
subvariety Y of X and a simple object L of Loc(Yp) (i.e., an irreducible local system
on Yp), where Yy is a smooth Zariski open dense subset of Y. Then the minimal
extension ICy (L)’ of the locally constant perverse sheaf L[dy] to Y can be naturally
considered as a perverse sheaf on X by Corollary 8.1.44 (ii). By Corollary 8.2.10
and Lemma 8.2.24 below this perverse sheaf on X is a simple object in Perv(Cy).
Moreover, it is well known that any simple object in Perv(Cy) can be obtained in
this way (see [BBD]).

Lemma 8.2.24. Let L be an irreducible local system on a smooth irreducible vari-
ety X. Then the locally constant perverse sheaf L|dx] on X is a simple object in
Perv(Cy).

Proof. Let 0 — F|;" — Lldx] — F;" — 0 be an exact sequence in Perv(Cy).
Choose a Zariski open dense subset U of X on which F;" and F>" have locally
constant cohomology sheaves and set j : U — X. Then by Lemma 8.1.23 there
existlocal systems My, M on U suchthat Fi'|y >~ Mi[dx], F>' |y ~ M»[dx]. Hence
we obtain an exact sequence 0 — M| — L|y — M — 0 of local systems on U.
Since M can be extended to the local system j,. M| C j.(L|y) =~ L of the same rank
on X, it follows from the irreducibility of L that M or M, is zero. Namely, F; or
F>" is supported by Z = X \ U. Since L[dx] ~ ?j.(L|yldx]) by Corollary 8.2.6,
F1" or F," should be zero by Corollary 8.2.8. O

Remark 8.2.25. Assume that X is a complex manifold. For a C*-invariant
Lagrangian analytic subset A of the cotangent bundle 7*X denote by Perv, (Cy)
the subcategory of Perv(Cyx) consisting of objects whose micro-supports are con-
tained in A. From the results in some simple cases it is generally expected that
for any A C T*X as above there exists a finitely presented algebra R such that
the category Perva (Cyx) is equivalent to that of finite-dimensional representations
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of R. In some special (but important) cases this algebraic (or quiver) description
of the category Perv (Cy) was established by [GGM]. Recently this problem has
been completely solved for any smooth projective variety X and any A C T*X by
S. Gelfand—MacPherson—Vilonen [GMV].

Now we state the decomposition theorem due to Beilinson-Bernstein—Deligne—
Gabber (see [BBD]) without proofs.

Theorem 8.2.26 (Decomposition theorem). For a proper morphism f : X — Y
of algebraic varieties, we have

finite

Rf[1ICx"] = €D ixsICy, (La) k). (8.2.1)
k

Here for each k, Yy is an irreducible closed subvariety of Y, iy : Yy — Y is the
embedding, Ly € Loc(Ylé)for some smooth Zariski open subset Y,é of Yy, and Iy, is an
integer.

The proof relies on a deep theory of weights for étale perverse sheaves in positive
characteristics. This result can be extended to analytic situation via the theory of
Hodge modules (see Section 8.3 below).

Corollary 8.2.27. Let X be a projective variety and 7 : f — X a resolution of
singularities of X. Then I H'(X) is a direct summand of H' (X) for any i € Z.

Proof. By the decomposition theorem we have
R7.(Cgldx]) ~1Cx' & F°
for some F' € Df (X), from which the result follows. O

Remark 8.2.28. The decomposition theorem has various important applications in
geometric representation theory of reductive algebraic groups. For details we refer
the reader to Lusztig [L2] and Chriss—Ginzburg [CG].

In general the direct image of a perverse sheaf is not necessarily a perverse sheaf.
We will give a sufficient condition on a morphism f : X — Y so that Rf,(ICx") is
perverse.

Definition 8.2.29. Let f : X — Y be a dominant morphism of irreducible algebraic
varieties. We say that f is small (resp. semismall) if the condition codimy{y € Y |
dim f~!(y) > k} > 2k (resp. codimy{y € ¥ | dim F~Ny) = k} > 2k) is satisfied
for any k£ > 1.

Note thatif f : X — Y is semismall then there exists a smooth open dense subset
U C Y such that f | -1y f~Y(U) — U is a finite morphism. In particular we
have dxy = dy.
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Proposition 8.2.30. Let f : X — Y be a dominant proper morphism of irreducible
algebraic varieties. Assume that X is rationally smooth.

