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The thin obstacle (Signorini) problem

The minimizer u satisfies

o Au=0 mD\M=D,uD_

o Signorini (complementarity) conditions
on M

u—-y¢ =0
Ov+U +0y-u =0

(u—y)(Oy+u+0oy-u) =0

o Main objectives of study
+ Regularity of u
 Structure and regularity of the free boundary

I'(u) = a_M{X EM|u= ([J}
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The thin obstacle (Signorini) problem

The thin obstacle problem arises in a variety of situations of interest for the applied
sciences:

o It presents itself in elasticity, when an elastic body is at rest, partially laying on a
surface M (original Signorini problem).

o It models the flow of a saline concentration through a semipermeable membrane
when the flow occurs in a preferred direction.

o It also arises in financial mathematics in situations in which the random variation
of an underlying asset changes discontinuously.

o Obstacle problem for the fractional Laplacian (-A)%, 0 <s <1
u-¢=0, (-A)’u=0, (u—¢)(-A)*u=0 inR".

The thin obstacle problem corresponds to s = 1/2.
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o Generally, it is easy to realize that u is not
smooth in D, as its graph may develop a
Lipschitz corner across M.

Explicit example: M = {x, = 0}, ¢ = 0,

u(x) = Re(xp-1 + ilxy )32

o However, on M and consequently on D. U M, u
is better: u € CHA(D. U M) for some S > 0
[CAFFARELLI'79], [KINDERLEHRER’81],
[URALTSEVA’85].
o Breakthrough: u € C11/2(D. U M) [ATHANASOPOULOS-CAFFARELLI’04] (When M
flat, ¢ = 0)
* [ATHANASOPOULOS-CAFFARELLI-SALSA’08] (M flat, nonzero )
* [GUILLEN’09], [GAROFALO-SMIT VEGA GARCIA’14] (nonflat M)
* [CAFFARELLI-SILVESTRE-SALSA’09] (fractional obstacle problem)
* [DANIELLI-GAROFALO-P.-TO’17] (parabolic case)
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o Assume for simplicity M = {x,, = 0}, ¢ = 0, D symmetric w.r.t. M, and
u(x’, —xn) = ux’',xn)

o Almgren’s frequency formula. For xy € M, the function

7 [p, (v 1 VUI?
JoB, (xo) W2
[ATHANASOPOULOS-CAFFARELLI-SALSA’08]. Originally due to [ALMGREN’00] for
Q-valued harmonic functions

o The limit k(xg) = N(0+,u, x¢) is called frequency at a point.

o Equivalent characterization:

1/2
1 2
10g<yn—| JaB, (o) U ) )
< sup |u|l ~r
lOgT By (x0)

o Another characterization with Almgren blowups:

¥ = N(@) =N, u,xo) = 7, 0 <7 <dist(xg,0D)

K(xp) = lim
r—0

A A (x) = uU(xo +7rx)

X0,7? uX(nT 1 2 1/2
yn-1 faB,, u

are homogeneous of degree k = Kk (xg): uf, o(Ax) = A%ug ,(x), A > 0.

lim u
r=r;j—0

A _
Uko0 =



Structure of the free boundary I' (u)

o Frequency k(xg) can be used to classify the free boundary points

T(u) = JLe(w), Te(u) = {xo €T(u) | K(xo) = K}



Structure of the free boundary I' (u)

o Frequency k(xg) can be used to classify the free boundary points
T(u) = JLe(w), Te(u) = {xo €T(u) | K(xo) = K}
K
o Possible values of k: [ATHANASOPOULOS-CAFFARELLI-SALSA’08]

K>§ |:K:§ or K>2:|
25 > >2].



Structure of the free boundary I' (u)

o Frequency k(xg) can be used to classify the free boundary points
T(u) = JLe(w), Te(u) = {xo €T(u) | K(xo) = K}
K
o Possible values of k: [ATHANASOPOULOS-CAFFARELLI-SALSA’08]
K>§ [K*é or K>2:|
z5 =5 >2]|.
o When n = 2, itis known that k = 3/2,2,7/2,4,...,2m —1/2,2m,....



