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Chapter 1

Manifolds

1.1 Topological Manifolds

In imprecise terms, a manifold is a space which looks locally like Euclidean
space. Actually there several kinds. Let’s start with the most basic.

Definition 1.1.1. A topological manifold of dimension n (or n-manifold) is a
metrizable topological space such point has a nbhd U homeomorphic to an open
ball of R™. We refer to U as a coordinate nbhd, and U with a fixed homeomor-
phism ¢ : U —V CRY as a chart.

Recall that metrizable means that it comes from a metric. The condition
ensures that the underlying space is sufficiently nice, but it can be omitted at
this point. Note that any connected component of a manifold is also a manifold,
so we usually just study the connected ones. And if I forget to say “connected
manifold” , you should assume that’s what I meant.

Example 1.1.2. Any open subset of R™ is clearly an n-manifold.

Example 1.1.3. The n-sphere S™ = {(z1,...,2,) | 23 + ... + 22 = 1} is
manifold. Given p = (1,0,...0), the hemisphere S™ N {xz1 > 0} is a coordinate
nbhd, with ¢ given by stereographic projection.

Example 1.1.4. If X andY are manifolds of dimensionn and m, then X XY is
manifold of dimension n+m. In particular, the torus T" = S'x...S* (n times)
s an n-manifold.

Example 1.1.5. The cone defined by 22 = x? + y? in R is not a manifold.
Why not?

The next example is really important in algebraic geometry. So we study it
in some detail.

Example 1.1.6. Complex projective space CP" = P¢ is the set of complex lines
through the origin (= one dimensional complex subspaces) in C"*1. Alterna-
tively, let t € C* act on C" ™! by multiplications. Then P% = (C*t! —{0})/C*.



We give P¢ the quotient topology, i.e. U is open iff it’s preimage Ccrtl — {0} is
open.

Lemma 1.1.7. P¢ is a manifold of dimension 2n (NB: algebraic geometers
generally use complex dimension, which would be n.)

Proof. Given p = (29,...,2,) € C*" — {0}, let [p] denote the corresponding
point in projective space. The variables z; are called homogenous coordinates.
Let U; = {[z0,-.-,2n] | s # 0}. This forms an open cover. The map

[205 -, 2n] — (21/20,- .- 2n/%0)
defines a homeomorphism Uy = C™. A similar construction applies to all U;. [

The manifold P¢ is compact (why?). By the above proof it is a compact-
ification of C™. If one wants to compactify C™ to a complex manifold (to be
defined later). Then this is a simplest way to do it.

Finally, we describe a few more examples constructed by ”cut and paste”.

Example 1.1.8. If one glues the ends of [0,1] x R by identifying (0,x) with
(1,7), one gets S* x R. Howewver, identifying (0, ) with (1, —x) results in the
Moebius strip.

Example 1.1.9. Take two copies of T?, say Ti,Ts>. Choose open coordinate
disks D; C T;. Note that boundaries OD; are circles. Glue Ty — D1 to To — Do
along the circles 0D;. This construction is called a connected sum, and denoted
by T?#T?. This forms a new 2-manifold called a genus 2 surface. It can be
visualized by drawing a 2 holed donut. This can be repeated several times. The
manifold T?#T?# ... T? (g times) is a called a genus g surface.

1.2 (C*°-manifolds

It is possible to do calculus on manifolds, but first we have to refine the defini-
tion.

Definition 1.2.1. A C* manifold of dimension n is a topological manifold X
equipped with a collection of charts (called an atlas) ¢; : Uy — V; C R™ such
that ¢; o qb;l are C*, and of course X = JU;.

If we write ¢;(p) = (x1(p),...,2n(p)). The functions 1, ... are called local
coordinates. We are requiring that new coordinates can be expressed as C*°
functions of old coordinates, and visa versa. We say that two atlases are equiv-
alent if their union is an atlas. Then to be a bit more pedantic, a C°*° manifold
is given by an equivalence class of atlases. (Alternatively, some authors will tell
you pick the maximal one by Zorn’s lemma.)

Example 1.2.2. Open subsets of R", S™, T™ and P¢ are all C* manifolds.



For the last item, note that homogenous coordinates are not coordinates in
the sense of the previous paragraph, but the ratios zo/z;,22/% ... on U; are.
On U; NU;, we have two systems of coordinates zj/z; and z;/z; related by
multiplying by z;/z; or its inverse.

The Moebius strip and the last example above T24 ... can also be made
into C*° manifold if the gluing is done with care. For the rest of this section
manifold means C*° manifold.

We can produce many examples, with the help of the implicit function the-
orem from calculus. In the simplest form it says that if f : R"™! — R is C

such that f(0) =0 and Mafﬂ (0) # 0, and if

f(l’h . ,.’En+1) = 0

then we can “solve for” x,y1 in terms of the previous variables, at least near
the origin. Here is a more precise and stronger statement.

Theorem 1.2.3. Suppose that 0 € U C R™"™™ s open, and f : U — R™ is
a C* function such that f(0) = 0 and ( Ofi (0))i=1,...m tis invertible. Then

O ti
f71(0) is the graph of another C™ function g near the origin. More precisely,
there exists open sets 0 € V CR" 0 e W CR™ and C* g:V — W such that
VxWcU, and

Y(p,q) € VxW, f(p,q) =0 q=g(p)

Corollary 1.2.4. Suppose that f : U — R™ is C* such that X = f~1(0) # ()
and the Jacobian (0f;/0x,+;) is invertible along all points of X Then X has
the structure of C*° n-manifold.

Sketch. Suppose p; € X, which for simplicity we assume is 0. Then the implicit
function theorem produces V, W, g as above. Set Uy = (V x W) N X. Then the
projection ¢y : Uy — V = V] is a homeomorphism, because the inverse is given
by p — (p,g(p)). This gives a chart at p;. One can check that for any other
choice pa, ..., ¢2, the transition function ¢s o qbl_l is C*°. U

Definition 1.2.5. A map f: X — Y between manifolds is C*° if
1. f is continuous

2. Q/Jjofogbi_l is C°° for any charts ¢; : U; — V; CR™ and 1); : UJ’. %Vj’ C
R™.
The last condition says that f is C°° when expressed in local coordinates.
Using standard facts from calculus.

Theorem 1.2.6. The composition of two C°.

It follows that manifolds and C'*° maps constitute a category. An isomor-
phism in this category is called a diffeomorphism. To be more explicit:

Definition 1.2.7. A diffeomorphism between manifolds is a C'°° bijection such
that the inverse is also C*°. Two manifolds are called diffeomorphic if a diffeo-
morphism exists between them.



1.3 Riemann surfaces

We will postpone the discussion of definition of general complex manifolds, and
focus on the important special case of Riemann surfaces (= complex curves) for
now.

Definition 1.3.1. A Riemann surface is a topological manifold X equipped with
an altas ¢; : Uy — V; C C, such that ¢; o gbj_l s holomorphic.

By definition, a Riemann has complex local coordinate z in every chart.
Coordinate changes are required to be holomorphic. A Riemann surface can be
viewed as the C*° 2-manifold, with (real) coordinates x = Rez,y = I'm z.

Example 1.3.2. Any open subset of C is a Riemann surface.

The next example is covered in a standard complex analysis class. It is the
simplest example of Riemann surface which is not a subset of C.

Example 1.3.3. The Riemann sphere is S = CU{oo} has two charts Uy = C
with the identity ¢ : C — C or standard coordinate z, and U; = C— {0} U {oco}
with coordinate ¢ = 1/z. Alternatively, the sphere can be described as P§, where
z = 21/20, and { = z1 /20 in homogeneous coordinates.

Example 1.3.4. Given two R-linearly independent complex numbers a,b € C,
let L = Za®Zb be the lattice generated by them. Let E = C/L with a projection
7 :C — E. If D is a disk of radius r < min(|a + b|, |a — b|)/2 (so that D lies
in a period parallegram), © will map D homeomorphically to its image (D).

We take m(D) L> D to be a chart. In this way E becomes a Riemann surface
called an elliptic curve. As a C™ manifold, E = T?, and any two 2-tori are
diffeomorphic. However, its structure as a Riemann surface depends in a subtle
way on a,b.

We will discuss many other examples later on. But let us consider a nonex-
ample. As noted already, a Riemann surface is a C*° 2-manifold. The converse
is not true however. For example, a Moebius strip cannot be turned into a
Riemann surface. The reason is that the strip is not orientable. Informally, a
surface in R? is orientable if there is a nowhere nonzero normal vector field on
it. With a little calculus, we can turn this into a better definition.

Definition 1.3.5. A C°° 2-manifold is orientable if the Jacobian determinants
of the coordinate changes

det ox'/0x Oz’ [0y
“\oy' 1oz oy Joy

are either all strictly positive or strictly negative.

Theorem 1.3.6. A Riemann surface is orientable.



Proof. Let z = x + iy, w = u + iv be holomorphic coordinates. The Cauchy-
Riemann equations imply that

det (uz uy) = det (ur _UI> =uZ+v2>0

Uy Uy T Uy

(In case, you forget what the Cauchy-Riemann says, remember that it means
that the derivative is C-linear, or equivalently that the Jacobian matrix com-

. 0 1
mutes with <_1 0)) O

We can give another “proof” using the informal definition. It has the ad-
vantage of being calculation free. Suppose a surface X C R? was a Riemann
surface. Choose a unit tangent vector v at p € X. Since the tangent plane can
be identified with C, we can multiply by 7 to get new tangent vector u. The
cross product v X u gives a preferred unit normal. Note that the argument tells
us that Riemann surfaces are not just orientable, but naturally oriented.

1.4 Complex manifolds

We start a few more remarks about holomorphic functions in one variable. Let
us write
z=x+ 1y

as usual, and introduce complex valued differential forms
dz = dx + idy, dz = dx — idy

(If you aren’t sure what differential forms are, you can just be view them as
formal expressions for now.) Therefore

dx = %(dz +dz)

1
dy = Z—Z(dz —dz)

Given a C'* function f : U — C, the total differential

& = Fod + fydy = 5(fo — if,)d= + 5 (fo +if,)d2

We introduce operators

0f = 5 (fa —if, )iz

_ 1 ) ~
8f = §(f1 + ny)dz
so that



If we set u = Re f,v=1Im f, then

Of = 5[(ua —vy) +i(uy + vg)]dz

DN =

This makes it clear that the condition df = 0 is precisely the Cauchy-Riemann
equations. Therefore

Lemma 1.4.1. f is holomorphic iff 0f = 0.
Let us now go to several variables.

Definition 1.4.2. Let U C C™ be open. A function f: U — C is holomorphic
if it is C°° (or just C*) and holomorphic in each variable, i.e. when all but one
variable is fixed, f(z1,...,2,) is holomorphic in the remaining variable.

We define the Cauchy-Riemann operator in several variables by
n
j=0

Theorem 1.4.3. Given a C*° function f : U — C, the following are equivalent:

fzj +ify, )dz;

l\DM—l

1. f is holomorphic.
2. 0f =0

3. f is analytic: Writing z = (z1,...,2n), then for each p € U, there exists
an expansion
fEtp) = > g ey

J1y--20n 20

which converges uniformly in a nbhd of 0.

We just give the briefest sketch. See Voisin or other references for more. The
equivalence of 1 and 2 should be clear from what we said above. Also 3 = 1
is clear. Let’s consider the converse when p = 0. This requires a version of
Cauchy’s formula in several variables, which can be proved by induction:

1 _ QO
Je= (2m)" /lcll—m m/lcn—rn [1(¢ - Zj)d<1 Ao dn

(ignore the A if you aren’t sure what it means). The integrand can be expanded
into a product of geometric series. Since this is uniformly convergent for small
|z|, we can integrate term by term to obtain a power series expansion for f(z).

We record another consequence of Cauchy’s formula, which should be famil-
iar from one variable.

Theorem 1.4.4 (Maximum principle). If f holomorphic function on a closed
polydisk (= product of disks), then either |f(z)| takes a mazimum on the bound-
ary or f is constant.



In addition to analogues of results from one complex variable, there are also
some new phenomena:

Theorem 1.4.5 (Hartogs theorem). Suppose that n > 1 and thatp € U C C"
is open. A holomorphic function on U — {p} extends to U.

A proof, along with stronger versions, can be found in any book on several
complex variables. We are now ready to give the definition.

Definition 1.4.6. A complex manifold of dimension n is topological manifold
X equipped with charts ¢; : Uy — V;* C C™ such that ¢; o gbj_l is holomorphic in
the above sense.

Note n above is the complex dimension. The real dimension would be 2n.
The axioms say about each point, we can find holomorphic (or analytic) coordi-
nates z1,...,2,. The real and imaginary parts x1 = Rez1,y1 = Im z1, ... give
2n coordinates as the C'*° manifold.

We already have many examples, such Riemann surfaces (where the complex
dim =1), products of Riemann surfaces, and P¢. Here are a few examples, which
come from algebraic geometry.

Example 1.4.7. Let f(z1,...,2,) be a holomorphic function, e.g. a polynomial,
such that the gradient (0f /0z1,...,0f/0zy,) is nonzero along X = f~1(0) c C™.
Then X is a complex manifold of dimension n—1 called a nonsingular (algebraic
or analytic) hypersurface of C™. This requires the holomorphic version of the
implicit function theorem. We will say more about that later.

Before explaining the projective analogue, note that a polynomial f € C|zo, ..., 2,)
in the homogenous coordinates does not define a function on P¢. However, if f
is homogenous, then its zero set

V(f) ={la] | f(a) =0}
is well defined, because f(a) =0 = f(b) =0 for all b € [a]. Also
f(z0/2is. .31, 2n/20) € Clz 20, .. ., 20/ 20]

gives a well defined non homogeneous polynomial in the true coordinates of U;.
The zero set of the latter, can be indentified with V(f) N U;. Similar remarks
apply to a set of homogenous polynomials.

Example 1.4.8. Suppose that f € Clzo, ..., zn] is a homogenous polynomial of
degree d, such that the intersection of

X =V(f)

with any U; is a nonsingular hypersurface in C™, then X is a compler manifold
in PE. It is called a (projective algebraic) hypersurface of degree d.



In the last two examples, when X is zero set of a polynomial in C2 or IP%, it
is called a nonsingular affine or projective algebraic plane curve. A degree one
curve is isomorphic in an obvious to P!'. The same is true when the degree is
2, but this is less obvious. For degree 3, we get something different, namely an
elliptic curve. The proof uses the theory of elliptic functions.

In spite of the similarities between C'*° manifolds and complex manifolds,
there are also big differences. These stem from the fact that C*° functions are
very flexible, while holomorphic functions are somewhat rigid. The following
function on R™

flxy, ... zn) =g(z1) ... g(xp)

(@) = /@1’ l/@+1)* if o e [—1,1]
g o otherwise

is supported on the cube [—1,1]". Viewing this as a function on a coordinate
nbhd, and then extending by zero, shiows that any C*° manifold has many
nonconstant global C*° functions. By contrast:

Theorem 1.4.9. A holomorphic function on a connected compact complex man-
ifold is constant.

Proof. Let f(z) be a holomorphic function on a compact manifold X. By com-
pactness, |f(z)| takes a maximum value at a point py. Then S = {p € X |
f(p) = f(po)} is closed and nonempty. Given p € S, and let U be coordinate
nbhd of p equivalent to a polydisk. Then f|y is constant by the maximum
principle. Therefore S is also open. Consequently X = S by connectedness. O



Chapter 2

Sheaves of functions

2.1 Sheaves

It is convenient at this point to introduce the language of sheaves, although in
the limited way. We say that such a collection of functions is a presheaf if it is
closed under restriction. Given sets X and T, let Mapr(X) denote the set of
maps from X to T. Here is the precise definition of a presheaf.

Definition 2.1.1. Suppose that X is a topological space and T a nonempty
set. A presheaf of T-valued functions on X is a collection of subsets P(U) C
Mapr(U), for each nonempty open U C X, such that the restriction fly € P(V)
whenever f € P(U) and V C U.

The collection of all functions Mapr(U) is of course a presheaf. Less trivially:

Example 2.1.2. Let T be a topological space, then the set of continuous func-
tions Cx r(U) from U C X to T is a presheaf.

Example 2.1.3. Let X be a topological space and T be a set. The set TP"¢(U)
of constant functions from U to T is a presheaf called the constant presheaf.

Upon comparing these two examples, we see an essential difference. Continu-
ity is a local condition, which means that it can be checked in a neighbourhood
of a point. Constancy is, however, not local. A presheaf is called a sheaf if the
defining condition is local as in the first example. More precisely:

Definition 2.1.4. A presheaf of functions P is called a sheaf if given any open
set U with an open cover {U;}, a function f on U lies in P(U) if flu, € P(U;)
for all i.

