A PARABOLIC ALMOST MONOTONICITY FORMULA

ANDERS EDQUIST AND ARSHAK PETROSYAN

ABSTRACT. We prove the parabolic counterpart of the almost monotonicity
formula of Caffarelli, Jerison and Kening for pairs of functions u+(z, s) in the
strip S1 = R™ x (—1, 0] satisfying

utr >0, (A—=0s)uxr > -1, wutp-u_=0 inS;.

We also establish a localized version of the formula as well as prove one of its
variants. At the end of the paper we give an application to a free boundary
problem related to the caloric continuation of heat potentials.

INTRODUCTION

In [Caf93] Caffarelli established the following monotonicity formula for caloric
functions in disjoint domains: If uy (z, s) are two continuous functions in the unit
strip S; = R™ x (—1, 0] satisfying

ur >0, (A—=05)uxr >0, wuy-u_ =0 inbdy,

then the functional

1 /0 0
@(r):ﬁ/ 2/ |Vu+|2G(x,—s)da:ds/ 2/’ |Vu_|2G(x, —s) dx ds

is monotone increasing in r, 0 < r < 1, provided uy have moderate growth at
infinity. Here G(z,t) is the heat kernel. This is a direct parabolic analogue of the
celebrated monotonicity formula of Alt, Caffarelli, and Friedman [ACF84], which
says that for continuous functions w4 (x) in the unit ball By, satisfying

uyr >0, Augr >0, wup-u_ =0 in By,

1 2 _ 2
=k [ Tk, [Tty
™™ JB, |z| B, ||

is monotone increasing in r, 0 < r < 1.

These monotonicity formulas (and their variations) have been extremely impor-
tant in the regularity theory of elliptic and parabolic free boundary problems, see
e.g. [ACF84,Caf87, Caf89, Caf88, Caf95, CK98, CKS00, CPS04, Ura0l]. One signifi-
cance of the monotonicity formulas is the ability to produce the following kind of

the functional
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estimates (say, in the elliptic case):
en| Vi (0)*[Vu—(0)* < 9(0+) < 9(1/2) < Collus[[F2(py)llu-ll72(p,),

which makes them a central tool in establishing the optimal regularity of the solu-
tions in two-phase and other free boundary problems.

Recently, Caffarelli, Jerison, and Kenig [CJKO02] generalized the elliptic mono-
tonicity formula to the functions uy satisfying

uy >0, Aug>-1, wup-u_=0 in By.

The function ¢, however, is no longer monotone but still has an estimate

2
@(r) < Co (14 luslaqa) + lu-l3ags,) » 0<r<1/2

This is known in the literature as the almost monotonicity formula. In particular,
one still has a control of |Vu (0)]|Vu_(0)|. The main objective of this paper is to
establish a parabolic version of this almost monotonicity formula.

One of the differences between the elliptic and parabolic monotonicity formulas
is that the elliptic ones are “local” in the sense that u4+ must be defined only in
a ball, say B;. For the parabolic formula, however, u4+ must be defined in an
infinite strip such as S; = R™ x (—1,0]. One of the ways to obtain a localized
version of the formula for subsolutions uy defined only in a parabolic cylinder
Q1 = B x (—1,0] is to multiply them with a cutoff function ¢ (x) thus extending
them to S;. This introduces a small error in the computations, which, however,
can be easily controlled.

Finally, let us make a remark on the proof of the parabolic almost monotonic-
ity formula. Caffarelli-Jerison-Kenig’s proof of the elliptic formula (Theorem 1.3
in [CJKO02]) consists of two independent parts: the first (“technical”) part estab-
lishes recursive inequalities based on the properties of subsolutions u4; the second
(“arithmetic”) part is purely arithmetic and uses the recursive inequalities proved
in the first part to obtain the required inequality. This means that we only need
to establish the parabolic counterpart of the “technical” part and can reuse the
“arithmetic” part.

Structure of the paper. In Section 1 we prove the monotonicity formula for
solutions in the infinite strip (Theorem I). In Section 2 we prove the localized form
of the monotonicity formula (Theorem II). Section 3 is devoted to a variation of the
almost monotonicity formula (Theorem IIT) with more features of the monotonicity
under additional assumptions on the growth of uy near the origin. Finally, in
Section 4 we give an applications in a parabolic free boundary problem.

Notation. Throughout the paper we will use the following notations:
B.(z)={yeR":|z—y| <r} (spatial ball)
B, = B,(0)
Q. = B, x (—r%,0] (lower parabolic cylinder)
S, =R" x (—r?,0] (infinite strip)
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1
G(z,t) = We_lxw“, x € R™,t>0 (the heat kernel)

dy(z,s) = G(x,—s)dzds
dv*(z) = G(z,—s) dx

dv = dy~1/? (the standard Gaussian measure)
n
Au = Z Oy U (Laplacian)
i=1

Vu = Vu = (0yu,...,0,,u) (spatial gradient)
For integrals in space and time we use the double-integral sign f [, regardless of

the space dimension, while for the integrals in space only we use the single-integral
sign |.