(1) Assume that f is semismall. Then the directimage R f,(Cxan[dx]) of the constant
perverse sheaf Cxan[dx] >~ ICx" is a perverse sheafon Y.

(ii) Assume that f is small. Then we have an isomorphism Rf,(Cxa[dx]) =~
ICy (L) for some L € Loc(U), where U is a smooth open subset of Y.

Proof. (i) By DyRf, >~ Rfi:Dx (f is proper) it suffices to check the condi-
tion Rf,(Cxu[dx]) € PDS(X). This follows easily from RJ f,(Cxan), =
H/(f~(y), C) and the fact that H/ (f~!(y), C) = 0 for j > 2dim f~!(y).

(ii) By our assumption there exists an open subset U C Y such that f | ;-1
f~Y(U) — U is a finite morphism. If necessary, we can shrink U so that U is
smooth and f,Cxan|yan € Loc(U). We denote this local systemby L. Set Z = Y\ U
and leti : Z — Y be the embedding. By Proposition 8.2.5 we have only to show
that i ~'Rf,(Cxm[dx]) € PDS"'(Z) and i'Rf,(Cxm[dx]) € PDZ'(Z). Again by
DyRf., ~ Rf,Dy it is enough to check only the condition i ™' Rf,(Cxa[dx]) €
pD§_1 (Z). This can be shown by the argument used in the proof of (i). O

Recall that the normalization 7 : X — X of a projective variety X is a finite map

which induces an isomorphism 7 |n—1Xl_eg s Xieg = Xreg.

Corollary 8.2.31. Let X be a projective variety and 1 : X — X its normalization.
Then we have an isomorphism

Rm,[IC3’] ~ICx .
In particular, there exists an isomorphism [ H' (f) ~ [H (X) foranyi € 7.
Since the normalization 7z :‘5~—> C of an algebraic curve C is smooth, we obtain
an isomorphism / H'(C) >~ H'(C) for any i € Z. However, this is not always true

in higher-dimensional cases.

Example 8.2.32. Let C be an irreducible plane curve defined by C = {(x¢ : x1 : x2)
e p? (C)ng + xf = xpx1x2}. Since C has an isolated singular point, we obtain

C i=0
IHC)={0 i=1
C i=2

by Proposition 8.2.19. In this case the normalization C of Cis isomorphic to P!(C)
and hence we observe that / H' (C) >~ H'(C) for any i € Z.
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Remark 8.2.33. Proposition 8.2.30 has important consequences in representation
theory. For example, let G be a semisimple algebraic group over C and B C G
a Borel subgroup (see Chapter 9 for the definitions). For the flag variety X = G/B of
G letus set G = {(g.x) € GxX|gx=ux}CGxX. Then G is a smooth complex
manifold because the second projection G — X isa fiber bundle on X. Furthermore,

it turns out that the first projection f : G — G issmall (see Lusztig [L1]). Therefore,
via the Riemann—Hilbert correspondence, Proposition 8.2.30 implies that

Hf/(95:O for j #0.
;

The remaining non-zero term H° s ¥ Og is a regular holonomic system on G and
coincides with the one satisfied by the characters of representations (invariant distri-
butions) of a real form of G (see [HK1]). Harish-Chandra obtained many important
results in representation theory through the detailed study of this system of equations.
We also note that Proposition 8.2.30 and Theorem 8.2.36 below play crucial roles in
the recent progress of the geometric Langlands program (see, for example, [MV]).

We end this section by presenting a beautiful application of the decomposition
theorem due to Borho—MacPherson [BM] on the explicit description of the direct
images of constant perverse sheaves. Let f : X — Y be a dominant projective
morphism of irreducible algebraic varieties. Then by a well-known result in analytic
geometry (see, for example, Thom [Th, p. 276]), there exists a complex stratification
Y = UyeaYy of Y by connected strata Y,’s such that f|f—1YD, : f‘lYa — Y,
is a topological fiber bundle with the fiber F, := f’l(ya) (¢ € Yy). Letus
assume, moreover, that f is semismall. Then we have codimy Y, > 2dim F, for
any @ € A. Note that for any i > 2dim F, we have H!(F,) = 0. In particular
[Hin*(CX)]|ya = 0 for any i > codimy Y. Set ¢, = codimy Y, and denote by
L the local system [H“ Rf . (Cx)]ly, on Yq.