The first example Cx r(U) is certainly a sheaf, while the second is not in
general. Suppose that T has at least two elements ¢1,t2, and that X contains
a disconnected open set U. Then we can write U = U; U Us as a union of two
disjoint open sets. The function 7 taking the value of ¢; on U; is not in T?P7¢(U),
but 7|y, € TP"¢(U;). Therefore TP"¢ is not sheaf.

However, there is a simple remedy.




Example 2.1.5. A function is locally constant if it is constant in a neigh-
bourhood of a point. For instance, the function T constructed above is locally
constant but not constant. The set of locally constant functions, denoted by
T(U) or Tx(U), is a now sheaf, precisely because the condition can be checked
locally. A sheaf of this form is called a constant sheaf.

There are a number of further examples that will come up frequently.

Example 2.1.6. Let X = R"™ or a C* manifold, the sets C°(U) of C* real
valued functions form a sheaf.

Example 2.1.7. Let X = C" or a complex manifold, the sets O(U) of holo-
morphic functions on U form a sheaf.

Example 2.1.8. Let L be a linear differential operator on R™ with C*° coef-
ficients (e. g. >.98%/0z2). Let S(U) denote the space of C* solutions in U.
This is a sheaf.

Example 2.1.9. Let X = R", the sets L*(U) of L* or summable functions
forms a presheaf which is not a sheaf, because summability is a global condition
and not a local one.

We can always create a sheaf from a presheaf by the following construction.

Example 2.1.10. Given a presheaf P of functions from X to T. Define the
PU)={f:U — T |Vx €U,3 a neighbourhood U, of xz, such that f|y, € P(U,)}
This is a sheaf called the sheafification of P.

When P is a presheaf of constant functions, P? is exactly the sheaf of locally
constant functions. When this construction is applied to the presheaf L!, we
obtain the sheaf of locally L' functions.

2.2 Manifolds again

We can now reinterpret the notion of a C*° or complex manifold. We start with
a metrizable space X and a sheaf of C*° or holomorphic functions. We require
that each point has a nbhd homeomorphic to a ball in R™ or C™ so that the
homeomorphism preserves this special class of functions. To be more precise, let
us fix a field &k such as k = R or C. Then Mapy(X) is a commutative k-algebra
with pointwise addition and multplication.

Definition 2.2.1. Let R be a sheaf of k-valued functions on X. We say that
R is a sheaf of algebras if each R(U) C Mapy(U) is a subalgebra. Call the
pair (X, R) a concrete ringed space over k simply a k-space. We will sometimes
refer to elements of R(U) as distinguished functions.

The sheaf R is called the structure sheaf of X. Basic examples of R-spaces
are (R", Cgn r), (R*,C>), and (C", 0) is an example of a C-space.
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Definition 2.2.2. A morphism of k-spaces (X,R) — (Y,S) is a continuous
map F : X — Y such that the pullback of distinguished functions are distin-
guished. More precisely, the condition is that if f € S(U) then F*f € R(F~1U),
where F*f = fo F|p-1y.

For example, a C* map F : R® — R™ induces a morphism (R", C*) —
(R™, C*) of R-spaces, and a holomorphic map F' : C* — C™ induces a mor-
phism of C-spaces. The converse is also true, and will be left for the exercises.

We note that the collection of k-spaces and morphisms forms a category.
In any category, we have a notion of isomorphism. We will spell this out for
k-spaces.

Definition 2.2.3. An isomorphism of k-spaces (X, R) = (Y,S) is a homeo-
morphism F : X —'Y such that f € S(U) if and only if F*f € R(F~'U).

Given a sheaf S on X and open set U C X, let S|y denote the sheaf on
U defined by V +— S(V) for each V' C U. The following gives an alternative
approach to manifolds.

Proposition 2.2.4. An n-dimensional C*° manifold (resp. complex manifold)
is the same thing as an R-space (X,C¥) (resp. C-space (X,Ox)) such that

1. X s metrizable

2. X admits an open cover {U,;} such that each (U;, C¥|u,) is isomorphic to
(Bi,C%)) for open balls B; C R™ (resp. ... isomorphic to (B;,Op,) for
balls in B; C C™).

A C™ (resp. holomorphic) map between manifolds is the same thing as a mor-
phism of the corresponding R-spaces. (resp. C-spaces).

We omit the proof which is not hard. We give one further example of a
complex manifold with the help of this characterization.

Example 2.2.5. The complex Grassmanian G = Gr(2,n) is the set of 2 dimen-
sional subspaces of C". Let M C C?" be the open set of 2 x n matrices of rank
2. Let m: M — G be the surjective map which sends a matriz to the span of its
rows. Give G the quotient topology induced from M, and define f € Og(U) if
and only if mo f € Op(n=U). For i # j, let Ujj C M be the set of matrices
with (1,0)" and (0,1)" for the ith and jth columns. One can check that

C2n74 = U,'j = W(Ulj)

as ringed spaces. Since the images w(U;;) cover G, we conclude that G is a
2n — 4 dimensional complex manifold.

We note that the sheaf theory approach to manifolds is not commonly dis-
cussed in most references, but it has some advantages in algebraic or complex
geometry where we consider more general kinds of spaces.

11



Example 2.2.6. Let f € Clz1,...,2,] be a nonconstant polynomial, and let
X = f710). Since we didn’t impose a condition on the gradient, X need not
be a topological manifold. However, we can still introduce a sheaf of holomor-
phic functions, where Ox (U) consists of restrictions of holomorphic functions
from an open subset of C™ containing U. (This is more accurately the sheaf of
holomorphic functions on the reduced space corresponding to X.)

2.3 Stalks

Given two functions defined in possibly different neighbourhoods of a point
x € X, we say they have the same germ at x if their restrictions to some
common neighbourhood agree. This is is an equivalence relation. The germ
at = of a function f defined near X is the equivalence class containing f. We
denote this by f,.

Definition 2.3.1. Given a presheaf of functions P, its stalk P, at x is the set
of germs of functions contained in some P(U) with x € U.

It will be useful to give a more abstract characterization of the stalk using
direct limits (which are also called inductive limits, or filtered colimits). We
explain direct limits in the present context. Suppose that a set L is equipped
with a family of maps P(U) — L, where U ranges over open neighbourhoods
of x. We will say that the family is a compatible family if P(U) — L factors
through P(V), whenever V. C U. The maps P(U) — P, given by f — f,
forms a compatible family. A set L equipped with a compatible family of maps
is called a direct limit of P(U) if and only if for any M with a compatible
family P(U) — M, there is a unique map L — M making the obvious diagrams
commute. This property characterizes L up to isomorphism, so we may speak
of the direct limit

ling P(U).

zeU

Lemma 2.3.2. P, = ligzeUP(U).

Proof. Suppose that ¢ : P(U) — M is a compatible family. Then ¢(f) = ¢(f|v)
whenever f € P(U) and z € V C U. Therefore ¢(f) depends only on the germ
fz- Thus ¢ induces a map P, — M as required. O

All the examples of k-spaces encountered so far satisfy the following addi-
tional property.

Definition 2.3.3. We will say that a concrete k-space (X, R) is locally ringed
if 1/f € R(U) when f € R(U) is nowhere zero.

Recall that a ring R is local if it has a unique maximal ideal, say m. The
quotient R/m is called the residue field.

12



Lemma 2.3.4. Suppose that k = R or C, and (X, R) is a ringed space, such
that R(U) consists of continuous functions and 1/f € R(U) when f € R(U)
is nowhere zero. Then for any x € X R, is a local ring with residue field
isomorphic to k. In particular, this applies to C* and complex manifolds.

Proof. Let m, be the set of germs of functions vanishing at x. For R, to be
local with maximal ideal m,, it is necessary and sufficient that each f € R, \m,
is invertible. This is clear since 1/f|y € R(U) for some = € U.

To see that R,/m, = k, it is enough to observe that the ideal m, is the
kernel of the evaluation map ev : R, — k given by ev(f) = f(z), and the map
is surjective, because ev(a) = a when a € k. O

Proposition 2.3.5. When (X, Ox) is an n-dimensional complex manifold, the
local ring Ox 5 can be identified with ring of convergent power series in n vari-
ables.

Proof. We can replace (X,z) by (C",0). Then the germ of a holomorphic
function at 0 is completely determined by its Taylor series, which converges in
a nbhd of 0. O

We write
C{z1,...,2n} CClz1,...,24]

for the rings of convergent and formal power series in the above variables. Both
rings are local with maximal ideal m = (z1,...,2,). Also both rings are known
to be noetherian [see for example Zariski-Samuel Vol II], so standard results
from commutative algebra can be applied. By contrast, when X is a C'°°-
manifold, the stalks are non-noetherian local rings. This is because N, m™
contains nonzero functions such as

e~V ifr >0
0 otherwise

when X = R, so it violates Krull’s theorem [Atiyah-Macdonald, pp 110-111].
Nevertheless, the maximal ideals are finitely generated.

Proposition 2.3.6. If R is the ring of germs at 0 of C*° functions on R™, then
its maximal ideal m is generated by the coordinate functions x1,...xy,.

Proof. One checks that if f € m, then

1
f= Zml/ gxf (tzy,...tx,)dt
i 0 i

O

If R is a local ring with maximal ideal m then k = R/m is a field called the
residue field. We will often convey all this by referring to the triple (R, m, k)
as a local ring. For stalks of C*° and complex manifolds, the residue fields are
respectively, R and C. We note the following properties hold in these cases.

13



1. There is an inclusion & C R which gives a splitting of the natural map
R — k.

2. The ideal m is finitely generated.

2.4 Tangent spaces

The tangent space to a manifold at a point is the best linear approximation to
it. For a hypersurface X = f~1(0) C R™ with Vf|x # 0. We could use the
definition from calculus: the tangent space at p € X is

T, ={veR" |v-V(f)(p) =0}

But this depends on the embedding. It is better to use a more intrinsic approach.
The idea is that to each tangent vector v € T}, we can associate a directional
derivative d,, which operates on germs of functions at p. Since v — ¢, involves no
loss of information, we may as well identify them. Thus we arrive the following
abstract definition.

Definition 2.4.1. Let (R, m, k) be a local ring of a C* or complex manifold
X at a point p, or more generally a ring satisfying the conditions at the end
of the last section. Define the tangent space T, = Tr to be the set of k-linear
derivations Dery(R, k) i.e. linear maps 6 : R — k satisfying 6(fg) = f(p)dg +

g(p)of.

When (R,m, k) satisfies the above conditions, R/m? splits canonically as
k @ m/m?. The second factor m/m? is finite dimensional. Let us focus on
R = Cp° for now. The decomposition is given by f — (f(p), f — f(p)). Set
df = f—f(p). To get a better sense of what this means, expand f using Taylor’s

formula

of
flay,. ... zn) = f(p) + E oz, p:lci +r(z1,.. ., zn)
where the remainder r lies in m?. We thus
of
p— —_— 2-1
w=Y 5 (2.)

as the notation suggests.

Lemma 2.4.2. d : R — m/m? is a R-linear derivation. There is an isomor-
phism
T, = Hom(m/m?* R)

given by 6 = 6|y /m2-

Proof. The first statement is clear from the formula (2.1). Given §' € Hom(m/m?, k),
let 6 = ¢’ o d. This lies in T}, and the map ¢’ — ¢ gives the inverse to the map
above. O
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Corollary 2.4.3. T = Ty = m/m? This is called the cotangent space for
obvious reasons.

Lemma 2.4.4. When (R, m, k) is the ring of germs at 0 of C> functions on
R™. Then a basis for Dery(R, k) is given

0

Bxi 0

i 1= 1, e

The lemma is straight forward using previous facts. A homomorphism F' :
S — R of local rings is called local if it takes the maximal ideal of S to the
maximal ideal of R. Under these conditions, we get map of cotangent spaces
T& — T4 called the codifferential of F'. When residue fields coincide, we can
dualize this to get a map dF : T — T called the derivative or differential. To
see the name is justified, suppose f: U — V is a C° map, where U C R™,V C
R™ are open. Given p € U, and ¢ = f(p), we get a homomorphism f*:S — R
between rings of germs of functions on V and U by f*g = g o f. The following
is straight forward.

Lemma 2.4.5. Using standard bases, df* is represented by the Jacobian matrix

ofr 9f1
oxq tCt Oz,
) w
Ofm Ofm
oxq CCt Oz,

where f; are the components of f.

Proof. Writing y; = fi(x1,...,2,). The chain rule gives

& ~—=0fi 0

O

Let X be a complex manifold with p € X, let Ox j, = O, be the ring of germs
of holomorphic functions, and let C¥,, be the ring of germs of €™ functions.

Let us define the holomorphic tangent space as T, ;‘ =To,, and the real tangent
space T, = Toee. We have local homomorphism Ox,, — %), which induces a

map T]? — T}, of real vector spaces. If z1,..., 2, are local analytic coordinates,
the previous map is given by

9,9
E)zj 833j
Usually, we identify
0 .0
0 = 200, "oy
So the map above is essentially the real part. From this description, we see that

) =T,

0 1

as R-vector spaces. This isomorphism imparts on 7}, the structure of a complex
vector space.
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2.5 Vector fields and the tangent bundle

Let X be a C° manifold. A C* vector field on X is R-linear derivation
Derg(C*(X),C>®(X)). Let Vect(X) denote the set of these. It is clearly an
abelian group. Given f € C*°(X) and D € Vect(X), fD = g+ f(x)D(g(x)) is
another vector field. This structure makes Vect(X) into a module over C*°(X).
The following is not hard.

Proposition 2.5.1. If U C X is a coordinate nbhd of X with coordinates
T1,...,Tn, then % gives a basis for Vect(U) as C*°(U)-module. In particular,

Vect(U) is a free module of rank n.

There is an alternative way to understand what a vector field is; it is simply
a “C* family” of vectors v, € T, for each p. The C°° requirement can be
made precise by choosing coordinates as above. We describe a coordinate free
approach in the case of a hypersurface X = f~1(0) C R". Define the manifold

Tx = {(p,v) €R" x R" | Vf(p) -v = 0}

This has a projection 7 : Tx — X given by 7(p,v) = p. The space Tx together
with 7 is called the tangent bundle of X. The fibres are 7~ (p) = T}, (using the
calculus definition). Then a vector field is simply a C* map o : X — Tx such
that m o o = 1, because we want o(p) € T).

In general:

Theorem 2.5.2. Given a C* n-manifold X, there exists a 2n-manifold Tx
with a C*° map 7w : Tx — X such that

1. Each fibre 7=1(p) = T,

2. There exists an open cover {U;} and isomorphisms

nlU; —=U; x R"

-

Ui
which are linear on the fibres.

3. Vect(X) is isomorphic to the set of C*° maps o : X — Tx (called sections)
such that moo = 1.

The data in item 2 is called a “local trivialization”. One can a choose
collection of charts for the cover {U;}. A detailed construction can be found in
any basic book on manifolds. Here we describe it when we have two charts U
and Uy with coordinates x; and a respectively. We extend these to coordinates

Z1,...,T2, on Uy X R™ and zf,...,2h, on Uz x R". We want to think of
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Tpyi = 0/0x; ete. On the intersection Uy NUs we are given functions expressing

x, = ¢i(x1,...,oy,) and visa versa. Differentiating gives the transformation rule
0 0x 0x;
/ J '
T ;= =— = —
nH T Ot Z o’ 8x] — 0a s

for the remaining coordinates. This allows us to glue U; x R™ to Uz x R™.

The tangent bundle is called trivial, or X is called parallelizable, if we can
take {U;} = {X}, i.e. there exists an isomorphism Tx = X x R™ as above.
In algebraic terms, this equivalent to Vect(X) to being a free module of rank
n. Most manifolds are not parallelizable. The simplest counter example is the
sphere S2.

Finally, let us return to sheaf viewpoint. Given C'*° n-manifold X, if we
view v € Vect(U) as a section U — Tx|y = Ty, we can restrict it to any
subset V' C U. It should be clear that the assignment Vectx : U — Vect(U)
forms a sheaf of abelian groups. In fact, restrictions are compatible with the
module structure in the following sense. Given f € C*°(U) and v € Vect(U),
foly = flvv|lv. We say that U — Vect(U) is a sheaf of modules over the sheaf
C%. Finally, if U is a coordinate nbhd, proposition 2.5.1 implies that

Vectx|u & (Cf}o)n
A sheaf of modules with this property is locally free of rank n. In summary:

Proposition 2.5.3. Vectx is a locally free sheaf of modules over C of rank
n.

There is a parallel story in the holomorphic case.

Theorem 2.5.4. Given a complex n-manifold X, there exists a complex 2n-
manifold T% with a holomorphic map 7 : T% — X such that

1. Each fibre 7=(p) = T}

2. There exists an open cover {U;} and isomorphisms
T U; —=U; x C"
Ui
which are linear on the fibres.
3. As C°° manifolds T = Tx.