1. THE GLOBAL CASE

Theorem I (Almost Monotonicity Formula). Suppose we have two continuous
functions uy(x, s) is the unit strip Sy, which satisfy

ugr >0, (A—05)ur>-1, wuy-u_=0 in S
Assume also that uq have moderate growth at infinity, for instance
lug(z,s)| < C’e‘zl2/(8+e), (x,8) € S1

for some € > 0. Then the functional
O(r):=r"1A (r)A_(r), where Ai(r):= // |Vus|? dvy,
Sy

satisfies
O(r)<CA+AL()+A_(1)2 0<r<i,
for an absolute constant C'.

Remark 1.1. Everywhere in this paper we assume that the inequality (A —9;)ug >
—1 is satisfied in the sense of distributions. The standard energy inequality implies
that Vuy are in fact in L (S7). Moreover, as we will see later in Proposition 1.1,
AL (r) are finite.

As we mentioned in Introduction, to prove this theorem we only need to establish
the parabolic counterpart of the “technical” part of the proof of Theorem 1.3 in
[CJKO02]. This will consist of six propositions below. For reader’s convenience we
give direct references to the corresponding parts in [CJKO02].

Before we proceed, we also remark that some of the constants that appear in
the elliptic case are dimension-dependent, while the corresponding constants in the
parabolic case are actually absolute. In the local case (Section 2), the constants
again depend on the dimension.

Proposition 1.1 (cf. Remark 1.5 in [CJK02]). Let v > 0 and (A — Jd5)u > —1 in
Sy. Assume also that [u(z,s)| < Cel®l’/(32+9) (2. 5) € Sy. Then there exists an
absolute constant C such that we have the following estimates

(1.1) //S IVul2dy < C + UR ul-, —1)%—1} " %/ u(, —1)2dy
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(1.2) // |Vu|*dy < C+C inf / u(-, 8)2dv*,
Sy s€[—4,—1] Jrn

and

(1.3) / |Vu|? dy < C+C// u? dry.
Sy S2\S1

Proof. We start with an observation that if ¢ are mollifications of u (convolutions
with a mollifier) then u€ still satisfy the same assumptions in the proposition as
u. Moreover, once we prove the inequalities (1.1)—(1.3) for u€, the corresponding
inequalities for u will follow simply by passing to the limit. Thus, without loss of
generality, we may assume that u is a C'*° function both in  and in t.

The assumptions (A — d)u > —1 and u > 0 imply that

(A = 05)(u?) > —2u + 2|Vul?

and therefore

2//5 Vultdy < //Srm — 0,)(u)dy + 2//5 wdy = L(r) + (1)

r

for any 0 < r < 2. We next estimate each of the integrals I; and Is.

1) Using that (A + 05)G(z,—s) = 0 for s < 0 and integrating by part in -
variables, we obtain

11(7“):/LT(A—as)(u2)G(x,—s)dxds:—/_(12 [ 0,26 @, ~)duds
g/nu<.,—r2)2dwz.

Note that there are no spatial boundary terms after integration by parts in -
variables, because of the growth assumption on wu.

2) To estimate I2(r) notice that (A — 9,)(u(z, s) — s) > 0, which implies that
[t = s < [ uteoss) - sy
for any —r? < s3 < 51 <0, 0 <7 < 2. Consequently, for such s, sg

1/2
/ ’U,(~7 81) d’YSI < 7"2 + / u('a 82) d782 < TZ + |:/ u('a 82)2 d’782:|

and therefore
1/2

Ly(r) < 2r* + 22 [/

< 3rt +/ u(-, —r2)2d'yfr2, 0<r<2.

u(-, —7“2)2657"'2}

n

Now, collecting the estimates for I; and Is for r = 1, we immediately obtain
(1.1). Further,

2/ |Vul?dy < 2// |Vul|?dy < 3r* + 2/ u(x, —T2)2d'y_r2
S1 Sr n
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for any 1 < r < 2. Taking the infimum of the latter quantity for all such r, we
obtain

/ |Vul?dy <24+  inf / u(-, 8)2dv*,
S n

se[—4,—1]

which gives (1.2). Finally, (1.3) is a simple consequence from (1.2). O

Proposition 1.2 (cf. Lemma 2.1 in [CJKO02]). Let u > 0, (A — 95)u > —1 in 51

and 2 := {u > 0}. Suppose
// |Vul?dy = a < 0o
QNS

o
|Vul?dy > —.
//msw 256

|Qﬂ (51/2\51/4)‘ 2 co > 0,

provided o > «q for sufficiently large ag. Here

|E| =~(FE) = //E d, for E CR" x (—00,0).

and

Then

To prove this proposition, we will need the log-Sobolev inequality of Gross
[Gro75].

Lemma 1.1 (Log-Sobolev inequality). For any f € L*(R™,dv) with Vf € L*(R", dv)
one has

(1.4) leogf2dz/§/ f?dvlog f2du—|—2/ |V |2 dv.
Rn R™ R™ R™

Here dv = (2%)’"/26*‘”0‘2/211@ = dy~'/2 is the standard Gaussian measure.
We will also need the following corollary from the log-Sobolev inequality.

