LECTURE 14

14. FIRST RESULTS ON THE REGULARITY OF THE FREE BOUNDARY
(CONTINUED)

14.1. Problem C: the free boundary near the branching points. In this
lecture we study the structure of the free boundary near two-phase free boundary
points in Problem C. Because of the Implicit Function Theorem, we may restrict
ourselves to the case of two-phase points where gradient vanishes. Namely we
assume that we are given a C''-solution of
Au = Ay X{u>0y — A=X{u<oy inD

with AL > 0 and a free-boundary point 2o € d{u > 0} N d{u < 0} N D such that
|[Vu(zg)| = 0. We will call such point branching points.

Theorem 14.1. Let u € Py(xg, M) be a solution of Problem C such that xg is a
branching point , i.e. xo € 0{u > 0} NIH{u < 0} and |Vu(zg)| = 0. Then there
exist r = r(zg,u) > 0 such that O{u > 0} N By(xg) and 0{u < 0} N B,(xg) are
graphs of C' functions that touch at .

The proof is based on the general idea of directional monotonicity that we ex-
ploited earlier.

Lemma 14.2. Let u € Pi(xo, M) and suppose that
COou— |u| > —€y  in By
where 0 < eg < (1/8n) min{A,A\_}. Then
COeu— |u| >0 in Bys.
The proof is similar to those of Lemmas 12.2 and 13.2, but is more subtle.

Proof. Let v = CO.u — |u| and suppose that the set {v < 0} is nonempty. Now,
note that Vu # 0 on v = {v < 0} N {u = 0} and therefore this set is locally a C1:®
surface. Further, note that
Alul > Ay X{u>0} + A= X{u<oy in By
in the sense of distributions and
ADeu) = Ay + A )(e-v)H" 'y in {v < 0},

where v = Vu/|Vu/ is the unit normal on v. Since on v we have u = 0 and
v = CO.u—|u| < 0, we also have that d.u < 0 and therefore e-v < 0. In particular,
this implies that

A(Qeu) <0 in{v <0}
and consequently

Av < —Apin  in {v < 0},
where Apin := min{A;, A\_}.
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Suppose now {v < 0} N By, contains a point xg. Consider then the auxiliary
function
)\min
2n
Then Aw < 0in {v < 0} and w(zo) = v(xp) < 0. Hence, by the minimum principle

w(z) =v(z) + |z — zo|%

inf w < w(xp) < 0.
9(B12(wo)N{v<0})
Since w(x) = Amin/2n|x — 29> > 0 on d{v > 0} N By j2(x), we must have
inf w
(8B1/2(z0))ﬁ{v<0}
Finally, since w(x) = v() 4+ Amin/8n on (0B 2(x0)) N {v < 0}, we obtain that

. Ami
inf ©v< ",
0B /2(z0) 3n

contrary to our assumption. (I

Lemma 14.3. Let u € Py(zg, M) with xy a branching point and suppose that

uo(z) = %(mf)Q - %(mf)z be a blowup of u with fized center at xy. Then for any

6 > 0 there exists rs > 0 such that

8 12rs0.u — |u| >0 in By (x0)
for any unit vector e € Ks := {x : x1 > 0|z|}. In particular, Ocu > 0 in Byg(xo).
Proof. We start by observing that for ug we have

Deg = (e-e1)( Ayl + A_z7),

hence
5710@“0 - |U0| Z 0 in Bl.

. Al
Consider now a sequence r; — 0 such that wu,,,,, — uo in C) ¢ (R™). Then

P
-1 min .
Y 66“-%,7"9‘ - |u$077"3| > —€ > — in By

8n
for large j. But then by the previous lemma
5_1851%07” — |Uz0’7~j| Z 0 in Bl/2'
Then, letting rs = r;/2 and scaling back we obtain

8§ 12r50.u — |u| >0 in By, (zo).

We are now ready to prove the theorem that we stated in the beginning.

Proof of Theorem 14.1. 1) Without loss of generality we will assume zg = 0. Fix a
small § > 0 and let r5 > 0 be as in Lemma 14.3, so that d.u > 0 for any e € Kj.
This immediately implies that d{u > 0} N B, /> and 0{u < 0} N B, /> are graphs
21 = f+(xo,...,x,) of Lipschitz functions f..

2) Now, to show the differentiability of fi, observe that by letting 6 — 0 we
easily obtain that D f1(0) = 0. Similarly, we obtain that fy are differentiable at any
other branching point in B, />. The rest of the free boundary points # € ' B,
are either: (i) two-phase with |Vu(Z)| > 0 or (ii) one-phase points. While the case
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(i) is clear, in the case (ii) we claim that Z is a low-energy point. Indeed, if € > 0
is such that v > 0 in B.(Z) then

z—KsNB. C{u=0}
and
&+ Int(Ks) N Be C {u > 0}.
Thus, for a blowup @ at & we must have
—K; C {t =0},
which is possible only if @ is a halfplane solution. Then we apply Theorem 12.4 to

establish the differentiability of fi at Z.
Similarly, we treat the case when u < 0 near z.

3) Finally, let us show that fi are O functions. We first show that
lim |V £ (/)] = 0,

where ¢’ = (z2,...,2,). This follows from the fact that we can apply Lemma 14.3
with 6 — 0. Indeed, the directional monotonicity d.u > 0 in B, for e € K; readily
implies that
[Vic(z)] <6/v/1 =62, for |2'| <rs.

Thus, the C' regularity at the origin follows.

Next, C! regularity at other branching points in B, follows similarly. C* reg-
ularity of fi at the remaining free boundary points has been actually established
when we proved the differentiability at those points. This completes the proof of

the theorem.
O