Thanks to 3, we will usually drop the h in the future. We can define a
holomorphic vector field as holomphic section o : X — Tx. We can form a
sheaf of holomorphic vector fields as above.
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Chapter 3

Differential forms

3.1 Introduction

Let us assume that U C R" is a open with coordinates x;. Then a differential
form of degree 1, or simply a 1-form, on U is an expression

> fuda,
where f; € C°°(U). The (exterior) derivative of a C'*° function is
of
df = a?id“”
So this plays the role of the gradient. A 1-form can be integrated along a path

v :[0,1] = U by the usual rules of calculus. In order to define surface integrals
etc., we need differential forms of higher degree. A 2-form is an expression

Z fijdxqj A de
The symbol A is a distributive and anticommutative product. Anticommutiivity
means dr; A dr; = —dx; A dr;. This might seem like a strange rule to impose,

but it is extremely useful to do so. Given a 1-form

o = Z fjdﬂﬁj

define its exterior derivative
do = dfs A dxs — %d A das
a=) df ‘”J—ZZ&E. Ti A AT
J i ¢

When n = 3, a basis of 2-forms consists of dx; A dzo,dxy A dxs,dxs A dxs by
anticommutivity. Simplifying da shows that it is essentially the curl. So a single
operation d replaces and generalizes the standard operations of vector calculus.
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3.2 1-forms on manifolds

Let X be C*° n-manifold. A 1-form at z € X is simply a cotangent vector in
Tr. A 1-form on X is a collection of cotangent vectors

ac H T
rzeX
which varies in C'*° fashion. Here is the precise condition.

Definition 3.2.1. A 1-form on X is a collection o as above such that
Vv € Vect(U), (v,ay € C*(U)

where (,) is the obvious pairing between tangent and contangent vectors. Let
EL(X) denote the set of 1-forms.

Recall that we defined vector fields as simply derivations. So given v €
Vect(X) and f € C°(X), let v(f) € C(X) be the result of applying v as a

derivation.

Definition 3.2.2. Given f € C>®(X), the exterior deriwative is the 1-form
defined by
(v, df) = v(f)

Thus we have now given meaning to the symbols dz; used before. It should
be clear that

Lemma 3.2.3. d: C*®(X) — £Y(X) is an R-linear derivation.
Since we basically saying that
E(X) C MapHT:(X)
we can ask whether U ~ E1(U) is a sheaf of functions, and it is.
Proposition 3.2.4. The sheaf % defined by U — EY(U) is a sheaf of functions.

Proof. Tt should be clear that the restriction of a 1-form is 1-form by the way
we defined it. So &! is a presheaf. Suppose {U;} is an open cover of U, and the
restriction of a € []_ .y To to each U; is a 1-form. Suppose that v € Vect(V),

zeU ~x
then (v vinv) € C*(U; N V). Therefore (v],a) € C>(V). O

U;Nnv, &
In fact, more is true
Theorem 3.2.5. £ is a locally free sheaf of modules over C* of rank n.

Sketch. The fact that £} is a sheaf of modules should be clear. If U is a
coordinate nbhd, one checks that £} is has basis given by dz;. O

1-forms can also be understood as sections of the contangent bundle. The
construction is similar to the tangent bundle. Details can be found elsewhere.
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3.3 p-forms

Before discussing differential forms of higher degree, we need to pause for some
algebra. Let R be a commutative ring, and M an R-module. Define

T*(M)=ReMa&MaM)&(MoMeM)...

This an R-module, with a product given by tensor product. This makes T*(M)
into a noncommutative associative R-algebra called the tensor algebra of M.
Note that it is also a graded algebra with the nth graded piece

T"(M)=M®...® M (n times)
We define the exterior algebra (sometimes called the Grassman algebra)
NM=T"(M)/I

where I is the 2-sided ideal generated by {m ® m | m € M}. The operation ®
induces a product denoted by A, which makes A* M into a graded algebra again.
Notice that we are forcing

mAm=0

which implies
(m1 +m2)A(m1 +m2) =miAmes+mo Amg =0

for mq, mg € M Therefore A is anticommutative. (The technically correct term
is graded commutative.)

Lemma 3.3.1. When M is a free module with basis m1, ..., my, then N4M is
free with a basis m;, N ...m,;, with i1 < ...iq. In particular, ANM = 0 when
d>n.

This has been pretty abstract, so let’s specialize to the case of a finite di-
mensional vector space M over a field k. Essentially by the definition of tensor
product,

Homy (T4M, k)

is the space of multilinear functions
f:Mx...M—k

in d-variables. The space
Homy, (AN M, k)

consists of multilinear functions which are antisymmetric in the sense that
switching two arguments results in a sign change. Many basic books start with
this point view, but the drawback is the wedge product looks really complicated
and unatural when described this way.
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Definition 3.3.2. Given a C°° manifold X, a 0-form is simply a C* -function.
When p > 0, a p-form is an element of

o€ H Hom(NPT,,R)
reX

such that given vector fields vy, ... ,v, € Vect(U),
a(v,...,vp) € C*(U)
Let EP(X) be the set of p-forms
The following can be proved as we did before.

Theorem 3.3.3. The assignment EY : U — EP(U) forms a locally free sheaf of
modules.

The sheaf property allows us to describe a differential form locally in coor-
dinates, if we need to. One case where this useful is in describing the exterior
derivative.

Theorem 3.3.4. There exists a linear operation d : EP(X) — EPTL(X) com-
patible with restriction and satisfying the Leibnitz rule

d(fo) =df Ao+ fda, feC®(X),acE(X)

and
df=0

Proof. Let {U;} be a covering by charts. The above rules imply that in any
coordinate system on Uj, d must be computed by

OFf. .
d( Z firipdziy Aoodwy,) = (ZZ J;z;-'-zp drj Ndxg, A .. .dz;,)
j J

i1<...ip

Given this formula, linearity and Leibnitz is clear. We check that

df=d()_ fidw) = fida; Adw; =Y (fij — fii)dwi Adz; =0

ij i<j
where f; = 0f/0x; etc. It follows that there is exactly one such operation
d: EP(U;) — EPTY(U;) . Tt follows that these local expressions d(a|y,) must
patch to yield a well defined p 4+ 1 form da. O
3.4 de Rham cohomology

Lemma 3.4.1. Let X be a manifold. The operation d? : EP(X) — EPT2(X) is

ZEro.
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Proof. This is easily checked in coordinates. O

A differential form is called ezact if it lies in the image of d, and closed if its
derivative is zero.

Corollary 3.4.2. Ezact forms are closed.

Conversely, we can ask whether closed forms are exact? This is important
both in pure math and in various applications. The answer, however, is in
general no.

Example 3.4.3. Let S* = R/Z. We can identify both C*°(S*) and £*(S') with
periodic functions on R, and d with the derivative. Then 1 € C>(SY) , but it is
not the derivative of a periodic function.

We can try to measure the failure of the last question as follows.

Definition 3.4.4. The nth (real) de Rham cohomology group of a manifold X

8

" closed n-forms
HjnlX) = | }

~ {ezact n-forms}

We will see that this is very computable. A key fact which helps with
computations is the following.

Theorem 3.4.5 (Poincaré’s lemma). For alli >0, Hip(R™) =0

Proof. Assume, by induction, that the theorem holds for n — 1. Consider
the maps p : R® — R~ ! and ¢ : R"~! — R" defined by p(z1,22,...7,) =
(z2,...2,) and t(z2,...2,) = (0,22,...x,). Let I be the identity transforma-
tion and let R = (1 o p)*. More explicitly, R : E¥(R™) — £F(R") is the R-linear
operator defined by

R s Xp)dxp N Adx;, ) =
(flan Tn)ds, Ti) {O otherwise

where we always choose i; < i3 < .... The image of R can be identified with
p*EF(R™~1). Note that R commutes with d. Therefore if o € E¥(R™) is closed,
dRa = Rda = 0. By the induction assumption, R« is exact.

For each k, define a linear map h : E¥(R") — EF~1(R") by

( Ozl fd(El)d(EZz VANIRAN d(Elk if le =1

h eexp)dzy AL N dxg,) =
(f (21 Ty )dx;, i) {0 otherwise

Then the fundamental theorem of calculus shows that dh + hd = I — R. (In
other words, h is homotopy from I to R.) Given a € E¥(R™) satisfying da = 0.
We have a = dha + Ra, which is exact. O
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3.5 Complex manifolds

Let X be a complex manifold of dimension n. We can treat this as a C'°°-
manifold of dimension 2n. It will be convenient to work with complex valued
C* forms. We define

EE(X) =& X)@r C

When the context makes it clear, we may drop the subscript C. If 24, ..., z, are
local analytic coordinates in U, we write

dz; = dx; +idy;
dz; = dx; —idy;

where z; = Rezj,y; = Imz;. Note that this gives a basis of £4(U) which is
more convenient to work with. We can extend this to a basis of £f by taking
wedge products.

Definition 3.5.1. A differential form is of type (p,q) if it expressible in coor-
dinates as a linear combination of

dziy A ..odzy, Ndzy A ... dzg,
We let EP1(X) denote the space of these.
Since the notation above gets quite cumbersome, let’s abbreviate it as
dzy Ndzy

for ordered sets [ = i1 <ig...,J =j1 <Jo....
Given a function f, define

o _10f 08,
aZj N 2 835]' 6‘yj

j=0 """

o _1or o
8Zj ) aij 8yj

_ " Of
j=0 """

Recall that the last operator is the Cauchy-Riemann operator. We extend these
to higher degree forms as follows

a(z frodzr A di]) = Z(af[) ANdzr NdzZy
5(2 frodzr Ndzy) = Z(gfz) Ndzp Ndzy

Although we define these using coordinates:

)
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Theorem 3.5.2. The operators O and 0 are well defined.

Proof. We just do this for the original operators on functions. Rather than
proving this by calculation, we give an intrinsic description. Recall that we
have an isomorphism of real vector space T = T, where the first space is the
holomorphic tangent space. Let J : T, — T, denote the linear map induced by
multiplication by i on T}*. This induces maps T — T and on the complexifica-
tion that we also denote by J. In coordinates J(dxy) = dyx and J(dyy) = —dzy.
It follows that Jdz, = —idz, and Jdz = idZi. So these are eigenvectors for J.
To define Of or Of, we can project df onto the —i or +i eigenspaces O

Lemma 3.5.3. The following identities hold
02 = 8% =00+ 00 =0
d=0+0d

Proof. The lemma follows from the identities

0% f _ 0% f
32’j82k N 8zk8zj
0% f _ 0% f
85j82k - 82k6‘2j
o f _ 0*f
aZjaik B 82kazj
which are easily checked. O

An analogue of de Rham cohomology is provided by:

Definition 3.5.4. The (p, q)th Dolbeault cohomology is

ker&ra(X) & grati(x)
im £ra-1(X) & gra(X)

Hpo(X)

For people comfortable with homological algebra, the previous lemma says
that £°¢(X) forms a double complex. This gives rise to a spectral sequence,
which we may study later. Dolbeault cohomology gives first page of the spectral
sequence.

For now, we want to understand the simplest case.

Definition 3.5.5. A p-form a € EL(X) is called holomorphic if it can be ex-
pressed in local coordinates as

a=Y) frdz

with fr holomorphic. Let Q% (X) = QP(X) be the space of these.

24



Lemma 3.5.6. H?°(X) = QP(X)
Proof. HP°(X) = {a € E7(X) | da =0} = QP(X) O
Similar to the C*° case, we have

Theorem 3.5.7. The assigment Q5 : U — QP(U) is a sheaf, and in fact a
locally free Ox-module.

We will see later that the other Dolbeault groups can be understood as
higher cohomology of these sheaves.
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Chapter 4

Sheaf Cohomology

4.1 Presheaves and Sheaves

It will be convenient to define presheaves of things other than functions. For
instance, one might consider sheaves of equivalence classes of functions, distri-
butions and so on. For this more general notion of presheaf, the restrictions
maps have to be included as part the datum:

Definition 4.1.1. A presheaf P of sets (respectively groups or rings) on a
topological space X consists of a set (respectively group or ring) P(U) for each
open set U, and maps (respectively homomorphisms) pyv : P(U) — P(V) for
each inclusion V- C U such that:

1. pyu = udp)
2. pywopuy =puw if WCV CU.
We will usually write f|yv = puv (f).

Definition 4.1.2. A sheaf P is a presheaf such that for any open cover {U;} of
U and f; € P(U;) satisfying filv.nu; = filu.nu,, there exists a unique f € P(U)
In English, this says that a collection of local sections can be patched to-

gether provided they agree on the intersections. Here is an example constructed
abstractly.

Example 4.1.3. Given a space X, a pointp € X and a group A, the skyscraper
sheaf

A ifpeU
0 otherwise

Ap(U) = {

The restriction pyy = id if both sets contain p, otherwise it’s 0.
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Definition 4.1.4. Given presheaves of sets (respectively groups) P, P’ on the
same topological space X, a morphism f : P — P’ is collection of maps (respec-
tively homomorphisms) fu : P(U) — P'(U) which commute with the restric-
tions. Given morphisms f: P — P’ and g : P’ — P”, the compositions gy o fu
determine a morphism from P — P”. The collection of presheaves of Abelian
groups and morphisms with this notion of composition constitutes a category
PAb(X).

Definition 4.1.5. The category Ab(X) is the full subcategory of PAb(X) gen-
erated by sheaves of Abelian groups on X. In other words, objects of Ab(X) are
sheaves, and morphisms are defined in the same way as for presheaves.

Example 4.1.6. The exterior derivative d : E% — Sf(ﬂ is a morphism of
sheaves.

A special case of a morphism is the notion of a subsheaf of a sheaf. This is a
morphism of sheaves f : P — P’ where each fy : P(U) C P'(U) is an inclusion.

Example 4.1.7. The sheaf of C*>-functions on R™ is a sub sheaf of the sheaf
of continuous functions.

Example 4.1.8. Let Y be a closed subset of a complex manifold (X,Ox), the
ideal sheaf associated to 'Y,

Iy (U) ={f € Ox(U) | fly =0},
s a subsheaf of Ox

Example 4.1.9. Given a sheaf of rings of functions R over X, and f € R(X),
the collection of maps R(U) — R(U) given by multiplication by f|y is a mor-
phism.

Example 4.1.10. Let X be a C* manifold, then d : C¥ — E% is a morphism
of sheaves.

Fix a space X and a point x € X. We define the stalk P, of a presheaf P
at x, as the direct limit limp P(U) over neighbourhoods of z. The elements can
be represented by germs of sections of P in concrete cases considered earlier.
Given a morphism ¢ : P — P’ we get an induced map P, — P, taking the
germ of f to the germ of ¢(f). This gives a functor from PAb(X) — Ab.

Theorem 4.1.11. There is a functor P +— P from PAb(X) — Ab(X) called
sheafification, with the following properties:

(a) There is a canonical morphism P — PT.
(b) If P is a sheaf then the morphism P — PT is an isomorphism.
(c) Any morphism from P to a sheaf factors uniquely through P — P~

(d) The map P — P induces an isomorphism on stalks.
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We just explain a construction when P is a presheaf of functions. We can
define

PT(U)={f:U — T |Vx € U,3 anbhd U, of x, such that f|y, € P(U,)}

In other words, we add enough to make it into a sheaf. Properties (a) and (b)
should be clear, and (d) can also be checked with a bit of thought.

4.2 Exact Sequences

The categories PAb(X) and Ab(X) are additive which means among other things
that Hom(A, B) has an Abelian group structure such that composition is bilin-
ear. Actually, more is true. These categories are Abelian (see Weibel or any
other modern book on homological algebra for the definition). This implies that
they possess many of the basic constructions and properties of the category of
Abelian groups. In particular, there are intrinsic notions of exactness in these
categories. We give a non intrinsic, but equivalent, formulation of this notion
for Ab(X).

Definition 4.2.1. A sequence of sheaves on X
L A=-B=C.L
1s called exact in the if and only if the sequence of stalks
oAy > By > Cyp

is ezact for every x € X.

The key point is that no matter how complicated X and the sheaves are
globally, exactness is a local issue, and this what gives the notion its power.
We will let the symbols A, B,C stand for sheaves for the remainder of this
section unless stated otherwise. We will also say that morphism A — B is a
monomorphism (respectively epimorphism) if A, — B, is injective (respectively
surjective) for all z € X

Lemma 4.2.2. Let f: A— B andg: B — C, then A — B — C is exact if and
only if for any open U C X

(1) guo fu =0.

(2) Given b € B(U) with g(b) =
a; € A(U;) such that fu,(a;)

0, there exists an open cover {U;} of U and
=b|y,.

Proof. We will prove one direction, leaving the other as an exercise. Suppose
that A — B — C is exact. To simply notation, we write suppress the subscript
U. Given a € A(U), g(f(a)) =0, since ¢g(f(a))s = g(f(a;)) =0 for all x € U.
This shows (1).
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Given b € B(U) with g(b) = 0, then for each x € U, b, is the image of a
germ in A,. Choose a representative a; for this germ in some A(U;) where U; is
a neighbourhood of z. After shrinking Uj; if necessary, we have f(a;) = bly,. As
x varies, we get an open cover {U;}, and sections a; € A(U;) as required. [

Corollary 4.2.3. If A(U) — B(U) — C(U) is exact for every open set U, then
A — B — C is exact.