Lemma 1.2. For f € L*(R",dv) with Vf € L*(R",dv) let w = {|f| > 0}. Then

1

(1.5) log—/ f? dV§2/ |V f|?dv,
|w| Jrn R"

where |w| = v(w) = [ dv.

Proof. Let us define ¥(y) = ylogy for y > 0 and ¥(0) = 0. Then the log-Sobolev
inequality can be rewritten as

3 dv 2dv 2 dv.
[warso([ pa)ez] wr

On the other hand, since v is convex on [0, 00), by Jensen’s inequality we have

1 1
oL (f2)dvzw<|w|/nf2dv>-

1
Combining these inequalities and using the identity A (%) —¢(a) = a log iR we
arrive at (1.5). O
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Proof of Proposition 1.2. We want to apply (1.5) to function (-, s) with respect to
the Gaussian measure dv*, for s € [—(1)2, —(1)?]. So, let

w(s) == {u(-,s) > 0}.
Then
log —— [ u(s)2dy* <C / Vu(, 5)[2 v,
w(s)| Jrn
We now use Proposition 1.1, more precisely the estimate (1.2). Then

(6%
— < Vul*>dy<C+C inf / u(-, 8)%dv®
256 /51/4| "y s€[-(1/2)2,-(1/4)2] Jgn G s)dy

Now, if a > 512 C then
/n ul(-, 8)%dy® > % for all s € [—(3)%, —(

On the other hand, since

)]

=

/ Vul dy = a,
S1

/ Vu(-, 5)[2 dy* < 160,

we have

for any s € (—1,0
the interval [—(
linear measure

0) except a set of linear measure at most 1/16. Since the 1ength of
2,—(1)?] is 3/16 we obtain that for a set of s € [—(3)%, —(3)?] of
t least 1/8 we must have

)

)%
at

1 o
log ———% <1
%% 5 5120 = 10aC

which implies that
w(s)| = e "

and consequently
_91302
12N (S1/2\ S1/a)| >

O

Proposition 1.3 (cf. Lemma 2.3 in [CJKO02]). Let u > 0, (A — 95)u > —1 in Sy,
and Q = {u > 0}. Suppose

// |Vul|? dy = a < oo.
QNS,

Suppose also there exists A > 0 such that
20 (S1/2 \ S1/a)] < (1= A)[S12\ S1/4]-
Then there exists p < 1, depending only A, such that

J[werazu [ it
9051/4 QNSy

provided o > «vg for sufficiently large «q.
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Proof. Since [QN(S1/2\S1/4)| = [~ (11//24))2 |w(s)|ds it follows that |w(s)| < (1—X/2)

for s in a set Ex C [—(3)% —(§)?] of the linear measure |E| > (A/2)|S1/2 \ S1/4l-
Thus by Lemma 1.1

(1.6 | outsrar<en [ VbR, e,
where Cy = —C/log(1 — A\/2). Now, if

// |Vul? dy < a/2
Qﬂ51/4

then there is nothing to prove. Otherwise we apply Proposition 1.1, which gives

@
—<C+C inf -, 8)2dy*
2 =5 e amt-agan / ulro)dy
and if o > g for sufficiently large g, we will have

u(- 52 dy* < Ch / V() dy?

n

@
— <
4C 7 Jgn
for all s € E\. This implies that

// |v |2 alEA‘
QN(S1/2\S1/4) B 400

and the proposition follows with p = (1 — 3A/32CC)). O

Proposition 1.4 (cf. Lemma 2.4 in [CJK02]). Let uy and Ay be as in Theorem I
There ezists an absolute constant Co such that if Ay (r) > Cy for allr € [L,1], then

' (r) > —

D(r).

o 1 n 1
VAL(r)  VAZ(r)
for all r € [§,1]. (Recall that ®(r) = r~*A(r)A_(r).)
Proof. We start with the same remark as in the proof of Lemma 2.4 in [CJK02].
The functions A4 are continuous nondecreasing functions, hence @’ is the sum of
a nonnegative singular measure and an absolutely continuous part and we need to

obtain the bound on ®' at the points r that are Lebesgue point both for both AL.
Thus, we assume that r is such that

Ba(r) :/ Vs (-, )2 dy " < oo,
For the sake of notational convenience assume that » = 1 and abbreviate AT =
Ai(l), Bi = Bi(l). Then

(1) Bt B~
By - TEaw i

Next, by inequality (1.1) in Proposition 1.1, we have

1/2
2AT < C1+ 4 [/ u+(~7—1)2d7_1} +/ uy (-, —1)%dy "

for some absolute constant C;. Before we proceed, observe that uy (-, —1) cannot
vanish identically on R™ if the constant Cy in the statement of Proposition 1.4 is

n
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sufficiently large. Indeed, otherwise we would have AT < /2, which would be a
contradiction. Similarly, u_ (-, —1) cannot vanish identically on R™. Then

wt = {ug(,—1) >0}

are nonempty. The eigenvalue inequality for wy now says
N
w4 w4
which implies

(1.7) 24T < Cy + Ci/ Bt /Ay + BT /AL

Clearly we have a similar inequality for u_. The proof will follow now by simple
arithmetic from the eigenvalue inequality of Beckner, Kenig and Pipher [BKP9§],
which says

