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Abstract

We study the class of simple C*-algebras introduced by Villadsen in his pioneering work on perforated
ordered K-theory. We establish six equivalent characterisations of the proper subclass which satisfies the
strong form of Elliott’s classification conjecture: two C*-algebraic (Z-stability and approximate divisibil-
ity), one K-theoretic (strict comparison of positive elements), and three topological (finite decomposition
rank, slow dimension growth, and bounded dimension growth). The equivalence of Z-stability and strict
comparison constitutes a stably finite version of Kirchberg’s characterisation of purely infinite C*-algebras.
The other equivalences confirm, for Villadsen’s algebras, heretofore conjectural relationships between var-
ious notions of good behaviour for nuclear C*-algebras.
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1. Introduction

The classification theory of norm-separable C*-algebras began with Glimm’s study of UHF
algebras in 1960 [13], and was expanded by Bratteli’s 1972 classification of approximately
finite-dimensional (AF) algebras via certain directed graphs [4]. It was with the work of EI-
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liott, however, that the theory grew exponentially. His classification of both AF and AT algebras
of real rank zero via their scaled ordered K-theory suggested a deep truth about the structure of
separable and nuclear C*-algebras [6,7]. He articulated this idea in the late 1980s, and formalised
it in his 1994 ICM address [9]: simple, separable, and nuclear C*-algebras should be classified
up to x-isomorphism by their topological K-theory and traces. This prediction came to be known
as the Elliott conjecture.

The 1990s and early 2000s saw Elliott’s conjecture confirmed in remarkable generality,
cf. [23]. Kirchberg and Phillips established it for purely infinite C*-algebras satisfying the
Universal Coefficient Theorem [17,21], and Lin did the same for his C*-algebras of tracial topo-
logical rank zero [19]. Elliott, Gong, and Li, confirmed the conjecture for unital approximately
homogeneous (AH) algebras of bounded dimension growth [12]. These results cover many nat-
ural examples of C*-algebras, including those arising from certain graphs, dynamical systems,
and shift spaces.

In the midst of these successes, Villadsen produced a strange thing: a simple, separable,
and nuclear C*-algebra whose ordered Ko-group was perforated, i.e., contained a non-positive
element x such that nx was positive and non-zero for some n € N [33]. (This answered a long-
standing question of Blackadar concerning the comparison theory of projections in C*-algebras.)
The techniques used by Villadsen to study the K-theory of his algebra were drawn from differ-
ential topology, and it took time for the functional analysts of the classification community to
digest them. Then, in 2002, Rgrdam found a way to adapt Villadsen’s techniques to construct the
first counterexample to the Elliott conjecture [24]. Other counterexamples followed [26,27].

The success of Elliott’s conjecture, however, is no accident. It is a deep and fascinating phe-
nomenon, and one must ask whether there is a regularity property lurking in those algebras for
which the Elliott conjecture is confirmed. Various candidates exist: stability under tensoring with
the Jiang—Su algebra Z, finite decomposition rank, and, for approximately subhomogeneous
(ASH) algebras, the notion of strict slow dimension growth. The first property—known as Z-
stability—is perhaps the most natural candidate, since tensoring with Z does not affect K-theory
or traces of a simple unital C*-algebra with weakly unperforated Ko-group. Elliott’s conjecture
thus predicts that all such algebras will be Z-stable. It is this very prediction which forms the ba-
sis for the counterexamples of Rgrdam and the first named author: one produces pairs of simple
unital C*-algebras with weakly unperforated Ko-groups, one of which is not Z-stable. These ex-
amples have legitimised the assumption of Z-stability in Elliott’s classification program, leading
to the wide-ranging classification theorem of the second named author for ASH algebras of real
rank zero [37,38].

The problem with Z-stability in relation to Elliott’s classification program is that its ability
to characterise those algebras which are amenable to classification is an article of faith. In all
cases where Z-stability is sufficient for classification (e.g., simple unital ASH algebras of real
rank zero), it may also be automatic; when it is known to be necessary for classification (e.g.,
AH algebras), it is not known to suffice. In this paper we prove that Z-stability does characterise
those algebras which satisfy Elliott’s conjecture in an ambient class where the assumption of
Z-stability is truly necessary. The class considered is at once substantial and the natural starting
point for establishing such a characterisation: Villadsen’s algebras. In fact we will prove much
more. Z-stability is not only the hoped for necessary and sufficient condition for classification,
but is furthermore equivalent to a topological condition (finite decomposition rank) and to a K-
theoretic condition (strict comparison of positive elements). These three conditions, all of which
make sense for an arbitrary nuclear C*-algebra, are equivalent to three further conditions which
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are to varying extents native to the class of algebras we consider: approximate divisibility, slow
dimension growth, and bounded dimension growth.

