LECTURE 4

4. OPTIMAL REGULARITY

As we have seen at the end of Lecture 2, locally bounded solutions of the equation
Au = f in an open subset D C R™ with uniformly bounded f are of class Wli’cp for
any 1 < p < oo. Hence, working on a compactly supported open subset of D, if
necessary, we may assume without loss of generality that

(4.1) u € W*P(D)nCH*(D), forsome p>nand0<a < 1.

Our aim in this lecture is to show that the solution of Problems A-C are in fact of
class C1!. The latter is the optimal regularity for these solutions, as the Laplacian
may have discontinuities in these problems.

4.1. Classical Obstacle Problem. We start with considering nonnegative so-
lutions of the obstacle problem, since the proofs are much simpler in that case.
Throughout this section we consider nonnegative distributional solutions v € L2 (D)

of

(4.2) Au = f(x)Xpus0y n D,

for f € L*>(D).
We start with the following result on the growth of v away from the free boundary
o{u > 0}.

Theorem 4.1 (Quadratic growth). Let u € L{S.(D), u > 0 satisfy (4.2), @ = {u >
0}, xo € 0N, and Bag(xzg) CC D. Then

sup u < C|f]| o0y R?,
Br(zo)

where C' = C(n).
Proof. Decompose u into the sum u; + uz in Bag(x), where
Auy = Au, Aus =0 in Bag(zg)
up =0, wug=u on dBygr(xp).

To estimate u1, we consider the auxiliary function

o) = 5-

o™ (4R2 — |z - :E0|2)7

which is the solution of
A¢p =—1 in Bag(xo), ¢» =0 on dBagr(zp).
Then we have
—M ¢(x) < ui(z) < M(z), =€ Bag(zo),
where M = || f|| o (p). This follows from the comparison principle, since
—M < Auy <M in Bog(zo),
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and that both u; and ¢ vanish on Bag(xp). In particular, this implies that
lui(z)| < C(n)MR?, x € Bag(xo).

To estimate wus, observe that ugs > 0 in Bag(xg), since us > u > 0 on dBag(xg).
Also note that uy(xg) + u2(zo) = u(re) = 0 and the estimate of u; gives

us(zg) < C(n)MR2.
Applying now the Harnack inequality, we obtain
uz(z) < C(n)ug(zo) < C(n)M R?,  x € Br(xo).
Combining the estimates for u; and us, we obtain the desired estimate for u. [
Corollary 4.2. Let u be as in Theorem 4.1 and A = D\ Q. Then
u(z) < Cn)| fll=(py dist(z, A)?,
as long as 2dist(z, A) < dist(x,0D). O

In order to obtain C1! estimates for the solutions of (4.2) that we need to
assume a little bit more on the function f in (4.2). Namely, we require f to have a
CY'-regular potential, i.e.

(4.3) f=Avy in D, withy e C"(D).

We use the following second order derivative estimates associated with such f: if v
is a solution of

(44) Av = f in BQR(J?()) cD
then
[0l (Ban(a
(45)  ID%] e (a ey < C(0) (;i”) 1D (Bt ) -

We leave this as an easy exercise to the reader.

Theorem 4.3 (Clloregularity). Let u > 0, f satisfy (4.2)—(4.3). Then u €
Clloﬁ(D) and
lullera gy < Cllullpoo (py + D%l L ()

for any open K CC D, where C = C(n, K, D).
Proof. For K CC D and z¢ € K, let § = $dist(K,0D) and d = 1 dist(zo, A).
Then we have two possibilities.

1) d < 0/4. In this case, let yg € 0Bag(xo)NIN. Then Bea(yo) C Bsa(xo) CC D.
Applying Theorem 4.1, we have

||u||L°°(Bgd(yo)) S C(n)”fHLOO(D) dz'
Now note that Bag(zo) C Bsq(yo) and Au = f in Bog(zp). By the interior estimate
(4.5)
1Dl Lo (Bago)y < C) (I fllLoe (D) + 1Dl e (1) )-
In fact, the term || f||zo(py is redundant as || f|| Lo (p) < C(n)||D*¥| L (D).

2) d > §/4. In this case, the interior derivative estimate for u in Bg(x) gives

o
D2l < C) (PP 4 D2 ).
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Combining cases 1) and 2) above, together with the interpolation inequality, we
obtain
Hu||L°°(

D
lulloacry < O (FU2 4 10l

where 6 = min(d, 1). O