(1.8) A +A->2X =1,

where \g is the eigenvalue corresponding to the halfspace’. We have the following
several cases:
1) BT > 2A" (or B~ > 2A7). Then
(1) BT B~
=—442—+2—2>0.
(1) L e

2) Bt < 2A" and Ay > 1 (or B~ < 24~ and A_ > 1). Then by (1.7), if
AT > Cy is sufficiently large

24T < CyV AT + BT,
It follows then

(1) Bt 20,
> - > .
o(1) — 4Jr2A+ - VAT

3) B* <2A4% and Ay < 1. Then by (1.7), if AT > C; are sufficiently large
204 AT < C3VA* + B
It follows then

(1) Bt B~ 20
= — _ - > -
50 = I E I U

2_4+4()\++)\7)—C3 (\/1141—4_"‘\/11417_)

Then the estimate for ®’(1) follows now from (1.8). In the exact same way we prove
the estimate for ®'(r) for any r € [{,1] and the proof is complete. O

As we already mentioned, the propositions above constitute the technical core
of the proof of Theorem I. The rest of the proof is of purely arithmetic nature and
is exactly the same as in [CJKO02]. Let

A=A (47F), b =445

ISince [BKP98] is not published, we refer to Section 2.4 in [CK98] for the proof of (1.8).
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One should treat b,f as the correctly rescaled versions of Af, which is explained as
follows. If u > 0 satisfies (A—3s)u > —1 then the rescaling u,(x, s) := r2u(rx,r2s)
will satisfy exactly the same inequalities and one will have

(1.9) / |V, |>dy =r~* // |Vu|?dy.
S1 Sy

Note also that
P47k =4 AT AL

Proposition 1.5 (cf. Lemma 2.8 in [CJKO02]). There exists an absolute constant
C such that if by > C, then

AT AL S AFAL(L+6k)  with 6 = L, <

NG

Proof. The proof in [CJK02] is obtained from Lemma 2.4 by arithmetic arguments.
Using Proposition 1.4 instead, we will obtain the proof of Proposition 1.5. (]

Proposition 1.6 (cf. Lemma 2.9 in [CJK02]). There exist an absolute constant
e > 0 such that if by > Co and 4* A, > A, then A, < (1—e€)A;.

Proof. See the proof in [CJK02]. We just use Propositions 1.2 and 1.3 instead of
their counterparts, Lemmas 2.1 and 2.3, respectively. ([l

Proof of Theorem I. As already noted in [CJK02], Theorem 1.3 there is obtained
from Lemmas 2.8 and 2.9 by pure arithmetic. Using Propositions 1.5 and 1.6
instead, we obtain the proof of Theorem I. (Il

2. THE LOCAL CASE

Theorem IT (Localized Almost Monotonicity Formula). Suppose now we have two
continuous L? functions uy(x,s) in the lower parabolic half-cylinder Q3 , which
satisfy

ugr >0, (A—0s)ux >—1, up-u_=0 in Q5.
Let ¢ € C§°(R™) be a cutoff function in x such that
0<¢ <1, suppy C By, o[y =1
Then if wi(x,s) = ux(x, s)Y(z) for (z,s) € Ss, the functional
O(r) :=r*A (r)A_(r), where Ai(r):= // |Vwy | dy,
S,
satisfies
2 2 2
R R N R ¢

where Cy, depends only on the dimension n and the cutoff function 1.

(1) < Cp (14 us ]

The proof follows the lines of the proof of Theorem I. However, we need to
state the appropriate scaled versions of the estimates, since we want to have the
dependence on constants M and n only.
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Proposition 2.1 (cf. Proposition 1.1). Let w > 0 and (A — 0s)u > —1 in Q3 .
Let ¢ € CP(R™) be a cutoff function as in Theorem II and w(z,s) = u(z, s)Y(x),
(z,s) € S3. Then for0 <r <1,

,11/2
(2.1) // |Vw|?dy < Cpprt + r? [/ w(-, —r?)2dy™" }
S n

(2.2) // \Vw|?dy < Cprr* + Oy inf / w(-, )% dy*,
S, s€[—4r2,—r2?] n
and
2 1, Cu 2
(2.3) // |[Vw|*dy < Cpyr® + —2// w*dry,
S’r r SZr\Sr

with Cyy, depending only on M = ||uHL2(Q2_), the dimension n only and the cutoff
function 1.