Structure of the free boundary I' (u)

o Frequency k(xg) can be used to classify the free boundary points

T(u) = JLe(w), Te(u) = {xo €T(u) | K(xo) = K}

o Possible values of k: [ATHANASOPOULOS-CAFFARELLI-SALSA’08]

K>§ [K*é or K>2:|

25 =5 >2].

o When n = 2, itis known that k = 3/2,2,7/2,4,...,2m —1/2,2m,....

o For m > 3 this is known to hold up to a set of Hausdorff dimension (n — 3)
[FOCARDI-SPADARO’18]



Structure of the free boundary I' (u)

o Frequency k(xg) can be used to classify the free boundary points

T(u) = JLe(w), Te(u) = {xo €T(u) | K(xo) = K}

o}

Possible values of k: [ATHANASOPOULOS-CAFFARELLI-SALSA’08]

K>§ |:K*§ or K>2:|

25 =5 >2].

When n = 2, it is known that k = 3/2,2,7/2,4,...,2m —1/2,2m,....

o For m > 3 this is known to hold up to a set of Hausdorff dimension (n — 3)
[FOCARDI-SPADARO’18]

(o)

o]

I3,2(u) is called the regular set.

X0 €T32(u) <= uf o(x) = cpRe(x' - e’ +ixy)*?, e eR™!, |¢'| = 1.



Structure of the free boundary I' (u)

o Frequency k(xg) can be used to classify the free boundary points

T(u) = JLe(w), Te(u) = {xo €T(u) | K(xo) = K}

o Possible values of k: [ATHANASOPOULOS-CAFFARELLI-SALSA’08]

K>§ [K:E or K>2:|
25 > >2].

o When n = 2, itis known that k = 3/2,2,7/2,4,...,2m —1/2,2m,....

o For m > 3 this is known to hold up to a set of Hausdorff dimension (n — 3)
[FOCARDI-SPADARO’18]

o I3/p(u) is called the regular set.

X0 €T32(u) <= ug o(x) = cpRe(x’ - e +ix,)¥?, e eR™!, || = 1.
o Z(u) = U1 Dm (u) is called singular set.

u(-,0) = 0} A B (x0)|
o €2(w) < lim 1B, (x0)|

=0 < uf ,is polynomial.
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Theorem (Regularity of the regular set)

I3)2(u) is locally an (n — 2)-dimensional real-analytic manifold.

o CL¥-regularity is due-to [ATHANASOPOULOS-CAFFARELLI-SALSA’08]
o C*-regularity is due to [DESILVA-SAVIN’15]

o Real analyticity is due to [KOCH-P.-SHI'15].

Theorem (Singular set)

S(u) is contained in a countable union of CY'°¢ manifolds of dimensions
d=0,...,n—2.

o (More detailed version is given towards the end of the talk.)
o C! regularity is due to [GAROFALO-P.’09]

o Cllog jg due to [COLOMBO-SPOLAOR-VELICHKOV’17]
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o

o

[ANZELLOTTI'83] considers almost minimizers
(w-minimizers) of the Dirichlet integral Jp:
u € Wt2(D) such that D

[ wur<aromrn| iver
By (x0) By (x0)
for any B, (x¢) € D and any competitor

B,
v eu+ WE(B, (x0)). o)

Here w((v) 7, w(0+) =0
(we later take w(7r) =%, 0 < x < 2)

Motivations:

« Almost minimizers can be viewed as perturbations of minimizers.
« Some constrained minimizers (fixed volume, or solution to the obstacle problem) are
almost minimizers without constraint.

Similar notions were used in Geometric Measure Theory e.g. by [ALMGREN’76],
[BOMBIERI’'82].
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o The main complication is that almost minimizers don’t satisfy a PDE. We can only
resort to comparison with conveniently chosen competitors.

o Harmonic replacements: Replace u in B, (xg) € D
with a harmonic function with the same boundary
values:

Ah =0 in B, (xy),
h=u onodB,(xp). r/

o We will then have

J IVul? < (1+ w(r)) VR
By (x0)

By (x0)

- j IV u-h)? < wr) IVh?
By (xp) By (x0)

o This allows to treat almost minimizers as perturbations of harmonic functions.

