LECTURE 8

8. PRELIMINARY ANALYSIS OF THE FREE BOUNDARY

In this lecture we start the analysis of the free boundary. Our main focus is
on the obstacle-type problems that we stated in Lecture 2. Namely, we study the
following three problems

Problem A: Au=xq inD, Q=D\{u=|Vul =0}
Problem B: Au=yxq inD, Q=D\{|Vul =0}
Problem C: Au = A{X{u>0} — A-X{u<o} 0D, Ax>0.

Here D is a domain in R™ and we will assume that the solution v € C%!(D)
throughout this lecture and that the equations are satisfied in the a.e. sense.

8.1. Nondegeneracy. The first property we discuss is the nondegeneracy property
of the solutions, which is in a sense opposite to C':! estimates. This is going to be
important when studying the blowups of the solutions.

In Problems A, B, for any o € I' = Q(u) N D we have the estimate

M 2
sup u < u(xo) + —|z — zol?,
By (z0) 2
if B,(z9) CC D, where M = ||D?ul|p«(p). However, the C! regularity doesn’t
exclude that u(x) — u(xg) will decay faster than quadratically at xo. This is taken
care of by the following lemma.

Lemma 8.1 (Nondegeneracy: Problem A). Let u be a solution of Problem A in
D. Then we have the inequality
2 [
(8.1) sup u > u(zo) + r—, for any x¢ € Q(u)
9B, (zo) 8n

provided By(xg) CC D.

Remark 8.2. Since u is subharmonic if it solves Problem A, we can replace sup over
0B, (xg) to one over B,.(zg), obtaining an equivalent statement.

Before giving the proof, consider a similar nodegeneracy statament for solutions
of Au=1.

Lemma 8.3. Let u safisfy Au=1 in a ball Bg. Then

2
supuZu(O)—i—L, 0<r<R
4B, 2n

Proof. Consider the auxuliary function

w(z) = u(z)

|z

on’
1

T € Bg.
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Then w is harmonic in Bg. Therefore by the maximum principle we obtain that
2
w(0) < supw = (supu) - —,
OB, dB, 2n
which implies the required inequality. ([
Proof of Lemma 8.1. 1) Assume first that zo € Q(u) and moreover u(zg) > 0.
Consider then the auxuliary function
|z — 20|?
2n
similar to the one in the proof the previous lemma. We have Aw = 0 in B,.(z¢) N 2.
Since w(xzg) = 0, by the maximum principle we have that

(8.2) w(z) = u(z) — u(zo) —

sup w > 0.

O(By(z0)NQ)
Besides, w(z) = —u(xg) — |x — x0|?/(2n) < 0 on 9Q. Therefore, we must have
sup w > 0.
8B, (20)NQ
The latter is equivalent to
2
sup  u > u(xg) + —
OB, (z0)NQ 2n

and the lemma is proved in this case.

2) Suppose now g € Q(u) and u(xg) < 0. If B, /5(xo) contains a point 2 such
that u(z1) > 0, then
(r/2)? r?

> —
> u(xg) + o

sup u > sup u>u(ry)+
By (x0) By ja(z1) 2n
If it happens that u < 0 in B, 3(z0), from subharmonicity of u and the strong
maximum principle we will have that either v = 0 identically in B, /5(o), or u < 0
in B, /2(w0). The former case is impossible, as z¢ € (u), and the latter case implies
that B, /5(w) C Q(u) and therefore Au =1 in B, /3(z0). Then Lemma 8.3 finishes
the proof in this case and we obtain
2
sup u > sup u > u(zo) + —.
B.(0) B,.s2(z0) 8n

3) Finally, for zo € Q(u), we take a sequence z,, € Q(u) such that z, — x¢ and
pass to the limit in the corresponding nondegeneracy inequality at x,,. (I

Even though the proof above does not work for Problem B in general, we still
have the nondegeneracy.