Definition 8.2.34. We say that a stratum Y, is relevant if the condition ¢, = 2 dim F,
holds.

We easily see that f is small if and only if the only relevant stratum is the open
dense one. Moreover, a stratum Y, is relevant if and only if L, # 0. For a relevant
stratum Y, the top-dimensional cohomology group H‘ (Fy) >~ (Lg),, of the fiber
Fy has a basis corresponding to the dr, -dimensional irreducible components of F,.
The fundamental group of Y, acts on the C-vector space H (Fy) =~ (Lg)y, by
permutations of these irreducible components. This action completely determines
the local system L. For each o € A let

Lo = D(Ly)™"
¢

be the irreducible decomposition of the local system L,, where ¢ ranges through the
set of all irreducible representations of the fundamental group of Y, and my > 0 is
the multiplicity of the irreducible local system Ly corresponding to ¢.
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Definition 8.2.35. We say that a pair (Y, ¢) of a stratum Y,, and an irreducible rep-
resentation of the fundamental group of Y, is relevant if the stratum Y, is relevant
and my # 0.

Theorem 8.2.36 (Borho—MacPherson [BM]). In the situation as above, assume,
moreover, that X is rationally smooth. Then the direct image Rf ,(Cx[dx]) of the
constant perverse sheaf Cx[dx] >~ ICx " is explicitly given by

Rf(Cxldx]) ~ €P liasICz, (Lp) 1%,
Yo, $)

where (Yy, @) ranges through the set of all relevant pairs, Z,, is the closure of Y, and
iq : Zog —> Y is the embedding.

Proof. By Proposition 8.2.30 the direct image Rf,(Cx[dx]) is a perverse sheaf on
Y. By the decomposition theorem we can prove recursively that on each strata Y it
is written more explicitly as

Rf (Cxldx]) ~ €P liasICz, (Ly) 1",
(Yo 9)

where (Y, ¢) ranges through the set of all pairs of Y, and irreducible representations ¢
of the fundamental group of Y,, and ny are some non-negative integers. Indeed, let Yy,
be the unique open dense stratum in Y. Then on Yy, the direct image Rf,(Cx[dx])
is obviously written as

Rf.(Cxldx]) ~ @) (Lgldx)®™,
(Yag9)

where (Y, ¢) ranges through the set of relevant pairs. Namely, for any pair (Y, ¢)
such that @ = a9 we have ny = my. Let Yy, be a stratum such that codimy Yy, = 1.
Since Hin* (Cxldx]) =0onY,, fori # —dx by the semismallness of f, for any
pair (Y, ¢) such that « = «; we must have ngy = 0. Therefore, on Yy, U Yy, we
obtain an isomorphism

Rf (CxldxD) = @B lia,ICz,, (Ls) 1",
(Yo

where (Y, ¢) ranges through the set of relevant pairs. By repeating this argument,
we can finally prove the theorem. O

Remark 8.2.37. By Theorem 8.2.36 we can geometrically construct and study repre-
sentations of Weyl groups of semisimple algebraic groups. This is the so-called theory
of Springer representations. For this very important application of Theorem 8.2.36,
see Borho—MacPherson [BM]. As another subject where Theorem 8.2.36 is applied
effectively we also point out the work by Gottsche [Go] computing the Betti numbers
of Hilbert schemes of points of algebraic surfaces. Inspired by this result Nakajima
[Nal] and Grojnowski [Gr] found a beautiful symmetry in the cohomology groups
of these Hilbert schemes (see [Na2] for the details).
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8.3 Hodge modules

8.3.1 Motivation

Let k an the algebraic closure of the prime field IF,, of characteristic p. Starting
from a given separated scheme X of finite type over Z, we can construct by base
changes, the schemes X¢ = X ®7 C over C and X; = X ®yz k over k. The
scheme X is regarded as the counterpart of X¢ in positive characteristic. We have
cohomology groups H*(X¢', Q), HJ (X', Q) forthe underlying analytic space X&'
of X; the corresponding notions in positive characteristic are the so-called /-adic
étale cohomology groups H* (X, Q), H} (Xy, Q) (isa prime number different
from p). More precisely, under some suitable conditions on X over Z we have the
isomorphisms

H*X®, Q) ®9 @ ~ H*(Xk, Q). HXXE, Q) ®g Q >~ H(Xk, Q).

which show that the étale topology for X corresponds to the classical topology for
X . This correspondence can be extended to the level of local systems and perverse
sheaves on X("[‘:n and Xj.