10
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o We say u is an almost minimizer for the thin obstacle M
problem if u € W]},’f(D), u =0 on M, and
)
J IVul? < (1 + 7% IVvl?,
By (x0) By (x0) B, (x0)
for any B, (x¢) € D and for all competitors
v eu+ Wyl (B, (x0)), v =0 on B, (xo) N M.

o We are interested in local properties, as well as the free boundary
I'(u) = ogn-1 {u(-,0) > 0}
o Almost minimizer were considered earlier also for other free boundary problems:
Alt-Caffarelli-Friedman type energy functional
JD IVul? + g+ () Xus>0; + 4- (X)X u<oy

by [DAVID-TORO’15], [DAVID-ENGELSTEIN-TORO’17], [DESILVA-SAVIN’19], and its “thin”
one-phase counterpart [DESILVA-SAVIN'18]
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o k-homogeneous replacement: for xo =0 and » > 0
small, replace u in B, with a k-homogeneous function

= (S u(r )
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Theorem (JEON-P.’19)

u is almost Lipschitz, i.e., u € C%? (B,), for any 0 < o < 1.

o Idea of the proof:
o Asin [ANZELLOTTI'83], we prove for B, (xg) C B, (xg) € By

. P\" .
J |Vu|ﬁsc[(—) +R““ |Vul?
B, (x0) R Bg(x0)

o Perturbed version for Signorini replacement h in Bg(xg):

. P @ .
J IVh|? < (—) J |VhI?,
By (x0) R B (x0)

which is sub-mean value for subharmonic function |Vh|2.
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u € CHP(B;i U By) for some B = B(x,n) > 0.

o]

Idea of the proof:
o Generally, even for minimizers, Vu is not Holder across Bj.

o Let
. Vu(x',xy), Xn=0
VM(X) o ( n n
Vu(x’,—xn), xn <O.

o Similar to [ANZELLOTTI’83], but significantly more elaborate

. - p\"H . /\
J |[Vu — (Vu)xu,p|2 <C (*) J |Vu — (vu)x()'R|2 + CR71+Zﬂ.
B, (x0) R Br(x0)

o Obtained by perturbation from Signorini replacement in Bg (x¢).
o Had to consider even and odd reflections w.r.t. x,, = 0.

o This implies Vu € C#(B;) and u € C1#(Bf U B)).
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o As we saw, for solutions h of the Signorini problem, Almgren’s frequency formula
7 [, (o) |VII?
faBy(Xn) h?

plays a fundamental role in the study of the free boundary.
o We need a version of this formula for almost minimizers. We do this indirectly.
o [GAROFALO-P.’09] introduced one-parametric family of related Weiss-type
monotonicity formulas {W?} ., going back to [WEISS’99] in the classical obstacle
problem:
o If xg €I'(h) ﬂBl/z, Kk > 0, then
W r,hx0) = =2 [, 1vhe- s JWW n2/
forO<r <1/2.
o Proof is by obtaining a differentiation formula
2
% ﬁjﬁ (avh—gh) , 0<r<1/2
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o With algebraic manipulations, we get
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o We can now state a version of Almgren’s frequency formula.

Theorem (JEON-P.’19)
If u is an almost minimizer, xo € T'(u), kg = 2 we have

N@) = N(r,u, xo) = mjn{w, 0} 7

1-br«

for0 <r <ry(x,m, Kop).

o Indirect proof using the family {Wy}o<«<«, of Weiss-type formulas:

N(r)
W<K<KO = W,.(r)<0

o Then from monotonicity of W,

N(s)
1 - bs«x

S<r<ry = We(s)<We(r)<0 < K
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Almost k-homogeneous rescalings

o k-homogeneous rescalings at xy = 0:

work well for the Weiss-type formula W,0 in the Signorini problem.

o For our W, we consider almost k-homogeneous rescalings

® u(rx) r ke

Uy (x) = )’ P(r) =e"rk,

chosen to satisfy ¢’ (r) = k (#) P(r).

o Then -
77;((1_ r )u(rx)]

u?(x) = L [Vu(rx) - X "

dar d(r)
plays well with W, (7).
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1. We have
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4
® ¢ v\ 1/2
|1 iz — N lizeny | < € (log =) (W) = W)™, 0 <5<
2. Similarly,
12 )
J lu$ —uf| <C (log §> [We(r) —We()I'"?, 0<s<vr
0By