Proof. We revisit the proof of Proposition 1.1. First note that for the function
w(x, s) we have the following inequality

(A = 0s)w =tp(A — 05)u + ulAy + 2VyYpVu
> —1+uly + 2ViyVu,

where the last two terms are supported outside the ball By, where ¢ = 1. Next,
we obtain

(A - 3,)(w?) = 2|Vw|* + 2w(A — d5)w
> 2|Vw|* + 2w(—1 + uAy + 2V Vu)
> 2|Vw|? — 2w + 2u* Ay + V(u?)V (4?),

where again the last two terms are supported outside B;. We also notice that the
standard energy estimates in this case implies

(2.4) // |Vu? < C, + C, // u?.
Q5 Qs

This, together with the estimate of the Gaussian function

(2.5) 0 < G(x,t) < 1%2@—1/‘“ < Cumt™, x| >1, t>0,

which holds with any m > 0, will help us to control those additional extra terms
that come from the cutoff function.
We then estimate

2//5 Vul2dy < //ST(A—GS)(wQ)dWr?//Srde

- / /S RUPAG + V)V @A)dy = L () + I(r) + Ia(r)

for any 0 < r < 2.

1) Arguing precisely as in the proof of Proposition 1.1, we obtain

Il(T)S/ Wi (-, =)y, 0<r <2
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2) To estimate I5(r), consider the auxiliary function w(z, s) = w(x, s) — s, which
satisfies

(A = 0s)w > uAy) 4+ 2V Vu.
Integrating by parts, for any —4 < s < 51 < 0, we have

/ iz, 1)dn" / i, s0)dy™ = — / / (A — .y dvy

< - / / [uAY + 2V YV u|G(z, —s)dx ds
82 B2\B1
< Cwmlsal,

where we have used the inequalities (2.4) and (2.5) with m = 1 in the last step.
Consequently, for —r2 < 59 < 51 < 0 with 0 < r < 2, we have

1/2
/ w(-,81)dy* < Cyr? +/ w(-, s2) dy®? < Cur? + {/ w(.,sz)2 d’ysﬂ

n

and therefore

I(r) < Car? + 22 {/ w(-, —r2)2d7_r2}

n

< (Cyp + 1)7“4 —|—/ w(-, —r2)2d’y_r2, 0<r<2.

n

3) Using the energy estimate (2.4) and estimate (2.5) on G outside By with
m = 1, we easily obtain

Iy(r) < COyrt, 0<r <2

Thus, collecting the estimates for Iy, I, I3 for r = 1, we will immediately obtain
(2.1). Further, we have

//S |Vw|2dy < //Sp |Vw|2dy = %[Il(p) + L(p) + I3(p)]

S CMP4 + / ’LU(', 7p2)2d77p27
for any r < p < 2r and 0 < r < 1. Taking infimum by all such p, we obtain (2.2)
and consequently (2.3). O

The next five propositions are obtained one after another from Proposition 2.1
exactly as Propositions 1.2-1.6 are obtained from Proposition 1.1. The only differ-
ence is that we have to work with the scaled versions all the time and the function
w = wy instead of u. Also, all involved constants are now not absolute but depend
on M, n, and ¢ (which we indicate by subscript M). Because of this, the proofs
are omitted.

Proposition 2.2 (cf. Proposition 1.2). Let u(z, s) and w(x, s) = u(x, s)(z) be as
in Proposition 2.1 and Q := {w > 0}. Suppose

// |Vw|?dy = ar* < oo
Qns,
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4
ar
|VUJ|2d’Y > = )
Js, 7o 55

for some 0 < r < 1. Then
120 (Sy/2\ Spya)| > cpr? >0,

provided o > oy for sufficiently large an. (Here |E| = v(E) = [[,dy, for
E CR" x (—00,0).) O

and

Proposition 2.3 (cf. Proposition 1.3). Let u(zx, s) and w(z, s) = u(x, s)y(z) be as
in Proposition 2.1 and Q := {w > 0}. Suppose

// |Vw|? dy = ar* < oo,
Qns,

for some 0 < r < 1. Suppose also there exists A > 0 such that
120 (S 2\ Srya)l < (1= A)[Sry2\ Sy yal-
Then there exists p < 1, depending on A\, M, n, and ¢ such that

// VulPdy<p // IVl dy,
QNS, /4 Qns.,

provided o > apy for sufficiently large apy. |

Proposition 2.4 (cf. Proposition 1.4). Let wy and Ay be as in Theorem II. There
exists a constant Cay such that if Ay (p) > Cyy for all p € [2r?,1%], 0 <r <1 then

1 1
! —Cyr? .
Tle) 2 <\/A+(p) i \/A—(p)) )

for all p € [1r?,12]. O

Hereafter, M = max {”“iHm(Q;)}- In the next propositions
Af = AL(a7F), bf =447,
where A4 are evaluated for w4 as in Theorem II. Recall also that
P47k =4 AT AL

Proposition 2.5 (cf. Proposition 1.5). There exists a constant Cp; such that if
b > Car, then
C C
=M =M O
VO o
Proposition 2.6 (cf. Proposition 1.6). There exist a constant eps > 0 such that if
bE > Oy and 41A | > A, then A, < (1—en) Ay 0

Proof of Theorem II. Similarly to the local case, Propositions 2.2-2.6 imply the
following inequality:

(2.6) d(r) < Cy(1+AL () +A_(1))* 0<r<l.