The converse is false, but we do have:

Lemma 4.2.4. If
0 A—-B—-C—=0

s an exact sequence of sheaves, then
0— A(U) — B(U) —C((U)
is exact for every open set U.

Proof. Let f : A — B and g : B — C denote the maps. By lemma 4.2.2,
gu © fu = 0. Suppose a € A(U) maps to 0 under f, then f(a,) = f(a), =0 for
each x € U (we are suppressing the subscript U once again). Therefore a, = 0
for each x € U, and this implies that a = 0.

Suppose b € B(U) satisfies g(b) = 0. Then by lemma 4.2.2; there exists an
open cover {U;} of U and a; € A(U;) such that f(a;) = bly,. Then f(ai|v,nv; —
ajlu,nu;) = 0, which implies a;|y,nu; — ajlv,nu; = 0 by the first paragraph.
Therefore {a;} patch together to yield an element of a € A(U) such that f(a) =
b.

O

We give some natural examples to show that B(X) — C(X) is not usually
surjective.

Example 4.2.5. Consider the circle S' = R/Z. Let Rg: denote the sheaf of
locally constant R-valued function. Then

0= Rg = CF -5 €L =0
is exact. However C*°(S1) — EY(SY) is not surjective.

To see the first statement, let U C S* be an open set diffeomorphic to an
open interval. Then the sequence

0= R - 0=U) 2L o)de — 0
is exact by calculus. Thus we get exactness on stalks. The 1-form dz gives a

global section of £(S1) since it is translation invariant. However, it is not the
differential a periodic function. Therefore C>°(S') — £1(S!) is not surjective.
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Example 4.2.6. Let (X,Ox) be a complex manifold andY C X a submanifold.
Let
Iy (U) ={f € Ox(U) | fly = 0}

then this is a sheaf called the ideal sheaf of Y, and
0—-Zy - 0x - 0Oy =0

is exact. The map Ox(X) — Oy (X) need not be surjective. For example, let
X =P} with Ox the sheaf of holomorphic functions. Let Y = {p1,p2} C P! be
a set of distinct points. Then the function f € Oy (X) which takes the value 1
on p1 and 0 on py cannot be extended to a global holomorphic function on P!
since all such functions are constant by Liouville’s theorem.

4.3 Sheaf cohomology

Let Ab denote the category of abelian groups. Here is the basic result
Theorem 4.3.1. Given a space X, there exists a sequence of functors
HY(X,—): Ab(X) — Ab,i € N
with the following properties:
1. H(X, A) = A(X)
2. Given a short exact sequence
0-A—->B—-C—0
of sheaves, there is a long exact sequence
0— H°X,A) - H*(X,B) - H°(X,C) - H'(X,A) — H (X,B) — ...
extending what we found in lemma 4.2.4.
8. There is a class of sheaves called injective sheaves, such that

(a) any sheaf can be embedded (via a monomorphism) into an injective
sheaf,

(b) an injective sheaf B is acyclic, which means H*(X,B) = 0 for all
1> 0.

We omit the proof, or for that matter the definition of an injective object,
since it is better left for a class in homological algebra. As an abstract statement
it certainly does have content. However, to be truly useful, we need to better
understand what these higher cohomology groups are, and how to compute them
in good cases. In particular, we would like to know when H'(X,.A) = 0, as this
would tell us that B(X) — C(X) is surjective. Of course, injective sheaves have
this property, but it is hard to find examples “in nature”. Fortunately, there is
more accessible class of sheaves with this property.
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Definition 4.3.2. A sheaf A is flasque (or flabby) if A(X) — A(U) is surjective
for all open U.

We note that the class of flasque is wider:

Proposition 4.3.3. Injective sheaves are flasque.

Proof. Hartshorne, p 207. O
Here are a couple of natural examples.

Example 4.3.4. Skyscraper sheaves are flasque.

Example 4.3.5. Let X be an irreducible algebraic variety some field with its
Zariski topology (closed sets are finite unions of subvarieties). A preseaf of
locally constant functions (with any target) is a flasque sheaf.

Lemma 4.3.6. If0 > A — B — C — 0 is an exact sequence of sheaves with
A flasque, then B(X) — C(X) is surjective.

Proof. Let’s assume for simplicity that X has a countable basis. (Although this
isn’t necessary, it holds in all the cases that we care about.) Let v € C(X).
By assumption, there is an open cover {U, };en, such that |y, lifts to a section
B; € B(U;). We will define

o; € B(U Uj)
j<i
inductively, so that it maps to the restriction of v. Set o1 = y. Now suppose
that o; exists. Let U = U;N(U;<;U;). Then f;|y —o;|v is the image of a section
o € A(U). By hypothesis o} extends to a global section «; € A(X). Then set

o o g; on Uj<i Uj
i1 =
Bi — ailu, on U;

Corollary 4.3.7. If A is flasque, then H' (X, A) = 0.

Proof. Embed A into an injective sheaf B, we can complete this to an exact
sequence of sheaves
0 A—-B—-C—0

by taking C to be the sheafification of U — B(U)/A(U). Then we have
B(X)—=C(X)— HY(X,A) =0
Since the first map is surjective, the corollary follows. O
More is true.

Theorem 4.3.8. Flasque sheaves are acyclic.
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Proof. We show that H(A) = 0 for i > 0 and A flasque by induction. The case
of i = 1 was just proved. Now suppose that it holds for . Let A be flasque.
Embed it into an injective sheaf B, and complete this to a short exact sequence

0—-—A—-B—=C—0

as above. By the previous lemma B(U) — C(U) is surjective. Since B is flasque,
B(X) — C(X) is surjective. This forces C(X) — C(U) to be surjective. There-
fore C is flasque. So by induction

0=H(X,C) » H" (X, A) - HT(X,B) =0
O

For applications to number theory, Weil proposed in 1949 that there should
exist a cohomology theory for algebraic varieties over finite fields, which behaves
like singular cohomology, i.e. the kind of cohomology one learns in a topology
class. Such theories (étale and crystalline cohomology) were constructed by
Grothendieck and his collaborators in the early 60’s. However, sheaf cohomology
with the Zariski topology won’t work, because you’ll just zero by the previous
theorem.

4.4 Soft sheaves

While flasque sheaves are better than injective sheaves in terms of finding ex-
amples, most sheaves won’t be flasque. However, if we replace open by closed
sets in the definition, this situation improves dramatically.

Definition 4.4.1. A sheaf A is soft if for any closed set S, and section o €
A(U), where S C U, there exists & € A(X) such that &|yr = afyr for some
ScuU' CU.

The definition can be restated as saying the germ of « along S can be
extended to an element of A(X). Here the set of germs A(S) can be defined
like we did for stalks by taking a direct limit of A(U) as U D S shrinks down
to S.

Lemma 4.4.2. Suppose that X is metric space (or more generally a paracom-
pact Hausdorff space). If 0 - A — B — C — 0 is an exact sequence of sheaves
with A soft, then B(X) — C(X) is surjective.

We should probably recall that a topological space is paracompact if any
open cover has a locally finite subcover. Metric spaces are paracompact [Stone,
Paracompactness and product spaces, Bull AMS, 1948]. Finally, we note that
the conditions on X are essential, and this limits the utility of softness for the
sorts of spaces that come in up in abstract algebraic geometry (schemes). This
is why books like Hartshorne don’t even discuss this concept.
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Sketch. The argument is similar to the flasque case, so we just outline it. Let
v € C(X). By the assumptions, there exists a locally finite open cover {U; }ier,
such that ~|y, lifts to 8; € B(U;). Choose another open cover {V;} such that
S; =V C U;. The differences (8; — ;)| s:ns; define local sections of A. Softness
of A allows us to choose lifts of these sections to global sections. This allows to
correct (3; so they patch. O

Theorem 4.4.3. On a paracompact Hausdorff space, soft sheaves are acyclic.

We omit the proof because it is very similar to the corresponding theorem
for flasque sheaves.
Now let us consider examples.

Theorem 4.4.4. The sheaf Cx of continuous real valued functions on a metric
space X is soft. The sheaf of CY of C™° functions on a manifold is soft. More
generally, a sheaf of modules M over Cx or C§ is soft.

Proof. The basic strategy for the proof of all these statements is the construction
of a continuous or C'*° “cutoff” function p which is 0 outside a given neighbour-
hood U of a closed set S, and 1 close to S. Suppose we have p. Then given a
section f € M(U) for a module over one of these rings, pf can be extended by
0 to all of X. Since f and pf have the same germ along S, this would prove the
surjectivity of M(X) — M(S) as required

We spell out the construction of p in the continuous case. Let S; C U be a
closed set containing S in its interior. This can be constructed by expressing U
as a union of open balls, and taking the union of closed balls of half the radii.
Let So = X — U. Then Urysohn’s lemma from point set topology guarantees
the existence of a continuous p, taking a value of 1 on S; and 0 on Ss.

S2

O

We are ready to do a serious computation, which gives a special case of (a
version of) de Rham’s theorem.
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Example 4.4.5. From the exact sequence
0—Rgt = CF -5 &L =0

we deduce
Cc>=(SY) — &Y(SY) — H'(S' Rg1) = 0

and 4
H'(S",Rg1) = 0,4 >1

In other words, sheaf cohomology with these coefficients equals de Rham.

H(S',Rg1) = HLp(SY)

4.5 de Rham’s theorem

We want to generalize the calculation in the last example. But first we need a
method for computing all sheaf cohomology in one go.

Definition 4.5.1. An acyclic resolution of a sheaf F is an exact sequence
0 F = F'oF'— ...

of sheaves such that each F* is acyclic (e.g. flasque or soft).

Let us write
I(X,F)=F(X)

This a functor. Given an exact sequence of sheaves F*, the induced sequence
N(X,F%) - T(X,FY) — ...

may fail to be exact (as we’ve seen). But it is necessarily a complex of Abelian
groups in the sense that the composition of any two consecutive maps is 0.
Define the cohomology of this (or any complex) by

(X, F') = DX, 7
(X, Fi-1) = I(X, F7)

(DX, 7)) = 1

This measure the failure of exactness.

Theorem 4.5.2 (Theorem on acyclic resolutions). Given an acyclic resolution
F* of F, A ‘
H'(X, F) =1 (D(X, F*))

Proof. Let K=! = F and K* = ker(F**! — Fi*2) for i > 0. Then there are
exact sequences _ _ _

0Kt F 5K =0
for i > 0. Since each F? is acyclic, Theorem 4.3.1 implies that

0— HY (K™Y — HY(F) — HY(K) - HY (K" =0 (4.1)
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is exact, and o , 4
HI(K*) = HJH(ICZ_l) (4.2)

for j > 0. We have a diagram

HO(ICi—l)

TN

HO(]:ifl) HO(]:z) HO(]:iJrl)

~ 7

which is commutative since the morphism F~! — F? factors through Ki~!
and so on. The oblique line in the diagram is part of (4.1), so it is exact. In
particular, the first hooked arrow is injective. The injectivity of the second
hooked arrow follows for similar reasons. Thus

im[H(F') — H*(K")] = im[H"(F") — H°(F"*1)] (4.3)

Suppose that a € H(F?) maps to 0 in H(F*1), then it maps to 0 in HO(K?).
Therefore « lies in the image of H%(K*~1). Thus

HO(K'™') = ker[H(F") — HO(F)] (4.4)

This already implies the theorem when ¢ = 0. Replacing ¢ by ¢+ 1 in (4.4), and
combining it with (4.1) and (4.3) shows that

HY(K1) >~ HO(’C1> . ker[HO(]-‘i‘H) N HO(]:H-Q)]
K) = i) - B0y~ I (F) = HOF]

Combining this with the isomorphisms
HTHF)=H* (K )= H(K?) =.. . H'(K')
of (4.2) proves the theorem for positive exponents. O

Let Rx denote the of locally constant real valued functions on a space X.
But ee often just write it as R when the context makes it clear.

Theorem 4.5.3 (de Rham’s theorem). If X is a C°°-manifold,
H'(X,Rx) = Hpp(X)
Proof. We have a sequence of sheaves

d d
Ry =&Y S & 5 ...
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where the first map is simply inclusion. We claim that the sequence
o d 1 d
0-oRx =& 2 &x — ... (4.5)

is exact. Exactness at the first step is clear, since the map is inclusion. For the
rest of the sequence, we check exactness at stalks. Then we can replace X by a
ball. Since this is diffeomorphic to R", exactness follows from the the Poincaré
lemma. Since £ are soft, tells us that (4.5) is an acyclic resolution. Therefore
this theorem follows from the previous theorem. O

One might complain that de Rham’s theorem is supposed to say that de
Rham cohomology is the same as singular cohomology with real coefficients.
It is easy to deduce this too by showing singular cohomology equals sheaf co-
homology. This can be proved by another acyclic resolution. Finally, we note
that we can define complex valued de Rham cohomology H}n(X,C) by using
complex valued forms. The argument as above shows

H'(X,Cx) = Hip(X,C)

4.6 Dolbeault’s theorem

In this section, X will be a complex manifold and £°(X) will stand for the space
of complex valued forms. Recall that Dolbeault cohomology is the cohomology
of the complex i i

e0(x) L ertx) L
The key fact that we need is an analogue of Poincaré’s lemma for the Cauchy-
Riemann operator.

Theorem 4.6.1. If A is a polydisk, then given ¢ > 0 and o € EPI(A) satisfying
da = 0, there exists B € EP971(A) such that o = 3.

A proof can be found on p 25 of Griffiths-Harris for example. We just indicate

how it goes in one variable. Let A C C be an open disk. Given f € C*(A),
we need to find a function g € C*°(A) such that % = f. A version of Cauchy’s

formula shows that ) )
z _
g(C)_%/AZ—CdZ/\dZ

gives the desired solution.

Theorem 4.6.2 (Dolbeault’s theorem).
HA(X, ¥y ) = Hpy (X)

Proof. Let EX' denote the sheaf of C* (p,q) forms. This is soft. We have
sequence of sheaves

0% » &0 2 erlix) 2
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where the first morphism is inclusion. We claim this sequence is exact. We
check this at stalks. For this, we can replace X by a polydisk and apply the
previous theorem. Therefore we have an acyclic resolution, and the theorem
follows. O

4.7 Poincaré duality

Let X be a C* manifold. Let £¥(X) denote the set of C°° k-forms with compact
support. Since d€¥(X) C £F+1(X), these form a complex.

Definition 4.7.1. Compactly supported de Rham cohomology is defined by
Heyp(X) = HE(E2(X)).

Lemma 4.7.2. For all n,

HY p(R™) { Rifk=n

0 otherwise

Proof. See Spivak. O

This computation suggests that these groups are roughly opposite to the
usual de Rham groups. There is another piece of evidence, which is that H.qr
behaves covariantly in certain cases. For example, given an open set U C
X, a form in £%(U) can be extended by zero to £F(X). This induces a map
Hiyp(U) = Hiyp(X).

The precise statement of duality requires the notion of orientation. An
orientation on an n dimensional real vector space V is a connected component
of A"V —{0} (there are two). An ordered basis vy, ... v, is positively oriented if
v1 A...Avy lies in the given component. If V' were to vary, there is no guarantee
that we could choose a orientations consistently. So we make a definition:

Definition 4.7.3. An n dimensional manifold X is called orientable if A\"Tx
minus its zero section has two components. If this is the case, an orientation is
a choice of one of these components.

This is equivalent to the definition we gave earlier, but more convenient.
The following test is immediate.

Lemma 4.7.4. An n-manifold is orientable if it has a nonwhere zero C*° n-
form.

Theorem 4.7.5 (Poincaré duality, version I). Let X be a connected oriented
n-dimensional manifold. Then

HEp(X) = HH(X,R)*
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There is a standard proof of this using currents, which are to forms what
distributions are to functions. However, we can get by with something much
weaker. We define the space of pseudocurrents of degree k on an open set U C X
to be

ck(U)y=&r"*U)": = Hom(EM*(U),R).
This is “pseudo” because we are using the ordinary (as opposed to topological)

dual. We make this into a presheaf as follows. Given V C U, a € Ck(U),
B € Enk(V), define aly(B) = a(B) where 3 is the extension of 3 by 0.

Lemma 4.7.6. C% is a sheaf.