3. Now, if N(0+,u) > k, without further assumptions, we can conclude only

J u’<C (logl) A=l
o8, r

and cannot really say if

J lup —u?| -0, 0<s<r
0By
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Controlling rescalings

o One can control the rescalings with Weiss-type monotonicity formula:
1. We have

a ecr"‘ d 1/2
Ellui’llumw = m (EWK(T)>
4
r\'? 1/2
|12 l20m) = NP lli2om) | < € (1og ;) [We(r) = We()]'?, 0<s<r
2. Similarly,

1/2 .
J \uffuf’lsC(logg) (We(r) = Wi ()]'?, 0<s<7
oB,

3. However, if we know
W, (r) < Cr®, for some § > 0

then by a dyadic argument we can get rid of log

J uZ < CT.H,+2K*1
0By

J lu$ —uf| <Ccro?, 0<s<vr.
o8,
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Controlling rescalings

o One can control the rescalings with Weiss-type monotonicity formula:
1. We have

a ecr"‘ d 1/2
Ellui’llumw = m (EWK(T)>
Y
r\'? 1/2
|1 iz — N lizeny | < € (log =) (W) = W)™, 0 <5<
2. Similarly,

1/2 ‘
J \uffuf’lsC(logg) (We(r) = Wi ()]'?, 0<s<7
oB,

3. Or, we if know
s
W.r)=<C (log%) , forsomed > 1,

then by an exponential dyadic argument we can also get rid of log

{ MZ < CTYHZK—]
0By

(1-6)2
J Iu‘f’—uff’lsC(logf) , O0<s<r.
2B, v
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Epiperimetric inequality, k = 3/2

Theorem (GAROFALO-SMIT VEGA GARCIA-P.’16, FOCARDI-SPADARO’16)

Ifw € Wh2(By), 3/2-homogeneous, w > 0 on B} and h solves the Signorini problem
with boundary values w, then for some n = n(n) > 0

W30/2(h) <(1- n)Wgo/z('W)-

o Explicit value n = n 1 [c 1BO-S / -VELIC 7’17
Explicit value n = 1/(2n + 3): [COLOMBO-SPOLAOR-VELICHKOV’17]
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Explicit value n = 1/(2n + 3): [COLOMBO-SPOLAOR-VELICHKOV’17]

o Arguing with 3/2-homogeneous replacement, and using the epiperimetric
inequality above, we have

a n _
Ews/z(T) > _EWS/Z(T) — Croet
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with boundary values w, then for some n = n(n) > 0
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o Explicit value n = n 1 [c 1BO-S / -VELIC 7’17
Explicit value n = 1/(2n + 3): [COLOMBO-SPOLAOR-VELICHKOV’17]

o Arguing with 3/2-homogeneous replacement, and using the epiperimetric
inequality above, we have

a n _
Ews/z(T) > _EWS/Z(T) — Croet
U

Wio(r) < Cr®, § <min{n/4, «/2}.
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Epiperimetric inequality, k = 3/2

Theorem (GAROFALO-SMIT VEGA GARCIA-P.’16, FOCARDI-SPADARO’16)

Ifw € Wh2(By), 3/2-homogeneous, w > 0 on B} and h solves the Signorini problem
with boundary values w, then for some n = n(n) > 0

W30/2(h) <(1- rI)Wgo/z('W)-

o Explicit value n = n 1 [c 1BO-S / -VELIC 7’17
Explicit value n = 1/(2n + 3): [COLOMBO-SPOLAOR-VELICHKOV’17]

o Arguing with 3/2-homogeneous replacement, and using the epiperimetric
inequality above, we have

a n _
Ews/z(T) > _EWS/Z(T) — Croet

U
W3,2(r) < Cro, &< min{n/4, x/2}.

o Thus, we have the control of rescalings!
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o Regular set of the free boundary is defined as the set where the homogeneity
Kk(xo) = 3/2:
B32(u) = {xo € T'(w) | k(x0) = 3/2}.
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o Regular set of the free boundary is defined as the set where the homogeneity
Kk(xo) = 3/2:
B32(u) = {xo € T'(w) | k(x0) = 3/2}.