To obtain more explicit dependence on the constant M = max{||u4 || (Q;)}7 we

ATAT AL S ATAD(L+6k)  with 6, =

can argue as follows. Define
U4

14+ M

Uy =
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Then (A —95)a > —1in Q3, ||11||L2QST < 1 and we can apply the inequality (2.6)
to 4y with M = 1. This will give
(I)(Ta ﬂ’i) < Cn(l + A+(1a a+) + A—<17 a—))Qa
where C,, depends only on the dimension n and the cutoff function 1. Hence

1
(1+M)*

and consequently

1 1 ?
(r) < Cy (1 + m/l+(1) + (1+M)2A_(1))

O(r) < Cp (1+ M)+ A (1) + A_(1))°.

Finally, revisiting the proof of Proposition 2.1 and tracing the constants, we can
establish the following more precise version of (2.3), namely

/ Vwl2dy < Co(1 4+ M)r* //
SQT\S

For r =1 this gives
Ap(1) < Cp(1+ M?)
and therefore
®(r) < Cn(1+ M)~
This completes the proof of the theorem. O

3. ANOTHER VARIANT OF THE FORMULA

Under assumptions on the growth of functions u4 near the origin, it is possible
to obtain more precise versions of Theorems I and II.

Theorem III. Letuy, ¥, wi, AL and @ be as in Theorem II. Assume additionally
that |ux(z,8)| < Cc(|x|?> + |s|)/? for (x,s) € Q3 for some 0 < ¢ < 1. Then

O(r) < (1+p9)@(p) + Cmp®, 0<r<p<l1,

where Cpr depends only on M = ||u+||L2(Q§)+Hu_”LQ(Q;)f n, ¥, € and the constant
Ce.

Proof. We will use the notation

Ap(r) = / [ VusPin Be) - / Vs (- —r?)2dy "

Then ®(r) = r~*A, (r)A_(r) and therefore
'(r) = —drPAL(N)A_(r) +r AL (M A_(r) + 1AL (r) AL (1)
=2r By (r)A_(r) +r*B_(r)A (r) — 24, (r)A_(r)],
where we used that
Al (r) =2rB4(r).
1) We now claim that the additional growth assumption implies that

(3.1) Ag(r) < Oppre
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Indeed, let w be either wy or w_. Then by estimate (2.3) in Proposition 2.1, we

have
C
// |Vw|?dy < Cprrt + —f // wdry
S, r S, \S)

< Cyr + Coyre + // sz(a:, —s)dx ds
S2,r\(Q5,US7)

< CM7‘26 + O]y[’l“z/ G(f,?“2)d§ < CMTQE

This implies (3.1).
2) Let now wy(s) = {wx(-,s) > 0} and let Ay (r) be the largest number such

that
A () / Pyt < / IV 2y
w4 (—r2) w (—12)

for any f. Recall also that by the eigenvalue inequality of Beckner, Kenig and
Pipher [BKP98|

Ap(r)+A_(r) > 1.

Scaling, we also have
)\i(r)/ fray" < 7"2/ IV f[2dy "
wx(=r?) wx(=1?)

Then the inequality (2.1) in Proposition 2.1 implies
(3.2) 221 (1) Az (1) < Oy s (r)rt + 213/ B (r) A (r) + 2B (r).

Based now on (3.2), we obtain estimates on ®'(r) by considering three possibil-
ities.

Case 1: 7?By(r) > 2A,(r) or 72B_(r) > 2A_(r). Then from the formula above
we easily have ®'(r) > 0.

Case 2: 7>B1(r) < 2A,(r) and A (r) < 1. Then by (3.2) we have
224 (r)As(r) < Cyrt 4+ Cr2y Ag(r) + ’I"QBi('r‘).
Using now that Ay (r) + A_(r) > 1 one then finds
®'(r) = 20 {[r* By.(r) = 2A4 () A4 (] A= (r) + [P B_(r) — 2A_(r)A_(r)]A1.(r) }

> —Cur A+ (1) + A-()] = Cr* [ VAL A () + VA AL (7)]
> —Cr ™2 = Cr B0 VAL () + VA7)
> —Cyr= 126 — Or= 1T /d(r)

Case 3: 1?*By(r) < 2A,.(r) and A (r) > 1 (or A_(r) > 1). Then by (3.2) we
have

24, (r) < Cyr* + Cr2\/AL(r) + 2By (r).
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One then finds
' (r) =2r " {[r*By(r) =24 (r)]A_(r) + r*B_(r) A (r)}
> 2092 B, (r) — 244 ()] A (r)

> —Cyr tA_(r) = Cr3\/A_(r)A_(r)
> —Cpr 1126 — Or= 1\ /O (r)\/A_(r)
> —Cyr= 12 — Or= 1T /d(r)

So, we see that in all cases we obtain the inequality
' (r) > —Cpyr 12 — Cr= 17 /(r)

It is now easy to show that

d
P [(@(T) + CMT2€) 12 + CM’I"E} >0
and that
(p) < (L+792(r) + Cur®, 0<r<p<l,
arguing precisely as at the end of the proof of Theorem 3.8 in [CJKO02]. |

4. AN APPLICATION

In a typical application, the functions uy are the positive and negative parts
of a solution of a two-phase free boundary problem, see e.g. [ACF84, Caf88, Caf9s,
CJKO02]. In yet another class of problems (obstacle-type problems), the mono-
tonicity formulas can be applied to the positive and negative parts (J.u)* of the
directional derivatives of solutions, see e.g. [CKS00, CPS04, Sha03, Ura01]. In this
section we give an application of the latter kind in a parabolic free boundary prob-
lem related to the caloric continuation of the heat potentials, see [CPS04].