Proof. Let {U;} be an open cover of U, which we may assume is locally fi-
nite. Suppose that «; € C@(Ui) is a collection of sections such that «;|v,nu; =
ajlu,nu;- This means that a;(3) = a;(8) if 8 has support in U; N Uj. Let {p;}
be a C* partition of unity subordinate to {U;}. Then define a € C% (U) by

a(B) = Z ai(piBlu,)

7

We have to show that a(B) = a;(8) for any 8 € E2~*(U;) with j its extension
to U by 0. The support of p; 8 lies in U; N supp(B) C U; N Uj, so only finitely
many of these are nonzero. Therefore

a(f) = Z ai(piB) = Z_ aj(pifB) = a;(B)

as required. We leave it to the reader to check that « is the unique current with
this property. O

Define a map § : C%(U) — C¥™(U) by §(a)(8) = (—1)*'a(dB). One
automatically has §2 = 0. Thus one has a complex of sheaves.

Let X be an oriented n-dimensional manifold. Then we will recall [Spivak,...]
that one can define an integral [ « a for any n-form o € £(X). Using a parti-
tion of unity, the definition can reduced to the case where « is supported in a
coordinate neighbourhood U. Then we can write « = f(x1,...x,)dx1A. . . Adxy,
where the order of the coordinates are chosen so that 9/0z1,...,0/0x, gives a
positive orientation of Tx. Then

/ o= fz,...xp)dey ... day,
X R

The functional [, defines a canonical global section of C%.

Theorem 4.7.7 (Stokes’ theorem). Let X be an oriented n-dimensional man-
ifold, then [y dfB = 0.

Proof. See Spivak or almost any book on manifolds. O

Corollary 4.7.8. [, € ker[d].
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We define a map Ry — C% by sending r — J - The key lemma to establish
Theorem 4.7.5 is:

Lemma 4.7.9.
0 >Ry -C% —=Cx —...

s an acyclic resolution.

Proof. Lemma 4.7.2 implies that this complex is exact. Given f € C*°(U) and
a € CK(U) define

fa(B) = a(fP)

This makes C* into a C>°-module, and it follows that it is soft and therefore
acyclic. O

Proof of theorem 4.7.5. We can now use the complex C% to compute the coho-
mology of Rx to obtain

H'(X,R) = H(CX (X)) = H'(E7* (X))

The right hand space is isomorphic to H’,;,(X,R)*. This completes the proof
of the theorem. O

Corollary 4.7.10. If X is a compact oriented n-dimensional manifold. Then
H¥(X,R) >~ H" F(X,R)*
The following is really a corollary of the proof.

Corollary 4.7.11. If X is a connected oriented n-dimensional manifold. Then
the map o+ fX a induces an isomorphism

X

We can make the Poincaré duality isomorphism more explicit:

Theorem 4.7.12 (Poincaré duality, version IT). If f € H"F(X)*, then there
exists a closed form o € E¥(X) such that f([8]) = [y aAB. Moreover the class
[a] € HY (X)) is unique.

If « € £4(X) and B € £J(X) are closed forms, then oA 3 is also closed by the
Leibnitz rule. The cup product of the associated cohomology classes is defined
by [a] U [5] = [a A B]. This is a well defined operation which makes de Rham
cohomology into a graded ring when X is compact. The theorem tells us that:

Corollary 4.7.13. The cup product followed by integration gives a nondegen-
erate pairing
HJp(X) x Hgd_zzk(X) — Hiyp(X) =R

Here is a simple example to illustrate of this.
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Example 4.7.14. Consider the torus T = R™/Z"™. We will show later that:
Every de Rham cohomology class on T contains a unique form with constant
coefficients. This will imply that there is an algebra isomorphism H*(T,R) =
AN*R™. Poincaré duality becomes the standard isomorphism

/\kRn ~ /\n—k:Rn.

4.8 Cech interpretation for H'

There is another approach to sheaf cohomology which is quite explicit, and this
makes it useful for many computations. Let us start with a sequence of sheaves

0—-A—-B—=C—0

on X. Given a section v € C(X), let us try to directly understand when it
lifts to a section 8 € B(X). We can find an open cover U = {U;} and sections
Bi € B(U;) which map to v|y,. Let U;; = U; N Uy, then

v, — Bj

can viewed as a collection of sections of A(U;;). These satisfy the 1-cocycle
identies

aij = i Uss

Q5 = 0
Qi + o + oy = 0
We say that it is 1-coboundary if we can find a collection «; € A(U;) such that
Qij = O‘i|Uu - aj|Uij
We now come to be key observation:

Lemma 4.8.1. If o;; is a coboundary, then the sections B; — o; will patch to
form a global section of B lifting .

We can put of all this together Let Z! (U, A) denote the set of 1-cocyles. It
is naturally an abelian group. Let B! (U, .A) denote subgroup of 1-coboundaries.

Definition 4.8.2. The first Cech cohomology groups
H'U,A)=Z' U, A)/B U, A)

HY(X,A) = %)nﬂl(u, A)

where covers U are ordered by refinement in the direct limait.

Lemma 4.8.3. Sending v above to the class of {a,;} yields a map
HY(X,0) % HY(X, A)

such that 8(y) = 0 iff v lifts to HO(X, B).
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Corollary 4.8.4. There is an exact sequence
0— H(X,A) - H*(X,B) — H°(X,C) — H' (X, A)

This says the first Cech group is doing the same job as the first sheaf coho-
mology. In fact:

Theorem 4.8.5. There is an isomorphism H'(X,A) = H'(X,A) compatible
with the connecting maps 0.

There are also higher Cech cohomology groups, where cocycles for a fixed
cover are collections ;.. ;. € A(U;,N...U;, ) satistying appropriate conditions.
But the story gets more complicated. Cech groups agree with sheaf cohomology
groups under mild assumptions, but need not agree in all cases.
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Chapter 5

Riemann surfaces

5.1 Topology

Let X be a connected compact Riemann surface. We showed long ago that X is
orientable. As a topological space, X is completely understood. The following
fact is classical.

Theorem 5.1.1. A compact orientable 2-manifold is homeomorphic to either
S? or a connected sum of a finite number of 2-tori.

See for example [Donaldson, Riemann surfaces] for an explanation of how to
prove it. We define the genus of X to be 0 if it is S?, or g if it is a connected
sum of g tori. In more informal terms, X is a g-holed donut.

The first homology group H;(X,Z) of a space X is defined precisely in any
basic book in algebraic topology, such as Hatcher. Very roughly, it is the free
abelian group generated by closed paths v : [0,1] — X modulo the boundaries
of embedded “surfaces” in X. See Hatcher for the key computation:

Theorem 5.1.2. If X is a genus g Riemann surface, then
H\(X,7)=7%

See above picture for a basis of H; in the genus 2 case.
De Rham’s theorem takes an explicit form. We write H’p(X,R) (resp.
Hi (X, C)) for de Rham cohomology using real (resp. complex) valued forms.
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Theorem 5.1.3. If X is a manifold, then
Hip(X,R) = Hom(H,(X,Z),R)

H}n(X,C) = Hom(H,(X,Z),C)

where the isomorphisms send a closed form « to

7»—)/@
gl

Corollary 5.1.4. If X is a genus g Riemann surface,
Hjp(X,C)=C*»
Finally, we note that H'(X,C) has a bilinear form given by
(a, B) = / anp
X
This is skew symmetric. Poincaré duality tells that this is nondegenerate, i.e.

any matrix representing it is nonsingular. Under the de Rham isomorphism
above, the above pairing is compatible with intersection pairing on homology.

5.2 Sheaf cohomology

Let X be a compact Riemann surface of genus g. Then

C ifi=0,2
HY(X,C)={C%» ifi=1
0 otherwise

The case ¢ = 0 is elementary, i = 1 was explained earlier, and the remaining cases
follow (for example) from Poincaré duality. In this case, Dolbeault’s theorem
amounts to the following statements

EOD(X)
HY(X,0x) =
(X, 0x) 9C>(X)
(1’1)
HY (X, Q%)= f(l 0)(X)
& (X)
and _ A
H'(X,0x) = H'(X,Q%) =0
if i > 1.

Next, we give a holomorphic analogue of the de Rham complex.
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Proposition 5.2.1. There is an exact sequence of sheaves

0= Cx —»0x -5 0k 0

Proof. The only nontrivial part of the assertion is that Ox — QX is an epimor-
phism. We can check this by replacing X by a disk D. A holomorphic 1-form
«a on D is automatically closed, therefore o = df by the usual Poincaré lemma.
Since df is holomorphic, Of = 0. Therefore f is holomorphic. O

Corollary 5.2.2. There is a long exact sequence
0— H°(X,C) —» H(X,0x) — H°(X,0%) = H'(X,C)...
Holomorphic 1-forms are closed, and
H(X,Q%) — H'(X,C)

is the map which sends a holomorphic form to its class in (complex valued) de
Rham cohomology.

Lemma 5.2.3. This map is an injection.

Proof. Since global holomorphic functions on X are constant
HY(X,C) = H°(X,Ox)
is surjective. O

It follows that dim H°(X, Q') < 2g. In fact, we can we will show later that

Theorem 5.2.4. If X is a compact Riemann surface of genus g, then
dim H*(X,Q) = HY(X,0x) =g

So this will give another interpretation of genus. For now we prove a weaker
statement.

Lemma 5.2.5. dim H°(X, Q') <g

Proof. If a, 3 € HY(X,Q), then a A 8 = 0 because it would be a (2,0) form
on a 1 dimensional complex manifold. Therefore («, 3) = 0. This says that
HO(X,Q') is an isotropic subspace. The bound follows from the following fact
from linear algebra:

Theorem 5.2.6. A finite dimensional vector space V with a nondegenerate

skew symmetric form is even dimensional. An isotropic subspace has at most
half the dimension of V.

O
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5.3 Harmonic forms

We will prove theorem 5.2.4. We start with a seemingly unrelated problem.
Recall that de Rham cohomology

~H{ae&HX)|da=0}
Han(X0) = e o)}

where £! = £L. So an element of it is really an equivalence class. Does such a
class have a distinguished representative? The answer will turn out to be yes.
To describe it, let us introduce a C-linear operation called the Hodge star given
locally by xdx = dy, *dy = —dx. This is amounts to multiplication by 7 in the
cotangent plane, so it is globally well defined operation. It follows that

Lemma 5.3.1.
(o, B) = (a0, %B) :/ a A xj3
X
defines an inner product on E1(X).

Proof. One can see that
(fdx + gdy) A +(fdz + gdy) = (|f* + |g|*)dx A dy
This implies positive definiteness. The other properties are routine. O

Definition 5.3.2. We define a 1-form « to be co-closed if d(xa) = 0. It is
harmonic if it is both closed and co-closed, i.e. da = d(xa) = 0. A form is
called co-exact if it equals *df .

We will explain why these are called harmonic later. The basic properties
are given by:

Proposition 5.3.3.

(a) A harmonic 1-form is a sum of a (1,0) harmonic form and (0,1) harmonic
form.

(b) A (1,0)-form is holomorphic iff it is closed iff is harmonic.

(c) A (0,1)-form is harmonic iff it is antiholomorphic i.e. ilts complex conju-
gate is holomorphic.

(d) The space of co-closed (closed) forms is orthogonal to the space of exact
(co-exact) forms. In particular, the space of harmonic forms is orthogonal
to both spaces.

Proof. 1f a is a harmonic 1-form, then o = o + o/, where o/ = 3 (v + i * ) is
a harmonic (1,0)-form and o’ = §(a — i * a) is a harmonic (0, 1)-form.

If o is (1,0), then dov = Ja. This implies the first half (b). For the second
half, use the identity

xdz = *(dx + idy) = dy — ide = —idz

45



Finally, note that the harmoncity condition is invariant under conjugation, so
the (c) follows from (b).

For (d), suppose « is co-closed. Then so is &. Integration by parts (essen-
tially Stokes’ theorem) implies

<df,a>:/deA*@:/d(f*o?)—/de*@:o

Similarly, for « closed,
(o, *df) :/ aNxxdf = —/ d(fa)+/ fda=0
b'e b'e b'e

Here is the key fact. We will say more about this in later on.

Theorem 5.3.4 (Hodge theorem ). Any form in E1(X) can be decomposed into
a sum B+ df + *dg, where 3 is harmonic and f,g are C* functions.

Corollary 5.3.5. Every de Rham cohomology class has a unique harmonic
representative.

Proof. Suppose « is closed. Write a = 8+ df + *dg as above. Part d of the last
proposition implies
| % dg||* = (a, xdg) = 0

So « and the harmonic form [ lie in the same cohomology class. Suppose
a = ' + dg with ' harmonic. Then 3 — 8’ is harmonic and exact. Applying
part d again shows that it’s zero.

O

Proposition 5.3.6. H!(X,Ox) is isomorphic to the space of antiholomorphic
forms.

Proof. Let H C £%(X) denote the space of antiholomorphic forms. We will
show that
7 H — £%(X)/im 0

is an isomorphism. Suppose that o € £°1(X). By theorem 5.3.4, we may choose
a harmonic form 8 such that 8 = a + df + *dg for some f,g € C*°(X). Then
the (0,1) part of 3 gives an element 3’ € H such that 8’ = a + 9(f + ig). This
shows that 7 is surjective.

Suppose that a € kerw. Then a = df for some f. Therefore a + & = df.
Consequently a+ @ is exact and harmonic, so a4+& = 0. This impliesa« = 0. O

Corollary 5.3.7. o — & gives a conjugate linear isomorphism
HO(X7 Q%() = Hl(Xv OX)

The last result is a special case of Serre duality.
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Proof of theorem 5.2./. Combining previous results shows that
dim H(X, Q%) =dim H'(X,0x) < g

We have an exact sequence
HY(X, Q%) — HY(X,C) — H'(X,0x)

which forces
2¢ < 2dim H°(X, Q%)

5.4 Riemann-Roch

Let X be Riemann surface of genus g.. A classical problem, sometimes called the
Riemann-Roch problem, is construct a meromorphic function with prescribed
zeros and poles.This data is a choice of finitely many points pq,...,pr with
multiplicities ng,...,ng, which we write as a formal sum D = > n;p;. D
is called a divisor. The degree degD = > n;. Write M(U) for the field of
meromorphic functions on U C X, and define the sheaf

Ox(D)(U) ={f € M(U) | ordy, f = —ni, Vp; € U}

A more precise form of the Riemann-Roch problem is to try calculate the di-
mension of the global sections of the above sheaf. The key result is as follows:

Theorem 5.4.1 (Riemann-Roch). The dimensions h*(Ox (D)) = dim H' (X, Ox (D))
are finite for i = 0,1 and zero for i > 2. We have

X(0x(D)) := h*(Ox (D)) — h'(Ox (D)) =deg D +1—g

Proof. Let m(D) = > |n;| denote the “mass” of D. The proof proceeds by
induction on m(D). The base case m(D) = 0 follows from the computations

hO(OX) =1, hl(OX) =g, hZ(OX) =0,1>1

established earlier.
Now assume m(D) > 0 and that the theorem is true for m(D’) < m(D).
Given p, we have an exact sequence

0—Ox(—p) - 0x -C,—0
Tensoring by Ox (D) gives
0— Ox(D—-p)—Ox(D)—-C,—0

because O(D) ® C, = C,. Observe that H°(X,C,) = C by definition and
H(X,C,) =0 for i > 0 because C,, is flasque. Thus

x(Ox(D)) = x(Ox(D - p)) + x(Cp) = x(Ox(D = p)) + 1
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Therefore
X(O(D)) — deg D = x(O(D — p)) — deg(D — p)

or by changing variable and writing the formula backwards
X(O(D)) — deg D = x(O(D + p)) — deg(D + p)

We can choose p such that m(D £ p) < m(D). So one of these two formulas
shows that x(Ox (D)) — deg D equals 1 — g.
O

Corollary 5.4.2 (Riemann’s inequality).
Y (Ox(D)) >degD +1—g
In particular, this contains a nonzero function when deg D > g.

To appreciate what this tells, let us classify surfaces of genus 0. We have at
least one example, namely Pl (= the Riemann sphere).

Theorem 5.4.3. A compact Riemann surface of genus 0 is isomorphic to Pg.

Sketch. Let X have genus 0. Choose a point p € X. Riemann’s inequality tells
us there exists a meromorphic function f with a simple pole at p and no other
singularities. This can be viewed as holomorphic map

f: X =P

such that f~!(co) = p. Given y € C, let g(x) = f(x) —y. The preimage
f1(y) = g71(0) is a finite set {q1,...}. Let n,... be the order of the zeros of
g these points. We claim that > n; = 1. To see this, consider the meromorphic
differential form o« = dg/g. This has poles at {p,qi1,...}. We can choose a
coordinate at g, so that g is locally z — 2™*. Tt follows that & = ngdz/z. This
means that the residue of « at g is ng. Similarly, the residue at p is —1. To
prove the claim, observe that by Stokes, the sum of residues

1
1 S da =0
T2 5y //X_UDk “

With the claim in hand, we can see that f is a bijection. Using open mapping
theorem from complex analysis shows f~! is also holomorphic. Therefore X =2
Pl O

5.5 The Jacobian

Let X be Riemann surface of genus g. Let C denote sheaf of complex valued
C* functions, and Ox is the subsheaf of holomorphic functions. For our pur-
poses a holomorphic line bundle is a rank one locally free sheaf L over Ox. A
C (complex) line bundle is defined analogously. A holomorphic line bundle
gives rise to C'*° line bundle by “extending scalars”. In particular, this remark
applies to Ox (D).
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Lemma 5.5.1. Ox (D) is a holomorphic line bundle.