Some comments on our characterisations are in order. Nuclear C*-algebras can be viewed
from several angles. They are evidently analytic objects, but can be seen as ordered algebraic
objects through their K-theory, or as topological objects via the decomposition rank of Kirch-
berg and the second named author. Our main result says that from each of these viewpoints,
there is a natural way to characterise those C*-algebras which satisfy the Elliott conjecture. The
equivalence of Z-stability, approximate divisibility, finite decomposition rank, slow dimension
growth, and bounded dimension growth is a satisfying confirmation of the expectations of ex-
perts. The equivalence of these conditions with strict comparison of positive elements, however,
is unexpected and exciting for several reasons. First, the very idea of there being a K-theoretic
characterisation of those algebras which will satisfy Elliott’s conjecture is new. Second, it is a
condition that can be verified for large classes of examples generally suspected to be amenable
to classification [25,29]. Third, and most remarkably, this equivalence is a stably finite version
of Kirchberg’s celebrated characterisation of purely infinite C*-algebras.

Our paper is organised as follows: in Section 2 we recall the definitions of the regularity
properties which appear in our main result; Section 3 introduces Villadsen algebras of the first
type, and states our main result; Sections 4—7 contain the proof of the main result; Section 8 gives
some examples of non- Z-stable Villadsen algebras.

2. Preliminaries and notation
2.1. AH algebras and dimension growth
Below we recall the concepts of (separable unital) AH algebras and their dimension growth.

Definition 2.1. A separable unital C*-algebra A is called approximately homogeneous, or AH,
if it can be written as an inductive limit

A= lim (A;, ¢;)
1—> 00

where each A; is a C*-algebra of the form

mi
A= @ pii(C(Xi ) ® Mr,,,)Pi,j
j=1

for natural numbers m; and r;;, compact metrisable spaces X;; and projections
pi,j €C(X; ;) ® Mri.j' We refer to the inductive system (A;, ¢;)ien as an AH decomposition
for A.
We say the AH decomposition (A;, ¢; )N has slow dimension growth, if
. dim X,‘ j
lim max — =0;
i—o00 j=1,...,m; rank Di,j

it has very slow dimension growth, if

(dim X; ;)3 _o
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and it has bounded dimension growth, if

sup max dimX;;=d < oo.
ieN =1 mi

The AH algebra A has slow (very slow or bounded, respectively) dimension growth, if it has an
AH decomposition which has slow (very slow or bounded, respectively) dimension growth.

Remark 2.2. Slow dimension growth is obviously entailed by very slow dimension growth.
Moreover, it is easy to see that if A is simple, then bounded dimension growth implies very slow
dimension growth. One of the remarkable results of [15] says that, for simple AH algebras, very
slow dimension growth also implies bounded dimension growth.

2.2. Approximate divisibility and the Jiang—Su algebra

Let p, g and n be natural numbers with p and ¢ dividing n. C*-algebras of the form
I[p,n,ql= {f € Mn(C([O, 1])) | fO)= 1n/p ®a, f(H)=Db® ln/q9 ae Mp» be Mq}

are commonly referred to as dimension drop intervals. If n = pg and gcd(p, g) = 1, then the
dimension drop interval is said to be prime.

In [16], Jiang and Su construct a C*-algebra Z, which is the unique simple unital inductive
limit of dimension drop intervals having Ko = Z, K; = 0 and a unique normalised trace. It is a
limit of prime dimension drop intervals where the matrix dimensions tend to infinity, and there
is a unital embedding of any prime dimension drop interval into Z. Jiang and Su show that Z is
strongly self-absorbing in the sense of [31].

A C*-algebra A is said to be Z-stable, if it is isomorphic to A ® Z (since Z is nuclear, there is
no need to specify which tensor product we use). It was shown in [16] and [32] that all classes of
simple C*-algebras for which the Elliott conjecture has been verified so far consist of Z-stable
C*-algebras.