For X we have the Frobenius morphism, which is an operation peculiar to the case
of positive characteristic. This allows us, compared with the case of X, to develop
a more detailed theory on X by considering étale local systems and étale perverse
sheaves endowed with the action of the Frobenius morphisms (Weil sheaves). That
is the theory of weights for étale sheaves, which played an important role in the proof
of the Weil conjecture [De3], [BBD].

However, Grothendieck’s philosophy predicted the existence of the theory of
weights for objects over C. In the case of local systems, the theory of the variation
of Hodge structures had been known as a realization of such a theory over C [De2].
In the case of general perverse sheaves, a theory of weight which is based on the
Riemann—Hilbert correspondence was constructed, and gave the final answer to this
problem. This is the theory of Hodge modules due to Morihiko Saito [Sal], [Sa3].

In this section, we present a brief survey on the theory of Hodge modules.

8.3.2 Hodge structures and their variations

In this subsection we discuss standard notions on Hodge structures. For more precise
explanations, refer to [De2], [GS].

Let X be a smooth projective algebraic variety. The complexifications H¢g =
H"(X*™, C) of its rational cohomology groups H = H" (X", Q) (n € Z) can be
naturally identified with the de Rham cohomology groups. Moreover, in such cases,
a certain family { H”? | p, g € N, p + g = n} of subspaces of Hc is defined by
the theory of harmonic forms so that we have the Hodge decomposition

Hc = @ HP,  HP9 = HOP,
pt+q=n
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Here we denote the complex conjugation map of Hc with respect to H by h +—
h (h € Hc). Letus set FP(Hg) = @I-Zp H""7'. Then F defines a decreasing

filtration of Hg and the equality Hc = FP @ F"~P*! holds for every p. We call it
the Hodge filtration of Hc. Note that we can reconstruct the subspaces H?4 from
the Hodge filtration by using H”*4 = FP N F4.

Therefore, it would be natural to define the notion of Hodge structures in the
following way. Let H be a finite-dimensional vector space over Q and Hc its com-
plexification. Denote by & > h (h € Hc) the complex conjugation map of Hc and
consider a finite decreasing filtration F = { F”(Hc) } ,ez by subspaces in Hc. That
is, we assume that F” (Hg)’s are subspaces of Hc satisfying FP(Hc) D FPTI(Hp)
("p) and FP(Hg) = {0}, F~P(Hg) = Hc (p > 0). For an integer n, we say that
the pair (H, F) is a Hodge structure of weight n if the condition

chFp@Fn7p+l

holds for any p. The filtration F is called the Hodge filtration. In this case, if we set
HP4 = FP N F4, then we obtain the Hodge decomposition

Hc = @ HP, HP9 = HOP,
pt+q=n

We can naturally define the morphisms between Hodge structures as follows. Given
two Hodge structures (H, F), (H', F) of the same weight n, a linear map f : H —
H' is called a morphism of Hodge structures if it satisfies the condition

f(FP(Hg)) C FP(Hp)

for any p. Here we used the same symbol f for the complexified map Hc — H((/: of
f. Thus we have defined the category SH (n) of the Hodge structures of weight n.
The morphisms in SH (n) are strict with respect to the Hodge filtration . Namely,
for f € HomSH(n)((H, F), (H', F)) we always have

f(FP(Hg) = f(He) N FP(Hg)

for any p € Z, from which we see that SH (n) is an abelian category.

Next let us explain the polarizations of Hodge structures. We say a Hodge struc-
ture (H, F) € SH(n) is polarizable if there exists a bilinear form S on H satisfying
the following properties:

(1) If niseven, S is symmetric. If n is odd, S is anti-symmetric.
(ii) If p + p’ # n, we have S(HP"~P HP ""P) = (.
(iii) For any v € H?""~P such that v # 0 we have (V=D""2PS(v, ©) > 0.

Denote by S H (n)? the full subcategory of S H (n) consisting of polarizable Hodge
structures of weight n. Then it turns out that SH (n)? is an abelian category, and any
object from it can be expressed as a direct sum of irreducible objects.