Lemma 8.4 (Nondegeneracy: Problem B). Let u be a solution of Problem B in
D. Then we have the inequality
2 [
(8.3) sup u > u(zo) + r—, for any xy € Qu)
8B (w0) 2n

provided By(xg) CC D.
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Proof. By continuity, it suffices to obtain the estimate (8.3) only for points xg €
Q(u). Note that at those points we have |Vu(zg)| # 0. Consider now the same
auxiliary function w as in (8.2). Then we claim
(8.4) sup w = sup w.

B, (z0) 9B (o)
Indeed, if this fails, then the supremum of w is attained at some interior point
y € By(x0), and we would have that |Vw(y)| = 0, which implies that

ly — o

\Y% =

Vuly) = L=
First off, this implies that y # xo, otherwise we would have |Vu(zg)| = 0. Therefore
|[Vu(y)] > 0 and consequently y € Q(u). Since w is harmonic in Q(u), by the strong
maximum principle w is constant in a neighborhood of y. Thus, the set of maxima

of w is both relatively open and closed in B,.(xq), which implies that w is constant
there and (8.4) is trivially satisfied. O

Finally, in Problem C we have nondegeneracy in both phases, provided A4 > 0.

Lemma 8.5 (Nondegeneracy: Problem C). If u is a solution of Problem C in D,
then we have
2

(8.5) sup u > u(zg) + /\+T—, for any xo € Q4 (u)
9B, (z0) 2n
2

(8.6) aBi:l(ig)u < wu(xg) — )\,;—n, for any xo € Q_(u)

provided By(xg) CC D.

Proof. To prove these inequlities, we consider the auxiliary functions
|z — 20|?
w(z) =u(r) —u(rg) — Apg————
() = ule) - ulzo) ~ s
and argue similarly to part 1) of the proof of Lemma 8.1. We leave the details to

the reader.
O

Corollary 8.6 (Nondegeneracy of the gradient). Under the conditions of Lem-
mas 8.1, 8.4, 8.5 the following inequality holds

sup |Vu| > cor,
BT(:CU)

for a positive cg, depending only on n in Problems A, B, and also on Ay for Prob-
lem C.

The proof is an application of the mean value theorem and is left as an exercise
to the reader.

8.2. Porosity of the Free Boundary and its Lebesgue measure.

Definition 8.7. We say that the measurable set E C R" is porous with porosity
constant 0 < & < 1 if every ball B = B,(z) contains a smaller ball B’ = By, (y)
such that

Bsr(y) C Br(z)\ E.
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We say that F is locally porous in D if E N K is porous (with possibly different
porosity constants) for any K CC D.

It is clear that the Lebesgue upper density of a porous set £

. |Eﬂ BT($O)|
d(z) :=limsup ——————
() = Banste =1 )]

which implies that E must have Lebesgue measure zero.

<1-46<1,

Proposition 8.8. If E C R" is porous then |E| = 0. If E is locally porous in D,
then |E N D| = 0. O

An immediate corollary of the nondegeneracy and the C! regularity is the
following result.

Lemma 8.9 (Porosity of the free boundary). Let u be a solution of Problem A, B
in an open set D C R™. Then I'(u) is locally porous for any K CC D.
If u is solution of Problem C, then I'(u) = I'(u) N {|Vu| = 0} is locally porous.

Proof. For Problems A, B, Let 9 € I'(u) and B,(xo) CC D. Using the non-
degeneracy of the gradient (Corollary 8.6), one can find x; € B, /2(20) such that

V)| > .
Now, using that M = || D?ul| = p) < o0, we will have
inf |Vu| > (
Bgr(iﬂl)
This implies that

Co Co . Co
— > - = —,
M(S)? r, 1f5

BST(ZL‘l) C Br(a?o) n Q(u) C Br(aﬁo) \F,

where & = min{d,1}. This implies the porosity condition is satisfied for any ball
centered at I'(u). It is a now simple exercise to show that porosity condition is
satisfied for any ball B CC D and therefore I'(u) is locally porous.