Proof. Let {U;} be a covering by coordinate nbhds containing at most one point
of D. If U; contains no points of D, then O(D)|y, = Oy,. If U; contains p; € D,
choose a coordinate so that p; is z = 0. Then

nj

(D)

v, =Ou, 2~
O

Let L be a C*° or holomorphic line bundle. In either case, we have an open
cover {U;} and isomorphisms

JiicgoigL|Ui, or OUi =T

Ui

Note that o; need not be compatible with ;. We can measure the difference
by taking
9ij =0; " 00i: O(Us) = O(Uy)

in either case, but we just wrote the second case. An automorphism of a com-
mutative ring is just multiplication by a unit. So we can view

¢ij € O°(Uyj)
We can see from the definition that ¢;; is a 1-cocycle in Z'({U;}, O%).

Theorem 5.5.2. The map L — ¢;; induces a bijection between the set of
isomorphism classes of holomorphic (resp. C*) line bundles and H'(X,O%)
(resp. HY(X,C>%)).

Both sides are abelian groups, where tensor product is an operation on the
left. The above statement can be improved to an isomorphism of groups. The
group of holomorphic line bundles is called the Picard group, and denoted by
Pic(X).

Proposition 5.5.3. Let e(f) = >/ then the sequences of sheaves
0= Zx = OF S50 =1
0Zx - O0x S 0% =1

are exact.

Proof. Exactness is local, so we can reduce to the disk D. Since D is sim-
ply connected, a branch of the logarithm can be chosen to get surjectivity
e: O(D) — O*(D). The rest is straigtforward. O

Taking the first sequence gives
HY(X,C¥) — HY(X,C>®%) % H(X,Z) — H'(X,C%¥)

The map labelled ¢; is called the first Chern class. Since C¥ is soft, we obtain
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Lemma 5.5.4. The first Chern class induces an isomorphism
HY(X,C%) = HY(X, Z)

This says that ¢; is a complete invariant for C'°° line bundles. Note that
H?(X,Z) = Z, so ¢ is really just a number, called the first Chern number. We
omit the details, but this can be computed to obtain

Theorem 5.5.5. The first Chern number ¢ (O(D)) = deg D.

Corollary 5.5.6. The C*° line bundles associated to two divisors are isomor-
phic iff they have the same degree,.

The holomorphic side is much more interesting. We now get a sequence
.— HY(X,0x) — Pic(X) %5 H*(X,Z) = 0
because H?(X,Ox) = 0. The kernel of ¢; is denoted by Pic?(X).
Theorem 5.5.7. Pic’(X) has the structure of a complex torus of dimension g.
Proof. From the above exact sequence
HY(X,0x)
imHY(X,7Z)

We saw earlier that the numerator on the right is a g dimensional complex
vector space. It is enough to prove the claim that denominator is a lattice (a
discrete subgroup of maximal rank).

Since H'(X,7Z) sits a lattice inside H' (X, R), to prove the claim it is enough
to show that the natural map

r: HY(X,R) - H*(X,Ox)

Pic®(X)

1

is injective. It « is a harmonic form representing a nonzero element of H' (X, R).
Then we can uniquely decompose a = a%! + a? into a sum of a holomorphic
and antiholomorphic forms. Note that 7(a) = a%!. Since « is real, a®! = 1.0,
Therefore r(a) # 0.

O

The torus Pic’(X) is called the Jacobian of X, and also denoted by J(X).
This is a fundamental invariant of X. It has the effect of “linearizing” X. What
makes story more interesting is that X also maps to J(X). Fix a base point
po € X and a positive integer n. The Abel-Jacobi map AJ : X" — J(X) sends

(pla“'vpn) = O(pl + ... +pn 7"7/270)
We summarize the key result without proof.

Theorem 5.5.8 (Abel-Jacobi). The Abel-Jacobi map is holomorphic, and sur-
jective when n > g, and injective when n =1 and g > 1.

Corollary 5.5.9. When n = g = 1, AJ is a holomorphic isomorphism. It
follows that a genus 1 Riemann surface is isomorphic to a quotient of C by a
lattice.
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Chapter 6

The Hodge theorem

6.1 Riemannian metrics

Let X be C*°-manifold. A Riemannian metric on X is a C° family of inner
products on the tangent spaces. Here is a more precise definition.

Definition 6.1.1. A Riemannian metric is family of inner products g : T, ®
T, — R such that given two C* wector fields u,v € Vect(U), g(u,v) € C(U).

Proposition 6.1.2. Every manifold possesses a Riemannian metric.

This is standard application of partitions of unity. A proof can be found in
any book on differential geometry. The object ¢ is called the metric tensor. In
local coordinates

9= Zgijdxi ® dx;
where p — g;; is a C*° family of symmetric positive definite matrices. By linear
algebra, g induces inner products on AFT » for each k. This gives us a pointwise
inner product
(,): EFX) x EF(X) = C=(X)

(NB: This notation is different from the last chapter.)

Let us now assume that X is an oriented n-manifold. Then we define the
volume form locally by

dvol = y/det(g;j)dx1 A ... Ndxy,

where we order the coordinates so that the expression is positively oriented.
This is globally well defined, and it is not exact in spite of the notation. This
form defines a measure on X by fX fdvol. Let us also now assume that X is
compact. Then this is a finite measure i.e. fX dvol < co. We can define an

actual inner product on £¥(X) by

(a,8) = /X (. B)dvol
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The Hodge star operator *£%(X) — £"7%(X) is the unique linear transforma-
tion satisfying
aAx8 = (a,)dvol

Thus
(a, B) :/Xa/\*b’

If e1,...,e, is a positively ordered orthonormal basis of £1(U) (which exists by
Gram-Schmid), we can see that

dvol =e1 A... Ney,

xej, N Ney =Fej A Aej,

where {j1,...} = {1,...,n} — {i1,...}. It follows that *x = £1. The precise
sign is (—1)*("=%) on k-forms.

Lemma 6.1.3. For all a € £¥(X), 8 € EF1(X),
(da, B) =, (=1)*" ™M xd x ).
In other words, (—1)*("=%) x dx is the adjoint d* of d.

Proof. The proof follows by applying Stokes’ theorem to the identity
dlaNxp) =daAxfLtaNxxdx[

(This is nothing other integration by parts.) O

6.2 The Hodge theorem for Riemannian mani-
folds

Fix an oriented Riemannian manifold X. Let d* denote the adjoint to d, which
equals £ x dx.

Definition 6.2.1. The Laplacian (or Hodge Laplacian, or Laplace-Beltrami
operator) of X is

A =dd" +d*d
Example 6.2.2. Let X = R? with Fuclidian metric ¢ = dx ® dx + dy ® dy. If
feC>(X), then
0? 0?
e
ox?  Oy?

So it agrees with the usual Laplacian up to sign.

Af=—xdxdf = —( )

Definition 6.2.3. A C*° form is harmonic if Aa = 0.

Lemma 6.2.4. A form « is harmonic iff da = d* a = 0.
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Proof. Suppose Aa = 0, then
0= (Aa,a) = ||da||* + [ * dx*all?
Therefore dao = d * «« = 0. The other direction is clear. O

We now consider a problem in PDEs. Given a form «, can we always solve
Poisson’s equation
Ay =a?

The answer is almost always. Here is the precise statement.

Theorem 6.2.5 (Hodge theorem). Suppose that X is a compact oriented Rie-
mannian manifold. Then the space of harmonic forms is finite dimensional.
Any form « can be written as B + A~, where [ is harmonic.

We won’t give a proof, but just make a few comments. The first step is
to complete the inner product space £¥(X) to a Hilbert space. Methods of
functional analysis can be used to prove the existence of a weak solution to
a = f+ Ay with £, in this Hilbert space. The second step is to prove that
this weak solution is in fact a C'"* solution. This depends crucially on the fact
that A is a so called elliptic partial differential operator.

Let’s look at an example.

Example 6.2.6. Let X = R"/Z™ with the Euclidean metric. A differential
form « can be expanded in a Fourier series

o= Z Z a)\’IeQ”i)“xdmI (6.1)

AEZ™ |I|=p

where dx; = dx;, A ... Ndx;,. By direct calculation, one finds the Laplacian

2
A=— Z % (on coefficients)
€T3

Then a = B + A~y with
B = Z ap,rdxy
T

and

_ AXNI  2min
7= Z Z 47T2|/\|2e T day

rezr—{0} I

Since B has constant coefficients, it’s harmonic.

We already used this theorem in the last chapter, and we will give more
applications shortly. The following corollary is what most people would call the
Hodge theorem.

Corollary 6.2.7. Any de Rham cohomology class has a unique harmonic rep-
resentative.
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Proof. We proved this statement for Riemann surfaces earlier, and the general
case is the same. Suppose « is closed then write o = §+ Ay = d(d*v) + d*(dy)
as above.

ld*dy|[* = (da, dy) — (d*d*v, dy) = 0

So a and the harmonic form S lie in the same cohomology class. Uniqueness of
B is proved similarly. O

Here is another proof of Poincaré duality.
Corollary 6.2.8. If dim X = n, then H,(X) = H}z"(X)

Proof. x takes harmonic forms to harmonic forms, so it induces the above iso-
morphism. O

6.3 Kahler manifolds

Let X be a complex manifold.

Definition 6.3.1. A Hermitian metric on X is a family of Hermitian inner

products on the complex tangent spaces which vary in C°° fashion. More pre-

cisely, H would be given by a section of 5;1’0) ® Eg.)’l), such that in some (any)

locally coordinate system z; = x; + /—1y; around each point, H is given by
H=>Y hijdz ©dz;
with h; positive definite Hermitian.
The real part of the matrix H is positive definite symmetric, and the tensor
> Re(hij)(da; @ d; + dy; @ dy;)

gives a globally defined Riemannian structure on X. We also have a (1, 1)-form w
called the Kdhler form which is the normalized image of H under 5&1’0)®5§?’1) —
Eg(l’o) A 5)(?’1). In coordinates

v/ —1 B
W = T Zh”dzl A de.

The normalization makes w real, i.e. @ = w. It is clear from this formula, that
w determines the metric. Sometimes we just refer to w as the metric.

In Riemannian geometry it is always possible to choose coordinates about
a point which make it Euclidean up to second derivatives. These so called
normal coordinates are often useful for computations. In the analytic world,
such coordinates are not always possible, and this leads to a definition.
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Definition 6.3.2. A Hermitian metric on X is called a Kdahler metric for any
p € X if there exist analytic coordinates z1, ...z, with z; = 0 at p, for which
the metric becomes Euclidean up to second order:

hij = 6;; mod (z1,... Zn)?

A Kdhler manifold is a complex manifold which admits a Kdhler metric. (Some-
times the term is used for a manifold with a fized Kdihler metric.)

In such a coordinate system, a Taylor expansion gives

V-1
w= 5 Z dz; N dZ; + terms of 2nd order and higher

Therefore dw = 0 at z; = 0. Since such coordinates can be chosen around
point, dw is identically zero. This gives a nontrivial obstruction for a Hermitean
metric to be Kéhler. In fact, this condition characterizes Ké&hler metrics and
often taken as the definition:

Proposition 6.3.3. Given a Hermitean metric H, the following are equivalent
(1) H is Kaihler.
(2) The Kahler form is closed: dw = 0.
(3) The Kihler form is locally expressible as w = 00f.

Proof. That (1) implies (2) was explained above. See p 107 of Griffiths-Harris
for the converse. (3) clearly implies (2), The converse will be proved in the
exercises. 0

We will refer the cohomology class of w as the Kdhler class. The function f
such that w = /—190f is called a Kéhler potential. A function f is plurisub-
harmonic if it is a Kéhler potential, or equivalently in coordinates this means

0’f
——&& >0
Z 62’,’82]' 6 5]
for any nonzero vector &.
Basic examples of compact Kahler manifolds are:

Example 6.3.4. Any Hermitian metric on a Riemann surface is Kdhler since
dw vanishes for trivial reasons.

Example 6.3.5. Complex tori are Kihler. Any flat (Euclidean) metric will do.

Before describing the next example, we note that the usual “round” metrics
on the sphere are completely characterized by the fact that they are rotationally
invariant. This can be made unique by fixing the area. We can extend this to
other spaces. First observe that the unitary group U(n + 1) acts transitively on
P" via the standard action on C"*1,
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Lemma 6.3.6. A U(n + 1)-invariant Hermitian metric on P™ is unique up to
a positive scalar multiple.

Proof. The isotropy group of p = [1,0,...,0] is U(1) x U(n), and the action of
the last factor U(n) on T, can be identified with the standard one on C™ using
the basis 3(%/20). A U(n + 1)-invariant Hermitian metric on P™ is determined
by a U(n)-invariant inner product on 7, = C™. Such an inner product must be
a positive multiple of the standard one. O

Technically, we haven’t proved that such a metric exists. We do that next.
With an appropriate normalization, this metric is called the Fubini-Study metric,
and it is of fundamental importance.

Proposition 6.3.7. There exists is a unique choice of invariant Hermitian
metric, called the Fubini-Study metric, such that fﬂm w =1 for any line P* C P",
where w is the Kdahler form. This metric is Kdhler.

Proof. Let zg,...,z, denote homogeneous coordinates. On a chart U; = {z; #
0}, the ratios zp/z;,... form true coordinates. For simplicity, let i = 0, and
write ¢ = (21/20,-..,2n/20). We set

=1 -
~—00log(1+|¢[*)
s
Computing the matrix of coefficients of wq gives
(1+[¢A)T - ¢T¢
m(1+[¢]?)?

wo =

where ¢ denotes the conjugate transpose. It is positive definite at the origin,
because it reduces to %I there. We have similarly defined forms w; on each Uj.
Let C"*1 — {0} — P" be the projection. Then we can see that
T w; = E6510g(|zo|2 + o 20
21

because the difference between these expressions is proportional to 99 log |z;|? =
0. Since the right side is independent of i, we see that the w;’s patch to a yield
a 2-form w on P™. It is clear from the last formula that this form is invariant
under U(n+1). Since the matrix of coefficients is positive definite at one point,
it is positive definite everywhere. Therefore w defines a Kéhler metric.

One can check by direct calculation that fPl w=1. O

We note that H?(P",Z) = Z, and it is generated by the first Chern class of
line bundle O(1) called the tautological bundle. This group has two generators
O(#1). The preferred one O(1) is distinguished by the fact that H(P", O(1)) #
0. In fact, it is isomorphic to the space of linear polynomials in the homogeneous
coordinates zo,...,2,. Since H?(P",R) = H?(P",Z) ® R is one dimensional,
the Kéhler class [w] would have to be a nonzero multiple of ¢;(O(1)). In fact,
the constants in the formulas are chosen so that these coincide.
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Lemma 6.3.8. A complex submanifold of a Kdahler manifold inherits a Kdhler
metric such that the Kahler class is the restriction of the Kdhler class of the
ambient manifold.

Proof. The Kéhler form locally has a plurisubharmonic potential f. It follows
immediately from the definition, that f restricts to a plurisubharmonic function
on complex submanifold. Thus the Kéhler form will restrict to a Kahler form.

O

There are several reasons why the Kéhler condition is a natural and useful.
For algebraic geometry, the main reason is as follows.

Theorem 6.3.9. A smooth projective variety has a Kdahler metric.
Proof. Since P™ is Kahler, the theorem follows from the previous lemma. O

When X is projective, the cohomology class of the Kdhler form w lies in the
image of H?(X,Z), because it is the restriction of the first Chern class ¢1(O(1)).
A deep theorem of Kodaira shows that this condition characterizes those Kéhler
manifolds that come from projective varieties.

Every complex manifold carries a Hermitian metric by a partition of unity
argument. However, it is not true that every manifold carries a Kéhler metric.
There are a number of topological constraints, such as those below.

Theorem 6.3.10. If X is compact Kéhler manifold of dimension n, w* defines
a nonzero class in H?*(X,C) for k= 1,...,n. In particular, the Betti numbers
bor(X) = dim H?*(X,C) are nonzero.

Proof. Using analytic normal coordinates, we can see that w™ = Cdvol, with
C > 0. This implies that [, w™ # 0, so it cannot be exact. Since the class [w"]
is the cup product of [w] with itself n times, [w*] # 0 for k=1,...,n. O

When X C PV is smooth and projective with Fubini-Study metric, there
is another way to see this. Bertini’s theorem in algebraic geometry guarantees
that X contains a smooth subvariety Y of dimension k for any k£ < n. Then

/ka:/ycl((’)(l))k:dng

One definition of degY is that it is the number of points of Y intersected with
k general hyperplanes. Further details can be found in Hartshorne or pretty
much any book on basic algebraic geometry. The key point is that one always
has degY > 0. It follows that [w"] # 0.