Theorem (JEON-P.’19)

3,2 (u) is locally an (n — 2)-dimensional C'Y -graph for some y = y(x,n) > 0.
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o Once we can control the almost homogeneous rescalings, we can also show that the

blowups ufo,y - “i,,o are unique over any v = r; — 0 and that

é ) .
X0 = Uy, o = Axo Re(X + Vi, +1x,)%? 18 CY on T2
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o Regular set of the free boundary is defined as the set where the homogeneity
Kk(xo) = 3/2:
B32(u) = {xo € T'(w) | k(x0) = 3/2}.

Theorem (JEON-P.’19)

3,2 (u) is locally an (n — 2)-dimensional C'Y -graph for some y = y(x,n) > 0.

o Once we can control the almost homogeneous rescalings, we can also show that the
blowups ufo,y - “i,,o are unique over any v = r; — 0 and that

é ) .
X0 = Uy, o = Axo Re(X + Vi, +1x,)%? 18 CY on T2

o Blowups are also nondegenerate: a., > 0.

o Then xo — vy, is C¥, implying that I3, is locally C'.

24



Log epiperimetric inequality, k = 2m, m € N

Theorem (COLOMBO-SPOLAOR-VELICHKOV’17)

If w € W2 (B,), k-homogeneous, w = 0 on By, [z w? <1, [W2(w)| < 1, there
& = &(n, k) > 0 such that if h solves the Signorini problem with h = w on 0B; then

Wo(h) < Wo(w)(1 - elW2(w)|¥), wherey = "2,

o Using the log epiperimetric inequality, we have a bootstrapping argument

n_
0~ w2

o
J uZ <C (log l) 7,n+21<—1 = WK (T) <C (log l)
2B, v r

; 1 ""ngz
= u® < C(log =~ Y-l (g >
3B v ’ n-2
y
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Log epiperimetric inequality, k = 2m, m € N

Theorem (COLOMBO-SPOLAOR-VELICHKOV’17)

If w € W2 (B,), k-homogeneous, w = 0 on By, [z w? <1, [W2(w)| < 1, there
& = &(n, k) > 0 such that if h solves the Signorini problem with h = w on 0B; then

Wo(h) < Wo(w)(1 - elW2(w)|¥), wherey = "2,

o Using the log epiperimetric inequality, we have a bootstrapping argument

n_
0~ w2

o
J uZ <C (log l) 7,n+21<—1 = WK (T) <C (log l)
2B, v r

; 1 ""ngz
= u® < C(log =~ Y-l (g >
3B v ’ n-2
.

o In the last step of iteration we arrive at

=

We(r)<C (log%>

and thus, we have the control of rescalings!
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o Singular set X(u) of the free boundary is defined as the set of free boundary
points xo where {u(-,0) = 0} has a H"*"! density zero

lim [{u(-,0) =0} N B}(xo)]

=0 1B | =0
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points xo where {u(-,0) = 0} has a H"*"! density zero

i [{u(-,0) = 0} n B (x0)]
m 7
r—0 |BT‘

o If k(xp) < Ko (truncation value), then

=0.

X0 €2(u) < kK(xg) =2m, m € N.
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Theorem (JEON-P.’19)
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d-dimensional manifolds of class C11°8,
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o Singular set X(u) of the free boundary is defined as the set of free boundary
points xo where {u(-,0) = 0} has a H"*"! density zero

i [{u(-,0) = 0} n B (x0)]
m 7
r—0 |BT‘

o If k(xp) < Ko (truncation value), then

=0.

X0 €2(u) < kK(xg) =2m, m € N.
o For x¢ € Ipj (1), let ui’o be the unique blowup at xy and define
d=dim{E e R" | E- Voud (x’,0) =00on R" !}, and set
34, (1) = {x0 € om(u) | d(xo) =d}, d=0,1,...,n-2.
Theorem (JEON-P.’19)

Z‘gm(u), 2m < kg, me N, d =0,1,...,n — 2, is contained in a countable union of
d-dimensional manifolds of class C11°8,

o For minimizers, this goes back to [GAROFALO-P.’09] with C! manifolds, and to
[COLOMBO-SPOLAOR-VELICHKOV’17] with manifolds of class C118,
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Thank you!

Stay safe
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