Let u(x, s) be a solution of the equation

(4.1) Au—9su = f(z,s)xa inQ7,
where
(4.2) Q=Qy \{u=I[Vul =0}
and f satisfies
(4.3) sup |f(z,8)| < K < 0.

Qr

We assume that v and Vu are continuous functions and that (4.1) is satisfied in
the sense of distributions. In the formulation of Duvaut [Duv73], the famous Stefan
problem of the melting of the ice can be written as (4.1)—(4.3) with f = 1. In that
model, however, both u and ds;u are nonnegative (9;u meaning the temperature)
which significantly simplifies the problem. Without sign assumptions on u and dsu
the problem has been studied recently by Caffarelli, Petrosyan, and Shahgholian
[CPS04] for f = 1. This paper makes an extensive use of the monotonicity formula
of Caffarelli [Caf93] for caloric functions in disjoint domains. We would like to show
here that some of the results in [CPS04] (if not all) can be extended to the case of
f(z, s) satisfying the following additional assumption:

(4.4) |f(@,t) = [y, 8)] < Ll —yf* + |t = s)V/2,
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i.e. that f is Lipschitz continuous with respect to the parabolic distance. In fact,
this condition can be relaxed to

|V.f| <L, and f is Dini-continuous w.r.t. the parabolic distance.

The Dini-continuity is needed for interior C2? N C}-estimates for solutions of the
equation (A — 9s)w = f(x, s), see for instance Notes to Chapter IV in Lieberman’s
book [Lie96].

Particularly, we prove the following result.

Theorem 4.1. Let u be a solution of (4.1)—(4.4) with ||uHLOO(Q1_) < M. Then
there exists a constant C = C(K, L, M,n) such that

sup |[Op,e,ul <C,  sup [dsul <C, i,j=1,...,n
Q7,,N9 Q7,,N0

Observe that the C1'' N C%'-regularity is optimal for solutions of (4.1), as fxq
may be discontinuous. Also, the boundedness of both u and (A —0,)u alone implies
that D?u, Osu € LY (Q7) for any 1 < p < co. Consequently u is C1*N CS’(H“)/Q-

regular for any 0 < a < 1. However, to push the regularity to C1' N C%!, one
needs to use the structure of the right-hand side.

The proof of Theorem 4.1 is based on the following growth lemma.

Lemma 4.1. Let u be a solution of (4.1)—(4.4) with Hu||L°°(Q1_) < M. Suppose
additionally that uw = |Vu| = 0 at the origin. Then there exists C = C(K, L, M,n)
such that

supju| < Cr?, 0<r<1.

Qr

But first, we need to established the following fact, which will allow us to apply
the almost monotonicity formula.

Lemma 4.2. Let u be as in Theorem 4.1. Then for any spatial direction e, the
functions v = (O.u)* = max{£0.u,0} satisfy

(A -9 )wE>—-L inQy.

Proof. In the sense of distributions, we have that
(A = 95)(Oeu) = Oc(A — 05)u =0 f > —L in Q.
This implies that
(A =9 )wT >~L inQy =02n{0.u>0}
Moreover,
vP =0 onQp \ Q.

To conclude from here that v satisfies

(A—d )t >—L inQp

is just one step, since v™ is a limit of truncations vs = max{v,d} for § > 0 which
obviously satisfy the inequality (A — 9s)vs > —L as the maximums of two subsolu-
tions.

The proof for v~ is similar. O

We are now ready to prove Lemma 4.1.
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Proof of Lemma 4.1. The proof is based on a compactness argument and follows
the lines of the proof of Theorem in [CPS04].

Let P = P(K,L,M,n) denote the family of all functions u satisfying the as-
sumptions in Lemma 4.1. Further, for u € P denote.

(4.5) Sk = Sk(u) = sup |u|, k=0,1,....
QL

The statement of the lemma is equivalent to saying that

(4.6) S,<C27%k  Ek=01,...,

for some constant C' depending on the class P only. We claim that
(4.7) Spt1 < max {2‘26%, 9748, 4,..., 272+ g & 2—2<4k+1>} ,

for C = C(P). A simple inductive argument then shows that (4.7) implies (4.6).
So the lemma will follow once we establish (4.7).

Now, suppose that (4.7) fails. Then there exists a sequence of solutions u; € P
and integers k; such that

(4.8) Skr1(uy) > j2720 D G (u) > 2728y (uy).