For Problem C, the same argument as above shows that

Bj,.(x1) C Br(xo) N [Q(u) UT"(u)] C By (o) \ T'(w),
which implies the local porosity of T (u). d

Corollary 8.10 (Lebesgue measure of I'.). Let u be a solution of Problem A, B,
and Cin D. Then I'(u) has Lebesgue measure zero.

Proof. In case of Problems A, B the statement follows immediately from the local
porosity of I'(u) and Proposition 8.8.

In the case of Problem C, we obtain |I"(u)] = 0. On the other hand I''(u)
is locally a O curve and therefore also has a Lebesgue measure zero. Hence,
IT'(u)| = 0 also in this case. O

We finish this subsection with the following observation.
Lemma 8.11 (Density of ). Let u be a solution of Problem A, B, and C in D
and xg € T'(u). Then
| Br (o) N 2 (u)]

®.7) 1By (z0)]

>0,
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provided B,.(xo) C D, where 3 depends only on ||D*ul|(p)y and n for Problems
A, B and additionally on A+ for Problem C.

Proof. The proof of Lemma 8.9 shows that
| Br(20) N 2(u)| > §n
By (o)

in case of Problems A and B and

|Br(wo) N Q(w)] _ |Br(20) N[2w) UT"(W)]] _ 5,
|Br(20)] | B (x0)] B

in case of Problem C. This completes the proof. O

8.3. Hausdorff Measure of the Free Boundary. The porosity if the free bound-
ary not only implies that the its Lebesgue measure is zero but also that it actually
has a Hausdorff dimension less than n. A stronger result is as follows.

Lemma 8.12 (Hausdorff measure of T'). Let u be a CY! solution of Problem A,
B, or Cin an open set D C R™. Then I'(u) is a set of finite (n — 1)-dimensional
Hausdorff measure locally in D.

Proof. Let
v; = Oy, u, E. ={0 < |Vu| < e}.
Observe that
co < |Au? < an |V [* in Q,
i=1
where ¢y = 1 in case of Problems A, B and ¢q = min{\2, A2 } for Problem C. Thus,
for an arbitrary ball B CC D we have

co|BNE| §cn/ Z\Voi|2dm§cn2/ 1V, |2dz.
BNE. . /B

N{0<|v;|<e}

To estimate the right hand side here we apply Lemma 6.2 (from Lecture 6) noticing
that My = My = 0 for Problems A, B, and C. It gives

/ VviiVnda: <0, i=1,...,n
D

for any non-negative n € C§°(D). These inequalities continue to hold for non-
negative n € Wy'?(D). Take 1 = . (vF)¢, with

0, t<0
Ye(t)=< e, 0<t<e
1 t>e€

and ¢ € C§°(D), ¢ > 0. We obtain

e—l/ |Vvi|2¢da:§/ |Vvi||V¢|dx§ch/ |Vo|dx
Bn{0<|v;|<e} D D

In particular, taking ¢ = 1 on B, after summation by ¢, we arrive at the estimate
(8.8) co|BNE|<CeM,
where C' = C(n, B, D).
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Consider now a covering of I' N B by balls B; of radius € with centers on I' N B
and with property that at most N balls may overlap. For Problems A and B, we
use (8.7), (8.8) and observe |Vu| < Me for in each B;, which gives

1 1
> IBi < BZ|BzﬂQ| < BZ‘BZ'HE]WE|
cNMe
cof3

IN

N
This gives the estimate
H" Y(T(u)N B) < C(n, M, B, D).

For Problem C, the same proof works for IV, and the rest part of the free boundary
I'”" is smooth. O

Remark 8.13. The estimate (8.8) essentially means
20 {[Vul < e} < Ce,
which we will use later. In particular, it gives |2 N {|Vu| = 0}| = 0.