As we have explained above, for a smooth projective algebraic variety X, a natural
Hodge structure of weight n can be defined on H" (X", QQ); however, the situation is
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much more complicated for non-projective varieties with singularities. In such cases,
the cohomology group H" (X", Q) is a sort of mixture of the Hodge structures of
various weights. This is the theory of mixed Hodge structures due to Deligne.

Letus give the definition of mixed Hodge structures. Let H be a finite-dimensional
vector space over Q, F a finite decreasing filtration of Hc and W = {W,,(H)},c7
a finite increasing filtration of H. By complexifying W, we get an increas-
ing filtration of Hc, which we also denote by W. Then the complexification of
gr,le(H) = W,(H)/W,_1(H) is identified with W, (Hc)/W,_1(Hc) and its de-
creasing filtration is defined by

FP (W, (He)/Wy—1(Hg)) = (W, (He) N F? (He) + Wy—1(H))/ Wa—1 (He).

We say that a triplet (H, F, W) is a mixed Hodge structure if for any n the filtered
vector space gr,‘f/(H, F) = (gr,‘;V(H), F)isa Hodge structure of weight n. We can
naturally define the morphisms between mixed Hodge structures, and hence the cate-
gory SH M of mixed Hodge structures is defined. Let SH M7 be the full subcategory
of SH M consisting of objects (H, F, W) € SHM such that gr,‘?/ (H, F) e SH(n)?
for any n. They are abelian categories.

Next we explain the notion of the variations of Hodge structures, which naturally
appears in the study of deformation (moduli) theory of algebraic varieties.

Let f : Y — X be a smooth projective morphism between two smooth algebraic
varieties. Then the nth higher direct image sheaf R" f"(Qyan) is a local system
on X* whose stalk at x € X is isomorphic to H"(f~'(x)®, Q). Since the fiber
£~ (x) is a smooth projective variety, there exists a Hodge structure of weight n on
H"(f~1(x)®, Q). Namely, the sheaf R" f, 20(Qyan) is a local system whose stalks
are Hodge structures of weight n. Extracting properties of this local system, we come
to the definition of the variations of Hodge structures as follows.

Let X be a smooth algebraic variety and H a (Q-local system on X?". Then by a
theorem of Deligne (Theorem 5.3.8), there is a unique (up to isomorphisms) regular
integrable connection M on X such that DR(M) = C®q H [dim X]. Let us denote
this regular integrable connection M by M(H). Assume that FF = {F (M(H))} ez
is a finite decreasing filtration of M(H) by Ox-submodules such that F?/FP+1 is
a locally free Ox-module for any p. Namely, F corresponds to a filtration of the
associated complex vector bundle by its subbundles. Since the complexification
(Hy)c of the stalk Hy of H at x € X coincides with C ® o, , M(H)y, a decreasing
filtration F (x) of (Hy)c is naturally defined by F'. Now we say that the pair (H, F)
is a variation of Hodge structures of weight n if it satisfies the conditions

(i) For any x € X, (Hy, F(x)) € SH(n).
(ii) For any p € Z, we have O - FP(M(H)) C FP~'(M(H)), where Oy stands
for the sheaf of holomorphic vector fields on X.

The last condition is called Griffiths transversality. Also, we say that the variation of
Hodge structures (H, F) is polarizable if there exists a morphism

S:H ®Qxan H— Qxan
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of local systems which defines a polarization of (H,, F(x)) at each point x € X.
We denote by VSH (X, n) the category of the variations of Hodge structures on
X of weight n. Its full subcategory consisting of polarizable objects is denoted by
VSH(X, n)P. The categories VSHM (X), VSHM (X)? of the variations of mixed
Hodge structures on X can be defined in the same way as SHM, SHMP?. All these
categories VSH (X, n), VSH(X, n)?, VSHM (X) and VSHM (X)? are abelian
categories.

8.3.3 Hodge modules

The theory of variations of Hodge structures in the previous subsection may be re-
garded as the theory of weights for local systems. Our problem here is to extend it to
the theory of weights for general perverse sheaves. The Q-local systems H appear-
ing in the variations of Hodge structures should be replaced with perverse sheaves K
(over Q). In this situation, a substitute for the regular integrable connection M (H)
is a regular holonomic system M such that

DR(M) =C®q K.