6.4 The Hodge theorem for Kahler manifolds

Let X be a compact Hermitian complex manifold. Since it is an oriented Rie-
mannian manifold, we can apply the results for a previous section to see that
complex valued de Rham cohomology classes can be represented by harmonic
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forms. We saw that for Riemann surfaces, there is a close connection between
harmonic and holomorphic forms. This is no longer true for a general Hermi-
tian manifold, but it is for Kéhler manifolds. The reason behind this is a set of
identities called the Kéhler identities. In order to explain the key identity, let

*a=+xdxa

Then with appropriate sign, this is the adjoint of 0 with respect to the inner
product (,). We define a new Laplacian by

Ay =0"0+ 90"
Lemma 6.4.1. Ay preserves type, i.e. if o € EPI(X), then Aza € EP1(X).
Proof. 0 has bidegree (0, 1), and 9* has bidegree (0, —1). O
Theorem 6.4.2. If X is Kdhler, then A = 2Aj.

Since X is Kéahler, we can use analytic normal coordinates to reduce theorem
to Euclidean space. However, the reduction is more complicated than it sounds
because it is Euclidean only up to second order. Details can be found in Griffiths-
Harris... Let us check this for the Euclidean metric.

arj

82
d dz
072;,0%; SR

A

Asla) = -2
I
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Theorem 6.4.3 (The Hodge decomposition). Suppose that X is a compact
Kahler manifold. Then a differential form is harmonic if and only if its (p,q)
components are. Consequently we have noncanonical isomorphisms

H'(X,C)=  HIX,0%).
pFq=i

Furthermore, complex conjugation induces R-linear isomorphisms between the
space of harmonic (p,q) and (q,p) forms. Therefore

HI(X,0%) = HP(X,Q%).

Proof. Since A = 2A 5, a form is harmonic if and only if its (p,¢) components
are. Since complex conjugation commutes with A, conjugation preserves har-
monicity. This shows that

H'(X,C)= @ H™, Hr=H®
ptq=i
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where HP? is the space of harmonic (p, ¢)-forms. To finish, we need to establish
an isomorphism
HP = HO(X,0%)

Suppose a € HP?. Then
0= (Aga,a) = [[dalf* +]|0%al?

Therefore a is O-closed. When combined with Dolbeault’s theorem, this pro-
duces a map
7 HP — HI(X, Q%)

We claim that 7 is surjective, let a be a O-closed (p, q)-form. Decompose
a=f+Ay=F+2857=0+07+0"
with 8 harmonic. We have
10%72][* = (72, 80™2) = (32, 0a) = 0.

This proves the claim.

~ We also claim that 7 is injective. To see this, suppose that o € HP? equals
0. Then B
el = (8,0") = 0

O

Corollary 6.4.4. If X is compact Kdhler and i is odd, then the Betti number
b; = dim H(X,C) is even.

Proof. Let h?? = dim H9(X, Q% ). Then

b= Y hT=2 3 R

pt+q=i p+qg=i,p<q

6.5 Functorial Hodge structure

The goal of this section is to show hat the Hodge decomposition for compact
manifolds can be made independent of the metric. To make a precise statement,
we need to formalize things.

Definition 6.5.1. A Hodge structure of weight i consists of a finitely generated
abelian group Hyz and a decomposition

HyoC= @ H™
pt+g=i

such that HP? = H¥. A morphism of Hodge structures f : Hy — Gz is
a homomorphism of groups, such that the induced map f ® C preserves the
bigrading.
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Example 6.5.2. Let X be compact Kdahler. Then the isomorphism
HY(X,Z) ® C = space of harmonic i forms

together with the decomposition constructed in the last section gives a natural
ezample of a Hodge structure of weight i.

This seems to depend on the metric, but the surprise is that it doesn’t.

Theorem 6.5.3 (Deligne). There exists functor from the category of compact
Kdhler manifolds and holomorphic maps to the category of Hodge structures of
weight 1, such that for any choice of metric, it is isomorphic to the example
constructed above.

First, we reformulate Hodge structures as follows.

Lemma 6.5.4. The category of Hodge structures of weight i is equivalent to the

category of finitely generated abelian groups Hy with a decreasing filtration F'®

on H = Hy @ C such that for all p, FPaF P g

Sketch. In one direction, given a Hodge structure, set F? = HP?@ HPHha—1
In the other direction, H?Y = FP N Fr. U

Given a complex manifold, we define a filtration on differential forms by
FPENX) = EP(X) @ EPTHa1(X) ...
In others o € FP if there are at least p dz’s when written in coordinates.

Lemma 6.5.5. We have dFPEH(X) C FPETY(X), or in other words FPE®*(X)
is a subcomplex of the de Rham complex.

Proof. If a € £9(X), then da € EYYTH(X) @ £9H10(X). O

We define
FPHY(X) =im[H (FPE* (X)) — H'(X)]

We want to show that this filtration defines a Hodge structure when X is com-
pact Kéhler. As a first step observe that the complex conjugate

F'HI(X) =im[H (F'E* (X)) — H'(X)]

where '
F'EH(X) = EPI(X) @ EP~HIH(X) ...
is also a subcomplex. It is clear that

1—p+1

E(X)=FrE(X)a F EH(X)

This easily implies
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Lemma 6.5.6. If X is compact complex manifold,

Hi(X)=FPH(X)+F "7 Hi(X)

Note the sum on the right is not necessarily a direct sum. It is possible
the two subspaces have a nontrivial intersection. To handle this, we need some
homological algebra.

Lemma 6.5.7. Let C*® be a bounded complex of vector spaces over a field, with
a finite filtration F*C*® by subcomplexes. Suppose that for all i, p

> dim H'(GrPC*) = dim H'(C*)

p

where the dimensions are assumed finite, and GrPC*® = FPC'/Fp+1co. Then
dim FPH(C*®) = dim H*(Gr’C*) + dim H'(GrP+1C®) + ...

The filtration is called strict if the above conditions hold. This is an ex-
tremely strong condition. It is equivalent to degeneration of the spectral se-
quence associated to F' at the first page.

Lemma 6.5.8. If X is compact Kihler, F*£*(X) and F"£*(X) are strict. We

have ‘ _ IV
Hi(X)=FH(X)aF " H(X)

Therefore the F'® defines a Hodge structure.

Proof. Dolbeault’s theorem implies that
H'(GripE%(X)) = H'(EP*(X)[-p]) = H'P(X, Q%)

The symbol [—p] means shift the complex p places to the right. The Hodge
decomposition theorem now implies that F*E®(X) is strict. Strictness of the
conjugate filtration is similar. We know that

1—p+1

Hi(X)=FPH(X)+F " H(X)

To prove that this is a direct sum, it suffces to show that the sum of dimensions
on the right is the dimension on the left. By the previous lemma, it follows that

dim FPH(X) = kP9 + pptla=t 4

dimfﬁlHi(X) — pp-latl | pp-2a+z

where ¢ = ¢ — p and hP? = dim H9(X, QP). This implies the desired equality.
O

This last lemma proves the theorem.
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6.6 Hodge cycles

Let X be a complex nonsingular projective variety of dimension n, and let
Y C X be a closed nonsingular subvariety of dimension m. The difference
p =mn — m is the codimension. We define a functional

/ € H*™(X,R)*
Y

which sends a real m-form « € £™(X) representing the class to

/}/CK
[+ =[a

by Stokes’ theorem, this is well defined. By Poincaré duality

Since

H*™(X,R)* = H?’(X,R)

this gives an element [Y] € H?’(X,R) called the fundamental class. The dual-
ity isomorphism can be made more explicit, and this leads to a more explicit
description of the class.

Lemma 6.6.1. [Y] can be represented by a closed 2p-form ny € E?P(X) such
that
/ « :/ ny N\ o
Y X

Lemma 6.6.2. [Y] can be represented by a closed (p,p)-form.

for all closed 2m-forms «.

Proof. We can choose a form 7y as above, which is harmonic. We want to show
this is of type (p,p). Suppose not. Then the (a,b)-part n*® # 0, for some
a<p,b=p—a. Let a =3%n®". This is of type (n — b,n — a) and satisfies

/VwAa:HmF¢o
X

/YayéO

However, this is impossible because a|y = 0. O

This implies

In fact, the construction can be extended to define the fundamental class of
possibly singular subvariety Y. One way to do this is appeal to a deep theorem of
Hironaka that says there is a nonsingular variety ¥ and a morphism 7: Y — Y
which is an isomorphism over the nonsingular part of Y. The map Y - Y
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is called a resolution of singularities. Then [Y] can be defined as the class in
H?™(X,R) dual to [;. The resolution is not unique, but the class [Y] can be
seen to be well defined.

Although we won’t prove it, there are alternative constructions which show
that

Proposition 6.6.3. The fundamental class of a subvariety lies in the image of
H?!(X,7).

Putting these facts together, we find that fundamental class lies in
H*(X,Z)N HPP(X)

where we take HPP(X) = FP N FP associated to the functorial Hodge structure.
(NB: H?P(X,Z) might have torsion, which should be understood as lying in the
intersection.) An element of this intersection will be called an integral Hodge
cycle. A rational Hodge cycle or simply a Hodge cycle is an element of

H*(X,Q) N HP?(X)
‘We now come to the famous:

Conjecture 6.6.4 (Hodge conjecture). A Hodge cycle is a linear combination
of fundamental classes of subvarieties. Such a linear combination is called an
algebraic cycle.

Historical Remarks:

1. Hodge didn’t actually use the word “conjecture”, but he formulated it
as a problem in his 1950 ICM talk. In fact, he expected it should hold
with integer coefficients. But by 1960 counter-examples were found to the
integral version by Atiyah-Hirzebruch, and it has since been formulated
as above.

2. The conjecture gained importance in the 1960’s partly because of its re-
lation to Grothendieck’s theory of motives. In this connection, he wrote
a paper in English, famously entitled “Hodge’s general conjecture is false
for trivial reasons”. Although, he quickly points out that he didn’t mean
the conjecture every thinks of, but instead something related.

3. Although the statement of the Hodge conjecture makes sense for compact
Kéhler manifolds, it is known to be false (Zucker, Voisin).

At the time Hodge formulated the conjecture, he had one important piece
of evidence

Theorem 6.6.5 (Lefschetz (1,1) theorem). An integral Hodge cycle H*(X) is
an algebraic cycle.
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Before proving it, we give an equivalent formulation due to Kodaira and
Spencer, which makes the proof easy. Recall that we have the first Chern class
map

HY (X,0%) % H*(X,7Z)

coming from the exponential sequence. The group on the left is the set of
isomorphism classes of line bundles. The image is called the Neron-Severi group
NS(X).

Theorem 6.6.6 (Lefschetz (1,1) theorem, version 2). An integral Hodge cycle
in H*(X) is the first Chern class of a line bundle.

Proof. Consider the exact sequence
HY(X,0%) = H*(X,7) — H*(X,0)
The last map can be interpreted as the composition
H*(X,Z) — H*(X,C) & H*(X,C)/F' = H*(X,0)

An integral Hodge cycle « is an element of H?(X,Z)NH'(X), so it would map
to zero under 7 . Therefore « lies in the image of H! (X, O*). O

We still have to prove version 1 of the theorem. A divisor is a finite linear
combination Y m;D;, where D; C X are irreducible varieties of codimension
one. The line bundle Ox (D) constructed earlier for Riemann surfaces can be
generalized to divisors in this sense. The first version follows from the next
lemma.

Lemma 6.6.7.
1. Any line bundle is isomorphic to Ox (D) for some divisor D.

As a corollary, we give a useful criterion to the check the conjecture in some
examples. First, observe that cohomology H*(X,C) forms a ring under cup
product, and the space of Hodge cycles forms a subring.

Corollary 6.6.8. If the ring Hodge cycles on X is generated by divisors, then
the Hodge conjecture holds for X.

6.7 Hodge cycles on self products of elliptic curves

Recall that an elliptic curve is a quotient of C by a lattice L. One can always
normal the lattice to the form L = Z + Z7, where Im 7 > 0. A useful fact is

Theorem 6.7.1. Any elliptic curve can be embedded into P? as cubic curve.
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A proof can be found in Silverman’s book on elliptic curves. A consequence
of this and some basic algebraic geometry is that if F is an elliptic curve, then
E™ = FE x E ... is nonsingular and projective.

Theorem 6.7.2 (Tate). If E is an elliptic curve, the Hodge conjecture holds
for E™.

We will prove this under an extra assumption. We say C/L has complex
multiplication or is CM if there o« € C — Z such that oL C L.

Example 6.7.3. The curve corresponding to L = Z+7Zi is CM because iL C L.

Lemma 6.7.4. If C/(Z + Z7) is CM then 7 is algebraic, and in fact it is
contained in an imaginary quadratic extension of Q (an extension of the form

Q(v~=d),d >0).

Proof. The CM condition implies that o = a + b7 and at = ¢ + d7 for integers
a,b,c,d. Therefore 7 satisfies a quadratic equation with integer coefficients.
Since 7 ¢ R, it lies in an imaginary quadratic extension of Q. O

This shows that the CM curves are atypical, but they are nevertheless very
important. We will outline to proof of Tate’s theorem for CM curves. We start
by analyzing E2. We need on fact from topology which we state without proof.

Theorem 6.7.5 (Kiinneth formula). If X and Y are manifolds, de Rham co-
homology satisfies

H(X xY)= P H/(X)® H"X)
jt+k=i
where the isomorphism is induced by
EX)EHY) = EMX xY), a®f—planpsf
with p; denoting projections.
Therefore
H?*(E?) = [H*(E)® H'(E)] & [H'(F) @ H'(E)] @ [H*(E) ® H*(E)] (6.2)

This is compatible with the Hodge decomposition. In terms of the Hodge num-
bers, this means

B (E?) = W (E)R(E) + (WO (E)O (E) + W (E)WIO(B)] + hO(E)h' (E)

—14+[14+1]+1=4

In fact, we don’t need anything fancy to see this. E? is a quotient ot C2.
Letting z1, 2o denote the coordinates on C2. Then H'!'(E?) has a basis given
the 4 elements dz; A dZ;. It’s convenient to define a new basis

B1 = cdzy Ndzy, B = cdzo AN dZs, 3 = cdzy N dZsa, By = cdzo N dZy

where ¢ is chosen so that (3; integrates to 1 over F X o with o € E.
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Lemma 6.7.6. The rank of NS(E?) is at least 3, and it is 4 if E is CM.

Proof. There are 3 divisors Dy, Do, D3 given by E X 0, 0 x FE and the diagonal.
In terms of the above basis, [D;] = §1. To see this, note that D; is the pullback
of the divisor o under the first projection £ x E — E, and [o] is given by this
formula. For similar reasons, [Dy] = B2. Write

(D3] = Z a; 3

Define an involution by 8] = B2, 85 = 84. Then

o= [ wangi= [ gi= [ ctznaz=1
E2 D3 E

So that [D3] = 81 + B2 + B35 + P4. It is then clear that the 3 divisors are linearly
independent. Therefore rankN S > 3.

Suppose that F is CM. Then multiplication by « gives a morphism « : £ —

E. The graph Dy of a gives a fourth divisor Dy. We omit the details, but we

can expand Dy in the basis as above, and check independence of all 4 divisors.

O

In the CM case, we find that H''(E?) is generated by divisors. The key
point is that this generalizes.

Lemma 6.7.7. If E is CM then HPP(E™) is spanned by algebraic cycles.

Sketch. Using the Kiinneth formula, one checks that h''(E™) = n?, and HPP(X) =
APHY(X). If p;j : E™ — E? denote the various projections, one checks that
{p;;Dr} contains n? linearly independent elements of H''. This proves the
lemma for p = 1. The general case follows from the equation HPP(X) =
APH'™ (X)) by taking products. O

2nd proof. We give an alternative argument for NS = H!'!, which is cleaner but
less elementary in that it uses some facts about abelian varieties. An abelian
variety is a complex torus A = V/L with an isogeny (an almost isomorphism)
between A and the dual V*/L*. This isomorphism induces an involution x
on the algebra Endg(A) = End(A) @ Q. On page 190 of Mumford’s Abelian
Varieties, one finds an isomorphism

NS(A) ® Q= {M € Endg(A) | M = M*}

where the map from left to right can be understood as form of ¢;. When
A = E" with E CM, Endg(E™) is the algebra of n x n matrices over the imagi-
nary quadratic field K containing 7. The involution is the conjugate transpose.
A matrix satisfying M* = M is determined by n(n — 1)/2 entries above the
diagonal in K, and n entries along the diagonal in Q, giving

n(n—1) 9

as required. O
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Corollary 6.7.8. Tate’s theorem is true for CM elliptic curves.