Using semiprojectivity of prime dimension drop intervals, it is not too hard to see that a
separable unital C*-algebra A is Z-stable if and only if the following holds (cf. [32]): for any
n € N there is a sequence of unital completely positive contractions ¢; : M;,, & M1 — A such
that the restrictions of ¢; to M,, and M,,; both preserve orthogonality (i.e., have order zero in the
sense of [35]) and such that ||[¢; ((x, 0)), ¢; ((0, y)]|| = 0 and ||[¢; ((x, ¥)),a]]l — 0 as i goes
to infinity for every x € M;,, y € M,,41 and a € A. This characterisation shows that Z-stability
generalises the concept of approximate divisibility:

Following [3], we say a separable unital C*-algebra A is approximately divisible, if for
any n € N there is a sequence of unital x-homomorphisms ¢; : M,, & M,+1 — A such that
I[¢i (x), alll — O as i goes to infinity for every x € M,, & M,,+1 and a € A.

It was shown in [32] that approximate divisibility indeed implies Z-stability. The converse
cannot hold in general (approximate divisibility asks for the existence of an abumdance of pro-
jections). However, using the classification result of [12], it was shown in [11] that simple AH
algebras of bounded dimension growth are approximately divisible.
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2.3. The Cuntz semigroup

Let A be a C*-algebra, and let M,,(A) denote the n x n matrices whose entries are elements
of A. If A =C, then we simply write M,,. Let My, (A) denote the algebraic limit of the direct
system (M, (A), ¢,), where ¢, : M, (A) — M, +1(A) is given by

ars ¢ 0
0 0/
Let Mo (A)4 (resp. M, (A)4+) denote the positive elements in My, (A) (resp. M, (A)). Given

a,b e My (A)4, we say that a is Cuntz subequivalent to b (written a 3 b) if there is a sequence
(vn)52, of elements of M (A) such that
n— 00

[vnbuvy —a| 2= 0.

We say that a and b are Cuntz equivalent (written a ~ b) if a X b and b X a. This relation is an
equivalence relation, and we write (a) for the equivalence class of a. The set

W(A) :=Mu(A)1/~
becomes a positively ordered Abelian monoid when equipped with the operation
(a) +(b) =(a®D)

and the partial order

In the sequel, we refer to this object as the Cuntz semigroup of A.
Given a € M (A)+ and € > 0, we denote by (a — €)1 the element of C*(a) corresponding
(via the functional calculus) to the function

f(@)=max{0,t — €}, teo(a).

(Here o (a) denotes the spectrum of a.)
2.4. Dimension functions and strict comparison

Now suppose that A is unital and stably finite, and denote by QT(A) the space of normalised
2-quasitraces on A (v. [2, Definition II.1.1]). Let S(W(A)) denote the set of additive and order
preserving maps d from W(A) to R having the property that d({14)) = 1. Such maps are called
states. Given T € QT(A), one may define a map d; : Moo (A4) . — RT by

dr(a) = lim t(a'/™). (1)
n—o0

This map is lower semicontinuous, and depends only on the Cuntz equivalence class of a. It
moreover has the following properties:
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(i) if a 3 b, then d;(a) < d;(b);
(i) if a and b are orthogonal, then d; (a + b) = d. (a) + d. (b);
(iii)) dr((a —€)4+) Sd(a) ase — 0.

Thus, d; defines a state on W (A). Such states are called lower semicontinuous dimension func-
tions, and the set of them is denoted LDF(A). If A has the property that a = b whenever
d(a) < d(b) for every d € LDF(A), then we say that A has strict comparison of positive ele-
ments or simply strict comparison.

2.5. Decomposition rank

Based on the completely positive approximation property for nuclear C*-algebras, one may
define a noncommutative version of covering dimension as follows:

Definition 2.3. (See [18, Definitions 2.2 and 3.1].) Let A be a separable C*-algebra.

(i) A completely positive map ¢ : €;_; M, — A is n-decomposable, if there is a decomposi-
tion{l,...,s}= ]_[’}:0 I; such that the restriction of ¢ to ,.; M,, preserves orthogonality
for each j € {0,...,n}.

(i) A has decomposition rank n, dr A = n, if n is the least integer such that the following holds:
Given {b1,...,by,} C A and € > 0, there is a completely positive approximation (F, {r, @)
for by, ..., by, within € (i.e., ¥ : A — F and ¢ : F — A are completely positive contrac-
tions and [|@v (b;) — b;|| < €) such that ¢ is n-decomposable. If no such n exists, we write
drA =oco.

lEIj

This notion has good permanence properties; for example, it behaves well with respect to
quotients, inductive limits, hereditary subalgebras, unitization and stabilization. It generalises
topological covering dimension, i.e., if X is a locally compact second countable space, then
dr Co(X) = dim X; see [18] for details. Moreover, if A is an AH algebra of bounded dimension
growth, then dr A is finite.