Now, what is the Hodge filtration in this generalized setting? Instead of the decreasing
Hodge filtration F = {FP} of M, set F, = F~" and let us now consider the
increasing filtration { /', }. Then Griffiths transversality can be rephrased as ©x - F,, C
Fp41. Therefore, for a general regular holonomic system M, we can consider good
filtrations in the sense of Section 2.1 as a substitute of Hodge filtrations.

Now, for a smooth algebraic variety X denote by M F,;(Dy) the category of the
pairs (M, F) of M € Mod,,(Dyx) and a good filtration F of M. We also denote
by M F,;,(Dx, Q) the category of the triplets (M, F, K) consisting of (M, F) €
M F,;(Dx) and a perverse sheaf K € Perv(Qx) over Q such that DR(M) = C ®q
K. Also MF,,W(Dyx, Q) stands for the category of quadruplets (M, F, K, W)
consisting of (M, F, K) € MF,,(Dx, Q) and its finite increasing filtration W =
{W,} in the category M F,;,(Dx, Q). Although these categories are not abelian,
they are additive categories. Under these definitions, we can show that VSH (X, n)
(resp. VSH M (X)) is a full subcategory of M F,,,(Dyx, Q) (resp. M F,, W(Dyx, Q)).
Indeed, by sending (H, F) € VSH(X, n) (resp. (H, F, W) € VSHM(X)) to
(M(H), F, H[dim X]) € MF,;,(Dx, Q) (resp. (M(H), F, H[dim X], W) €
MF,.,W(Dyx, Q) we get the inclusions

¢% : VSH(X, n) — MF,,(Dx, Q),
¢ox : VSHM(X) — MF,,W(Dyx, Q)

of categories. So our problem is now summarized in the following three parts:

(1) Define a full abelian subcategory of M F,,(Dx, Q) (resp. MF,,W(Dx, Q))
consisting of objects of weight n (resp. objects of mixed weights).

(2) Define the various operations, such as direct image, inverse image, duality functor
for (the derived categories of) the abelian categories defined in (1).
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(3) Show that the notions defined in (1), (2) satisfy the properties that deserves the
name of the theory of weights. That is, prove basic theorems similar to those in
the theory of weights in positive characteristic.

Morihiko Saito tackled these problems for several years and gave a deci-
sive answer. In [Sal], Saito defined the full abelian subcategory M H (X, n) of
MF,,(Dx, Q) consisting of the Hodge modules of weight n. He also gave the
definition of the full abelian subcategory M H (X, n)? of M H(X, n) consisting of
polarizable objects and proved its stability through the direct images associated to
projective morphisms. Next, in [Sa3], he defined the category M H M (X) of mixed
Hodge modules as a subcategory of M F,., W(Dy, Q) and settled the above problems
(2), (3). Since the definition of Hodge modules requires many steps, we do not give
their definition here and explain only their properties.

We first present some basic properties of the categories M H (X, n) and
MH (X, n)? following [Sal]:

(pl) MH(X, n), MH(X, n)? are full subcategories of M F,,(Dyx, Q), and we
have MH (X, n)? € MH(X, n).

(p2) (locality) Consider an open covering X = |J,., Uy of X. For V €
MF,,(Dx, Q) we have V € MH(X, n) (resp. MH (X, n)?) if and only if
Vly, € MH( Uy, n) (resp. V|y, € MH(Uy, n)P).

(p3) All morphisms in M H(X, n) and MH(X, n)? are strict with respect to the
filtrations F.

We see from (p3) that M H(X, n) and M H (X, n)? are abelian categories. For
V=W, F, K) € MH(X, n) the support supp(M) of M is called the support of
Y and we denote it by supp(V). This is a closed subvariety of X. Now let Z be an
irreducible closed subvariety of X. We say V = (M, F, K) € MH (X, n) has the
strict support Z if the support of V' is Z and there is neither subobject nor quotient
object of ¥V whose support is a non-empty proper subvariety of Z. Let us denote
by M Hz(X, n) the full subcategory of M H (X, n) consisting of objects having the
strict support Z. We also set MHz(X, n)? = MHz(X, n) N MH(X, n)?. Then
we have

(p4) MH(X, n) = @, MHz(X, n), MH(X, n)’ = @, MHz(X, n)”, where
Z ranges over the family of irreducible closed subvarieties of X.

If one wants to find a category satisfying only the conditions (p1)—(p4) one can
set M H (X, n) = {0} for all X; however, the category M H (X, n) is really not trivial,
as we will explain below.