In the non CM case HPP(E™) is not generated by algebraic cycles. So in this
case, the proof requires a completely different strategy, which we discuss later.
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Chapter 7

The Lefschetz theorems

7.1 Weak Lefschetz

Given a smooth projective variety X C PV, Bertini’s theorem (c.f. Hartshorne)
shows that there exists a hyperplane H C PV such that Y = X N H is smooth.
What is the relationship between the topology of X and Y7 Obviously, they are
not homeomorphic, because they have different dimensions, nevertheless there
is surprisingly close connection.

Theorem 7.1.1 (Weak Lefschetz). Let n = dim X.

(a) The restriction map H'(X,R) — H*(Y,R) is an isomomorphism for i <
n — 1 and an injection for i =n — 1.

(b) IfU =X —Y, then H(U,R) =0 fori > n.
Corollary 7.1.2. Let Y C P™ be a smooth hypersurface. The Betti numbers

b(¥) = {0 if i odd

1 ifi even
fori<n—1lorn—1<1<2n—2

Proof. Let X = P" and d = degY. We can find an embedding X c PV for
N = ("'{;d) — 1, called the Veronese embedding, such that Y = X N H for a
hyperplane H C PV. (Details can be found in any basic AG book; Hartshorne
calls this the “d-uple” embedding for some reason.) The theorem and Poincaré
duality tells us that bo,_o_;(Y) = b;(Y) = b;(P") for i« < n — 1. The Betti
numbers of projective space are known and given as above. O

Although, we stated this with real coefficients, the theorem holds with integer
coefficients. Statement (b) implies (a) by an exact sequence

CLHYU) = HY(X) = H(Y) - H(U)...
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plus Poincaré duality . 4
H::(U) N H2n—z(U)*

So it remains to prove (b).

We outline a proof due to Andreotti-Frankel, “The Lefschetz theorem on hy-
perplane sections”, Ann Math 1959. This uses Morse theory, which is explained
in Milnor’s book of the same title. The idea is given a C'°° manifold M and
a suitable C'*° function f : M — R, we can see how the topology changes for
M; = f=}(—o0,t] as t increases. A function f is called Morse if it is proper

(preimages of compact sets are compact), the critical points where the deriva-
2

tive vanishes are isolated, and at each critical point the Hessian H; = (%)

10T 5

is nonsingular. The number of negative eigenvalues of H; at a critical point is
called its index.

Theorem 7.1.3. Suppose that f : M — R is Morse. If there are no critical
points between t1 and to, then My, and M, are homotopy equivalent. If there
is exactly one critical point between t1 and t2, and it has index k, then My, is
homotopy equivalent to My, with a k cell attached.

A proof can be found in Milnor. Here the terms “homotopy equivalent”
can be found in any book in algebraic topology such as Hatcher; it should be
understood as “the same as” for our purposes. In particular, the cohomology
groups with R or even Z coefficients would be isomorphic. Attaching a k cell to
M;, means to glue the boundary of the unit ball in R* to the preceding space.
This won’t affect cohomology in degree larger than k. Therefore

Corollary 7.1.4. If the indices of f are less than or equal to K, then M
is homotopy equivalent to a CW complex of dimension < K. In particular,
H{(M,Z) =0 fori> K.

Suppose M C RY is a proper submanifold. Then we have the following facts
(see Milnor):

1. For almost all (in the sense of measure theory) po € RY — M, f(p) =
|p — po|? is a Morse function.

2. A point p € M is a critical point of f iff there is a focal point lying on the
line segment ppy from p to pg, where ¢ € RY is a focal point if (roughly)
normal lines to M intersect at q. More formally, ¢ is a focal point if there
exist p € M, such that pg is normal to M and the derivative of (p,q) — ¢
has a nontrivial kernel, the dimension of which gives the multiplicity.

3. The index of f at p is the number of focal points on line segment ppg
counted with multiplicity. The number of focal points (with multiplicity)
on the whole line joining p and pg is at most dim M.

Let us turn to the proof of part (b) of Weak Lefschetz. U is a closed subman-
ifold of PV — H = CV Therefore it suffices to prove the more general statement:
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Theorem 7.1.5. If M is a n dimensional closed complex submanifold of CV,
then H'(M,Z) =0 fori > n.

Idea. An elementary fact from linear algebra is that given an n X n complex
symmetric matrix, its real part, viewed as a 2n x 2n real matrix, has eigenvalues
in + pairs. Using this, one checks that if ¢ is a real normal line through p € M,
then focal points (and their multiplicities) occur symmetrically about p. Identify
CN = R?V, and choose a Morse function f given as the square of the distance
from pg as above. Suppose that p is a critical point with index k& < 2n. This
implies that half of the possible 2n focal points on the real line joining p and pg
lie on ppg. Therefore k < n.

O

7.2 The hard Lefschetz theorem

Fix a smooth projective variety X C PV of dimension n. If H is a general
hyperplane, then the weak Lefschetz tells us that H"~1(X,Z) — H""Y(Y,Z) is
injective, but it gives no further information. However, Lefschetz analyzed this
case further by choosing a suitable family of hyperplanes. Rather going in this
direction, we reformulate things in a different, and now standard, way which
works for an arbitrary compact Kahler manifold.

Theorem 7.2.1 (Hard Lefschetz theorem). Let X be a compact Kdhler manifold
of dimension n. Then for all i < n, cup product with [w'] gives an isomorphism

H" Y(X,R) = H""(X,R)

This is deduced from a more complicated, but equally important, statement
called the Lefschetz decomposition. Let L denote cup product with [w]. The
space

PY(X) = ker[L"™""' : HY(X,C) — H*""""2(X,C)]

is called the primitive cohomology.

Theorem 7.2.2 (Lefschetz decomposition). For every i,

[i/2]
H'(X,C) =@ /P (X)
§=0

To see that this implies the hard Lefschetz, observe that it implies that
L': H"Y(X) — H"(X)

is surjective. Therefore it is an isomorphism, since by Poincaré duality, they
have the same dimension.

We outline the proof of the Lefschetz decomposition. It depends on an
additional set of Kéhler identities. Define the following maps from £°(X) —
E%X): L=wA —, A= —%L%, and H by multiplication by n — k on £¥(X).
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Proposition 7.2.3. The following hold:
(1) [\ L) = H
(2) [H,L] = —2L
(3) [H,A] =2A
Furthermore these operators commute with A.
Proof. See p 115, 121 of Griffiths-Harris. O

The first three relations imply that L, A, H together define a representa-
tion of the Lie algebra sly(C). This proposition plus the following fact from
representation theory will prove the Lefschetz decomposition.

Proposition 7.2.4. Let V be a possibly infinite dimensional complex vector
space with endomorphisms L, A, H satisfying the above identities. If P = ker(A),
then

V=PoLP®L*Pa...

Proof. Let us explain how to reduce the proof to two standard facts in repre-
sentation theory, which can be found in Humphries Lie Algebras for example.

1. Representation of sla(C) are directs sums of irreducible representations.

2. An irreducible representation is generated by a single vector — the highest
weight vector — by repeatedly applying L. This vector is annihilated by
A, so lies in P.

O

7.3 Consequences of hard Lefschetz

We discuss a few consequences of the previous theorem.

Corollary 7.3.1. The sequence of even (odd) degree Betti numbers by < by <
oo (b1 < b3 < ...) weakly increases until the degree reaches n, after which it
weakly decreases.

Proof. By the theorem, cup product with [w] gives an injection (surjection)
Hi{(X,R) — H*?(X,R) wheni <n—1(i>n-—1). O

Corollary 7.3.2. If X is a smooth projective variety of dimension n, then a
Hodge cycle in H*"~2(X,Q) is an algebraic cycle. In particular, the Hodge
conjecture holds for varieties of dimension at most 3.
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Proof. We can assume that X is given a Fubini-Study metric associated to an
embedding X C PV. Then [w] = ¢;(O(1)) is an algebraic cycle. In fact, w = [H]
for any hyperplane. The hard Lefshetz gives an isomorphism

L' BA(X,Q) - H™2(X,Q)
which induces an isomorphism
Hll (X) ~ Hn—l,n—l (X)

Therefore a Hodge cycles a € H?*"!(X) is of the form [w™ '] U B, where
B € H?(X,Q) is a Hodge cycle. The Lefschetz (1,1) implies that 3 = [D] for
some divisor. One can check that

wrupB=[HN...H, 1N D]

for distinct hyperplanes H;. Therefore « is algebraic.
The last statement follows from the Lefschetz (1,1) theorem and what we
just proved.
O

Let X be a smooth projective variety of dimension n with a Fubini-Study
metric. Then [w] € H?(X,Q), so the Lefschetz operator L = w A — is rational.
Consequently, we define rational primitive cohomology

Py(X) = ker[L" ™" HY(X,Q) —» H*"'*(X, Q)]

We also have [w] € H(X). It follows that P'(X) C HY(X) is a rational
Hodge substructure. This means that we have a rational vector space with a
decomposition

P(X):=PyX)®C= @ P"(X), P"(X)=PrX) (7.1)
p+q=i

where PPY(X) = HP4(X) N P'(X). We define a bilinear form

Q(a, B) = (~1)6-1/2 / LA

X
on HY(X,Q). This is symmetric if 7 is even, and skew-symmetric otherwise.

Theorem 7.3.3 (Hodge index theorem). The restriction of Q to P*(X) satisfies
V=1"""Q(e,@) >0, «e PP(X)—{0}
and the decomposition (7.1) is orthogonal.

A proof can be found in Griffiths-Harris. A polarization on a Hodge structure
is bilinear form @ as above. The significance of this notion will be clear later.
For now we observe
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Corollary 7.3.4. H'(X) carries a polarization.
Proof. By the Lefschetz decomposition,
HY(X)2P(X)o P 3X)(-1)&...

where the operation (—1) called Tate twist means P(—1)P¢ = PP~%4~1 The
direct sum of the polarizations on the primitive parts will yield a polarization
on H(X) O
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Chapter 8

Hodge structures

8.1 Mumford-Tate groups

A linear algebraic group G over a field k, is subgroup of some GL, (k) defined
by polynomial equations. These include all the standard examples such as
SLy(k),On(k),.... An algebraic group is an (not necessarily connected) affine
algebraic variety such that the group operations are morphisms. The converse
is true, although this isn’t obvious. Given a bigger field L D k, let G(L) be the
set of solutions in GL, (L) . This is also a group. A representation of G is a
morphism of algebraic groups G — GLy (k). When k = R, we think of a G(R) as
a complex algebraic group G(R) together with a conjugation o : G(C) — G(C)
for which G(R) is the fixed point set. A representation of G(R) — GLn (V)
defined over R can be identified with a representation G(C) — GLy(V ® C)
which commutes with conjugation.

A real Hodge structure of weight k is a finite dimensional real vector space
Hpg together with decomposition

Hx@C= @ H™
p+q=k

such that HP4 = H%. We can express real Hodge structures in representation
theoretic terms by first defining an algebraic group over R, called Deligne’s
torus, by

s_{(‘c’ Z>|d_a,c_—b}CGL2(IR{)
So that
s@={(% J)=c

where the isomorphism sends the matrix to a 4+ bi. It is a bit convenient to
consider the map

a b ) .
(c d) — (a+ bi,a — bi)
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Then this same map gives an isomorphism
SC)y=cCc*xCr
under which S(R) is fixed points of the conjugation
0(z1,22) = (22,21)

Lemma 8.1.1. There is an equivalence of categories between the category of real
Hodge structures of weight k, and the category of representations of S, defined
over R, such that p(t) acts by t* for t € R.

Sketch. We start with a representation of S as above. We are given a real
vector space Vg and a homomorphism of algebraic groups p : S — GL(VR).
We can complexify this to a homomorphism of complex algebraic groups p :
S(C) = (C*)? — GL(V), where V = Vg ® C. Basic representation theory, tells
us that V' = @VP4, where VP? be the space for which p(z1,22)v = 2V2v. By
assumption, p(t,t) = t*. Therefore p+ q = k. Finally, since p is defined over R,
it commutes with conjugation, i.e.

2 zdv =Pz %

This implies that VP4 = VP,

Conversely, given a real Hodge structure Vg, .... We define a representation
of (C*)2 — GL(V) by p(z1,22)v = 2V28v for v € VP4, One can see that this
defines a representation of S(R). And that this gives an inverse to the previous
construction.

O

Given real Hodge structures V; viewed as representations of S(R), it acts on
V1 ® Va by
9(v1 ® v2) = gu1 ® gua

Therefore V7 ® V5 becomes a Hodge structure. It is easy enough to describe the
(p, q) decomposition directly

(e Ve =@V e vy

8.2 Mumford-Tate groups

A rational Hodge structure is the same thing as a finite dimensional Q-vector
space Hg and a Hodge structure on Hg ® R.

Definition 8.2.1. The Mumford-Tate group MT(H) C GL(H) is the small
algebraic group defined over Q such that MT(H)(R) contains the image of S(R).
The special Mumford-Tate group or Hodge group (Mumford’s original name) is

SMT(H) = MT(H)NSL(H)
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These groups can be thought of as some sort of symmetry or Galois groups
in Hodge theory. A better characterization of SMT is given by

Lemma 8.2.2. SMT(H) is the smallest Q-algebraic group such that SMT(H)(R)
contains the image of the circle

St={(t,t7") | [t| =1}

Given real Hodge structures V; of weight k; viewed as representations of
S(R), it acts on V] ® V4 by

g(v1 ®v2) = gu1 ® gug

Therefore V; ® V5 becomes a Hodge structure of weight k1 + ko It is easy enough
to describe the (p, q) decomposition directly

Vo vy = Pyt e vy

Similarly S(R) acts on the dual V;*, so this becomes a Hodge structure of weight
—ky1. One has
(Vipe = (v
If Vi = V5 =V is rational Hodge structure, then we see that MT(H) acts
on
VEr=VeoVeg..V
as above. Here is the key point for us:

Proposition 8.2.3. If H is a rational Hodge structure, then the Hodge cycles
in H®™ are exactly the SMT(H)-invariant tensors.

Proof. If V.= H®" has odd weight then the result is vacuous. Suppose that
it has weight 2k. Let Q(—k) be the unique one dimensional Hodge structure
of weight 2k. Let G = SMT(H) act on it trivially. Then the space of Hodge
cycles in V' is given by

Homps(Q(=k),V)

One checks easily that
Homps(Q(—k),V) = Homg(Q(—k),V) = V¢
O

In general, Mumford-Tate groups are difficult to compute. The following
gives useful information. Given an algebraic group G defined over k C C, we
say that G is reductive if if G(C) contains a compact Zariski dense subgroup.
For example, GL,(C) is reductive because the unitary subgroup U,, can be seen
to be Zariski dense.

Proposition 8.2.4. SMT(H) is connected. If H has polarization, then SMT(H)
is a reductive.

Sketch. The first statement follows from the fact that circle S* is connected in
the usual topology. Using the polarization, one sees that the elements of S*
preserve a positive definite form. Therefore it lies in a unitary group. This
subgroup is dense in SMT(H)(C). O
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8.3 Tate’s theorem: conclusion

Recall that

Theorem 8.3.1 (Tate). If E is an elliptic curve, the Hodge conjecture holds
for E™.

We gave the proof when F has CM. For the general case, we need to com-
pute the Mumford-Tate group G = SMT(H) where H = H'(FE)). We know
that G(C) C SLy(C) is a connected reductive group, so by standard results
concerning such groups, there are 3 possibilities

G(C) =1,C*,SLy(C)
In fact only the last two occur

Proposition 8.3.2. G(C) = C* if and only if E has CM. Otherwise, G(C) =
SLy(C)

Proof. Earlier, we computed the dimension of the Hodge cycles on
H*(E>)=Q(-1)’®oH® H

and we found that it is 4 exactly when E has CM, otherwise it’s 3. This means
that (H ® H)%© is 2 or 1 depending on these cases. On the other hand, we
can compute
3 ifG=1
dim(H® H)¢© ={2 ifG=C*
1 if G=5Ly(C)
O

To finish the proof of Tate’s theorem, we can assume that G = SLy. We
have to compute the invariants of H®", when n is even. Fortunately, this is
classical

Theorem 8.3.3 (Weyl). The G-invariants of H®™ is spanned by
{c(A®A..))|oceS,}

where A be the generator of (H @ H)C.

Proposition 8.3.4. Tate’s theorem holds in the non CM case.

Proof. By Kiinneth’s formula H?P(E™) is a sum tensor products of even powers
of H and some other factors, which can be seen to be generated by algebraic
cycles. One reduces to checking that Hodge cycles in H®%* ¢ H?F(EF) are
algebraic. When k = 1, this true by the Lefschetz (1, 1) theorem. In general, by
Weyl’s theorem, the space of Hodge cycles is generated by products p;‘jA, for

projections pijEQk — E2. These classes are also algebraic. O
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