3. VI Algebras and the main result
3.1. Villadsen algebras of the first type

The class of algebras we consider is an interpolated family of AH algebras. At their simplest
they are the UHF algebras of Glimm, while at their most complex they are the algebras introduced
by Villadsen in his work on perforated ordered K-theory. In between these extremes they span
the full spectrum of complexity for simple, separable, nuclear, and stably finite C*-algebras. We
call these algebras Villadsen algebras of the first type as they are defined by a generalisation of
Villadsen’s construction in [33]. (Villadsen used a second and quite distinct construction in his
subsequent work on stable rank, cf. [34].)

Let X and Y be compact Hausdorff spaces. Recall that a x-homomorphism

¢:.C(X)—>M,®C(Y)
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is said to be diagonal if it has the form

fr>diag(foAl,..., foly),

where A; : Y — X is a continuous map for each 1 <i < n. The maps Ay, ..., A, are called the
eigenvalue maps of ¢. Amplifications of diagonal maps are also called diagonal.

Definition 3.1. Let X be a compact Hausdorff space and n, m, k € N. A unital diagonal x-homo-
morphism

¢ M, ® C(X) > M ®C(X*")

is said to be a Villadsen map of the first type (a VI map) if each eigenvalue map is either a
co-ordinate projection or has range equal to a point.

Definition 3.2. Let X be a compact Hausdorff space, and let (n;)72, and (m;)72, be sequences

of natural numbers with n; = 1. Fix a compact Hausdorff space X, and put X; = X", A unital
C*-algebra A is said to be a Villadsen algebra of the first type (a VI algebra), if it can be written
as an inductive limit algebra

A lim (M, ® C(X "), ;)

i—00
where each ¢; is a VI map.

We will refer to the inductive system in Definition 3.2 as a standard decomposition for A with
seed space X1(= X). Clearly, such decompositions are not unique.
For j > i, put

bij=¢j-10--- 0.

Let N; ; be the number of distinct co-ordinate projections from X; = X l.xnj /m to X; occuring
as eigenvalue maps of ¢; j, and let M; ; denote the multiplicity (number of eigenvalue maps)
of ¢; ;. Notice that

M;j=M; 1 ;jM;;_1, that N;;=N; 1 ;N;;j1
and that
Nij

0< —L«1.

From these relations it follows in particular that the sequence

(3)
M) s

is decreasing and converges for any fixed i.



1318 A.S. Toms, W. Winter / Journal of Functional Analysis 256 (2009) 1311-1340

A is said to have slow (very slow, or bounded ) dimension growth as a V1 algebra, if it admits a
standard decomposition as above which has slow (very slow, or bounded, respectively) dimension
growth in the sense of Definition 2.1.

Remarks 3.3. Despite its simple definition, the class of VI algebras is surprisingly broad:

e By taking X| = {*}, we can obtain any UHF algebra. If instead we take X to be a finite set,
then we obtain a good supply of AF algebras.

e With each X; equal to a disjoint union of finitely many circles, we obtain a large collection
of AT algebras of real rank zero and real rank one.

e If each X; is equal to the same compact Hausdorff space X, then we obtain the class of
Goodearl algebras.

e If we impose the condition that n; /m; — 0, then we obtain AH algebras of slow dimension
growth exhibiting a full range of complexity in their Elliott invariants: torsion in K¢ or Kj,
and arbitrary tracial state spaces.

e By taking “most” of the eigenvalue maps in each ¢; to be distinct co-ordinate projections
and setting X; = S? we obtain Villadsen’s example of a simple, separable, and nuclear
C*-algebra with perforated ordered Ko-group [33]. A variation on Villadsen’s construction
yields the counterexample to Elliott’s classification conjecture discovered by the first named
author in [26].

The first three examples above are special cases of the fourth, and the latter is a class of alge-
bras for which the Elliott conjecture can be shown to hold. Proving this, however, requires both
the most powerful available classification results for stably finite C*-algebras and the detailed
analysis of VI algebras provided in the sequel. Thus, from the standpoint of trying to confirm
the Elliott conjecture, VI algebras are no less complex than the class of all simple unital AH
algebras. The fifth example demonstrates that VI algebras include non-Z-stable algebras which,
in general, cannot be detected with classical K-theory. The sequel will show that there are in fact
a tremendous number of such VI algebras (see Section 8).