Define @; as
uj(2 kg, 272kit)

wi(x,t) = in Q7.
J( ) Skj+1(uj) Ql
Then
(49) (A 0)@) < 22 1K
. sup —05)(u;)| < —— < — — 0,
Qr T Syraluy) T
(4.10) sup [u;| = 1, (by (4.5)),
Qs
~ Sk, (uy)
4.11 sup |u;| < ———— <14 by (4.8)),
4w sl s g < (by (4.8)
(4.12) %;(0,0) = |Vu;(0,0)| = 0.

Now by (4.9)-(4.12) we will have a subsequence of @; converging in C1*NCy*(Q7)
to a nonzero caloric function ug in Q7 , satisfying u(0,0) = |Vug(0,0)| = 0. More-
over, from (4.10), we will have

(4.13) sup |up| = 1.
Qs
For any spatial unit vector e define
v = JxUo, v; = Oy, U = Oclj.
Then, over a subsequence, U; converges in C2* ﬂC’,? "*(Q7) to a function v satisfying
(A —095)v=0.

To proceed, for a fixed cut-off function ¥ (x) with 4|, , = 1 and suppy) C B4
and u € P denote

B(r, (O,u) 1)) =

rd

A(r; (Oeu) ") A(r; (Oew) ™),
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where A are defined as in Theorem II. By Lemma 4.2, we may apply Theorem 11
to ’uj-: = (Jeu;)*, which will give the estimate

(4.14) d(r,v7) < Cy

for a constant C depending on the class P and ¢ only. Let now t;(z) = (27 %iz).
Then rescaling the estimate (4.14), we obtain

2—21€j

4 2—2kj 4
@1s) i) < (5 ) oo <65 )
Skj—‘rl Skj—‘rl
for k; large enough. Since 9; = 1 in Byk;-1, we will have
V(@) > V551X,

Hence for € > 0 (small and fixed) we have

e [ [ v dxds</ [ 5 G —s) s = AT,

This estimate, in combination with Poincare’s inequality, gives

//| — M*( )|2dmds<0// VT | dads < Cr AL T51))),
B,

where M+ 5 (s) denotes the corresponding mean value of v vj on the s-section.
Using this and (4.15), we will have

(f L = aperanas) ([ [ 5= aay o vas )

2—2]6_7‘
< Cn,e (I)(ijw) < Cn,e ( )
Sk;+1

Using (4.8) and letting j — oo (and then € — 0), we obtain

(4.16) //B| - MH(Gs |2/ /Bl'“ — M () =0,

where M¥ (s) denotes the corresponding mean value of v on s-sections over Bj.
Obviously, (4.16) implies that either of v* is equivalent to M*(s) in Q; and is
thus independent of the spatial variables. Let us assume v~ = M~ (s). Then
—0sv” = (A —0s)v™ =0, i.e. M~ is constant in Q7. Since v(0,0) = 0, we must
have M~ =0, i.e. v > 0 in ;. Hence by the minimum principle v = 0 in Q7 .
Since v = J.ug, and e is an arbitrary direction, we conclude that ug is constant in
Q1. Also ug(0,0) = 0 implies that the constant must be zero, i.e up = 0 in Q7 .
This contradicts (4.13) and the lemma is proved. O

Finally, we prove Theorem 4.1.
Proof of Theorem 4.1. For (xq,s0) € Q2N Q1_/4 let
d=d™ (xg,80) =sup{r: Q, (zo,s0) CQ2NQ7 }.

Consider then two possibilities:

1) If d > 1/2 then by the parabolic interior Schauder estimates (see Theorem 4.9
in Chapter IV of [Lie96]) Oy, ., u(o, s0) and dsu(xo, so) are bounded by a constant
depending only on K, L, M and n.
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2) If d < 1/2 then the parabolic boundary of @ (o, s¢) must contain a point
from 0f2 and therefore by Lemma 4.1
lu(z, s)| < Cd? in Q (o, s0),
where C' = C(K, L, M,n). Now consider the rescaling

u(xg +dx, so + d?s)
2
It satisfies (A — 05)uq = fa(x,s) in Q7 , where
fa(z,8) = f(zo + dx, 0 + d*s).

in Q7.

uq(x,s) =

Moreover, |ug| < C in Q7. Hence, applying by the parabolic interior Schauder
estimates to ug we obtain that 0;,.;u4(0,0) = 0p,z,u(w0,50), and Jsuq(0,0) =
Osu(xg, S9) are bounded by a constant depending only on K, L, M, n, which is the
desired result. The theorem is proved. ([

Remark 4.1. In the elliptic case there is a more direct proof of the corresponding
analogue of Theorem 4.1 by using the elliptic almost monotonicity formula, see
Shahgholian [Sha03]. Moreover, the result in [Sha03] is proved for a certain class of
right hand sides (Lipschitz in z and semimonotone in «) , which includes also the
so-called two-phase obstacle problem, see Ural’tseva [Ura01].
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