For V = (M, F, K) € MF,,(Dx, Q) and an integer m we define V(m) €
M F,(Dx, Q) by

V(im) = (M ®q Q(m), Flm], K ®q Q(m))

(the Tate twist of V), where Q(m) = 2n+/—1)"Q C Cand F[m], = F,_;,. The
readers might feel it strange to write ® gQ(m); however, this notation is natural from
the viewpoint of Hodge theory.
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(pS) ¢%(VSH(X, n)’) C MHx (X, n + dim X)?.
(p6) IfV € MH(X, n) (resp. MH(X, n)?), then V(m) € MH (X, n — 2m) (resp.
MH(X, n—2m)P).

From (p5), (p6) and the stability through projective direct images to be stated below,
we see that M H (X, n) contains many non-trivial objects (see also (m13) below).
Let f : X — Y beaprojective morphism between two smooth algebraic varieties.
Then the derived direct image fyp (M, F) of (M, F) € MF,,(Dy) is defined as
a complex of filtered modules (more precisely it is an object of a certain derived
category). As a complex of D-modules it is the ordinary direct image | ’ M.

(p7) If (M, F, K) € MH(X, n)?, then the complex fy (M, F) is strict with
respect to the filtrations and we have

(H fa(M, F), PHY f.(K)) € MH(Y, n + j)P.

for any j € Z (PH/ f,(K) is the jth perverse part of the direct image complex
f«(K), see Section 8.1).

Let us explain how the filtered complex fy (M, F) canbe defined. First consider
the case where f is a closed embedding. In this case, for j # 0 wehave H/ i 7 M=0

and HO ff M = f.(Dy—x ®py M). Using the filtration on Dy .y induced from
the one on Dy, let us define a filtration on f / M by

Fo ff M) = f. (; Fy(Dy ) ® Fpgiaim X —aimy (M).

Then this is the filtered complex fy (M, F) of sheaves. Next consider the case where
fisaprojection X =Y x Z — Y (Z is a smooth projective variety of dimension
m). Now Dy x ®éx M can be expressed as the relative de Rham complex

DRx;y (M) = [Q% )y ®0x M — Q) )y ®0y M — -+ —> Q% @0, M]

(here QY )y ®0x M is in degree 0). Hence a filtration of DRy,y (M) as a complex
of f~!Dy-modules is defined by

Fy,(DRx/y(M)) = [Q())(/y ®0y Fp(M) — Q}(/Y B0y Fpr1(M)
— e —> Qm ®(’)X Fp+m(M)]v

and its sheaf-theoretical direct image is fy (M, F). Note that the complex
Sx (M, F) is strict if and only if the morphism

HI(Rfu(Fy(DRy)y (M) —> H (Rfu(DRy,y(M))) = HI /f M

is injective for any j and p. If this is the case, H/ i ¥ M becomes a filtered module
by the filtration
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F,,(Hj/f/\/l> = HI(Rfu(F,(DRx,y(M)))).

We next present some basic properties of mixed Hodge modules following [Sa3]:

(ml) MHM(X) is a full subcategory of M F,,W(Dyx, Q), and subobjects and
quotient objects (in the category M F,.;, W (Dx, Q)) of an object of M HM (X)
are again in M HM (X). That is, the category M H M (X) is stable under the
operation of taking subquotients in M F,., W(Dyx, Q).

(m2) fV = (M, F, K, W) € MHM(X), then gtV V = gtV(M, F, K) €
MH((X, n)P. Furthermore, if V € MF,,W(Dyx, Q) satisfies ngVV =0
(k # n), gr,‘fVV € MH(X, n)?, then we have V € MHM (X).

(m3) (locality) Let X = U/\e A U, be an open covering of X. Then for V €
MF,,W(Dx, Q) wehaveV € MHM (X) if and only if V|, € MHM (U,)
forany A € A.

(m4) All morphisms in M HM (X) are strict with respect to the filtrations F, W.

(m3) fV =M, F, K, W) €e MHM(X), then V(m) = (M ®q Q(m), F[m],
K ®g Q(m), W[-2m]) € MHM (X).