3.2. The main theorem

Theorem 3.4. Let A be a simple V1 algebra admitting a standard decomposition with seed space
a finite-dimensional CW complex. The following are equivalent:

(i) A is Z-stable;
(i) A has strict comparison of positive elements;
(iii) A has finite decomposition rank;
(iv) A has slow dimension growth (as an AH algebra);
(v) A has bounded dimension growth (as an AH algebra);
(vi) A is approximately divisible.

If, moreover, A has real rank zero, then A satisfies the equivalent conditions above.
For Theorem 3.4, the following implications are already known:

V)= (vi) = (1) = (ii); (v) = (iii); >iv) = (ii).
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More precisely, (v) = (vi) was shown in [11] (based on the results of [12]), (vi) = (i) is a result
of [32], (i) = (ii) is [25, Corollary 4.6], (iv) = (ii) is [29, Corollary 4.6], and (v) = (iii) is an
easy observation of [18]. We will prove (ii) = (iv), (i) = (v), (iii) = (ii), and the statement
about real rank zero. In the real rank zero setting, the implication (iv) = (v) is due independently
to Dadarlat and Gong [5,14].

Remarks 3.5.

e In the absence of Theorem 3.4, no two of conditions (i)—(vi) are known to be equivalent for
an arbitrary simple unital AH algebra. However, (i), (ii), (iv), (v) and (vi) are known to be
equivalent for simple unital AH algebras of real rank zero (a combination of results from
[8,10,11,19,32,38]). One of the central open questions in the classification theory of nuclear
C*-algebras is whether any of these conditions is actually necessary in the real rank zero
case. Theorem 3.4 makes some progress on this question—see the third remark below.

e Conditions (i)—(iii) should remain equivalent in much larger classes of simple, separable, nu-
clear, and stably finite C*-algebras. Conditions (iv), (v), and (vi) cannot be expected to hold
in general (conditions (iv) and (v) exclude non-AH algebras, and (vi) excludes projection-
less algebras, such as Z itself), but it remains possible that(i)—(vi) are equivalent for simple
unital ASH algebras, when (iv) and (v) are adapted in the obvious way to this class.

e It is not known whether real rank zero implies conditions (i)—(vi) above for larger classes
of simple nuclear C*-algebras (clearly, (iii), (iv), and (v) can only hold in the stably finite
case). Every existing classification theorem for real rank zero C*-algebras assumes at least
one of conditions (i)—(vi). It thus remarkable that in the class of VI algebras, real rank zero
entails classifiability without assuming any of these conditions.

e Our proof of (iv) = (v) is the first instance of such among simple unital AH algebras of
unconstrained real rank.

e The proof of Theorem 3.4 yields new examples of simple C*-algebras with infinite decom-
position rank. Previous examples all had a unique trace, while our examples can exhibit a
wide variety of structure in the tracial state space. (See Section 8.)

e Simple VI algebras all have stable rank one by an argument similar to that of [33, Proposi-
tion 10]. They may, however, have quite fast dimension growth—[28, Theorem 5.1] exhibits
a simple VI algebra for which every AH decomposition has the property that

L. dim X,‘,j
liminf max —— =0
i—oo j=l,...m; rankpi,j

For completeness, we note that the class of VI algebras which satisfy the conditions of Theo-

rem 3.4 indeed satisfies the Elliott conjecture. Let Ell(e) denote the Elliott invariant of a unital,
exact, and stably finite C*-algebra. We then have:

Corollary 3.6. (See Gong [15], Elliott, Gong and Li [12].) Let A and B be simple VI algebras
as in Theorem 3.4 which satisfy conditions (1)—(vi), and suppose that there is an isomorphism

¢ : Ell(A) — ElI(B).

Then, there is a x-isomorphism @ : A — B which induces ¢.
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3.3. An analogue of Kirchberg’s first Geneva theorem

The most interesting aspect of Theorem 3.4 is that it provides an analogue among VI algebras
of Kirchberg’s characterisation of purely infinite algebras. The latter states that for a simple,
separable, and nuclear C*-algebra A we have

ARV, =A <&  Ais purely infinite.