It follows from (m4) that M H M (X) is an abelian category. Also by (m2) the
object
Q¥ [dim X] := (Ox, F, Qxm[dim X], W)
(gr) =0 (p #0), gr,/ =0 (n #dim X))
in MF.,W(Dy, Q) belongs to M HM (X). Let us define a functor
rat : MHM (X) — Perv(Qyx)

by assigning K € Perv(Qx) to (M, F, K, W) € MHM (X). Then the functor rat
induces also a functor

rat : D’ MHM(X) —> D’ (Perv(Qx)) ~ D?(Qx)

of triangulated categories (i.e., it sends distinguished triangles in D? M HM (X) to
those in Df((@x)), where we used the isomorphism D?(Perv(Qyx)) =~ Df(@x)
proved by [BBD] and [Bei]. In [Sa3] the functors
D: MHM(X) — MHM(X),
fx» fi: DPMHM(X) — D°PMHM(Y),
*, ' D’MHM(Y) — D"MHMX)
were defined in the derived categories of mixed Hodge modules and he proved various

desired properties (f : X — Y is a morphism of algebraic varieties). Namely, we
have

(m6) DoD=1d, Do fg = fioD, Do fX = f' oD.
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(m7) D orat = ratoD), f, orat = ratofy, fiorat = ratofi, f* orat =
ratof*, f'orat =ratof"'.
(m8) If f is a projective morphism, then fy = fi.

Let V € DPMHM(X). We say that V has mixed weights < n (resp. > n) if
ger HIV =0( > j+n) (resp. grl.W H'V =0(i < j+n)). Also V is said to have
a pure weight n if ger H/V =0 (i # j + n) holds. Now we have the following
results, which justify the name “theory of weights™:

(m9) If V has mixed weights < n (resp. > n), then DV has mixed weights > —n
(resp. < —n).
(m10) If V has mixed weights < n, then fiV, f*V have mixed weights < .
(m11) IfV has mixed weights > n, then fyV, f 'V have mixed weights > n.

Next we will explain the relation with the variations of mixed Hodge structures.

(m12) Let H € VSHM(X)?. Then ¢x(H) € MF,,W(Dyx, Q) is an object of
M H M (X) if and only if H is admissible in the sense of Kashiwara [Kas13].

This implies in particular that M H M (pt) = SH MP (the case when X is a one-point
variety {pt}).

Finally, let us describe the objects in M Hz (X, n)” by using direct images (Z is
an irreducible subvariety of X). Let U be a smooth open subset of Z and assume
that the inclusion map j : U < X is an affine morphism. For H € VSH (U, n)?,
Ji¢y, H and j.¢7, H are objects in M H M (X) having weights < n, > n, respectively.
Therefore, if we set

JudpH = Im[jipyH —> jubyH],

then ji.¢7,H is an object in M H M (X)) having the pure weight n + dim Z (this func-
tor ji, is a Hodge-theoretical version of the functor of minimal extensions defined in
Section 8.2). Hence grmdimz Jx@(;H is an object in M H(X, n + dim Z)”. Fur-
thermore, it turns out that this object belongs to M Hz (X, n)”. Let us denote by
VSH(Z, n)gen the category of polarizable variations of Hodge structures of weight
n defined on some smooth Zariski open subsets of Z. Then by the above correspon-
dence, we obtain an equivalence

(m13) VSH(Z, n)hen =>MHz(X, n + dim Z)”.

of categories. Now consider the trivial variation of Hodge structures
(O F, nggg) € VSH (Zieg, 0)P

defined over the regular part Z, of Z (grg = 0 (p # 0)). Let us denote by IC;’
the corresponding object in M Hz (X, dim Z)” obtained by (m13). If we define the
filtration W on it by the condition gr,‘fV = 0 (n # dim Z), then we see that IC? €
M HM (X). The underlying D-module (resp. perverse sheaf) of IC? is the minimal
extension L(Zreg, Oz,,) (resp. the intersection cohomology complex IC(Q deng)).
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Also in the case of Z = X, we have IC)I? = Qg [dim X]. Letax : X — pt be the
unique map and for V € M HM (X) set

HYX, V) = H ((ax)«V), HX(X, V) = H*((ax)V).

Then these are objects in M HM (pt) = SHMP. When X is a projective variety, by
(m10) and (m11) we get in particular

H*(x, 1Y) = H*(X, ICY) € SH (k + dim Z)”.

This result shows that the global intersection cohomology groups of Z have Hodge
structures with pure weights.