If we suppose that A is a priori traceless, then a result of Rgrdam (see [25]) says that Z-stability
and O« -stability are equivalent, and the definition of strict comparison reduces to the very def-
inition of pure infiniteness. Thus, we see that Kirchberg’s characterisation is equivalent to the
statement

AR Z=A < A has strict comparison of positive elements.

This statement makes sense even if A has a trace, and is moreover true for the simple VI algebras
of Theorem 3.4. Were the statement to hold for all simple, separable, and nuclear C*-algebras—a
distinct possibility—it would be a deep and striking generalisation of Kirchberg’s characterisa-
tion. In light of this possibility, we suggest that simple and Z-stable C*-algebras be termed
“purely finite.”

4. Villadsen’s obstruction in the Cuntz semigroup

In this section we prove that under a technical assumption, a simple VI algebra fails to have
strict comparison of positive elements. We shall see later that this failure is dramatic enough to
ensure that the algebra also has infinite decomposition rank.

4.1. Vector bundles and characteristic class obstructions

All vector bundles considered in this paper are topological and complex. For any connected
topological space X, we let §; denote the trivial vector bundle of fibre dimension/ € N. If w is a
vector bundle over X, then we denote by EBL | @ the k-fold Whitney sum of w with itself, and by
»®F its k-fold external tensor product (over X k). We use rank(w) to denote the fibre dimension
of w. If Y is a second topological space and f : Y — X is continuous, then f*(w) denotes the
induced bundle over Y. By Swan’s theorem, w can be represented by a (non-unique) projection
in a matrix algebra over C(X); we will use vector bundles and projections interchangeably in the
sequel.

Recall that the Chern class ¢(w) is an element of the integral cohomology ring H*(X) of the
form

]

(@)=Y ci(),

i=0

where ¢;(w) € H¥(X) and ¢;(w) = 0 whenever i > rank(w). Let y be a second vector bundle
over X. We will make use of the following properties of the Chern class:

(i) c@)=1eH'(X);
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(i1) c(y @ w) = c(y)c(w), where the product is the cup product;
(iii) If Y is another topological space and f : ¥ — X is continuous, then c¢(f*(w)) = f*(c(w)).

Let & be the Hopf line bundle over S%. The following Chern class obstruction argument, due
essentially to Villadsen, shows that 6y is not isomorphic to a sub-bundle of @5:1 £®! whenever

1 <k <. The top Chern class c;(@izl §®1) (equal, in this case, to the Euler class of @5:1 §®l)
is not zero by [24, Proposition 3.2]. If 6y is isomorphic to a sub-bundle of @f: 1 £ then there

exists a vector bundle y of rank [ — k over (S?)! such that
l
Dy = @ g%,
i=1

Applying the Chern class to this equation yields

[
c(y)=c(€|9$®’).
i=1

But then ¢;(y) # 0, contradicting the fact that ¢; (y) = 0 whenever i > rank(y) = k.
We review for future use some structural aspects of the integral cohomology ring H*((S)").

It is well known that

HO(S?) = H*(S?) =z
and

H'(S?)=0, i#0,2.
It follows from the Kiinneth formula that

H* ((82)n) ~ g* (Sz)®n

as graded rings. Let e¢; denote the generator of H 2(S2) in the ith tensor factor of H*(S%)®".

Then,

H*((S*)")=ZIl,e1,...,eq]/R,

where

If n = NI for some N € N, then

H(($)") = 1 ((82))°.

Let ¢; ; denote the generator of the ith copy of H 2(52), ie{l,
the right-hand side above.

..., 1}, in the jth tensor factor of
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4.2. A failure of strict comparison in C(X)

Villadsen’s Chern class obstruction argument may be viewed as a statement about projections
in a matrix algebra over C(X). We present below an analogue of his argument for certain non-
projections in M, (C(X)).

Let X be a CW-complex with dim(X) > 6, and let there be given a natural number / satisfying
2 <1< [dim(X)/3]. Choose an open set O € X homeomorphic to (—1, l)d‘m(x). Define

A= {xe(=1,1)% | dist(x, (0,0,0)) = 1/2} = $?
and

B:={xe(~1,1)*| 1/3 < dist(x, (0,0,0)) < 2/3},

and let 7 : B — A be the continuous projection along rays emanating from (0, 0, 0). Now define
a closed subset

A — A~l X {O}dim(X)—3l
and an open subset
B — Bl X (_1’ l)dlm(X)—3l
of O. Define a continuous map I71 : B — A by

IT=m X ---XmTXevy X --- X evy,

[ times dim(X)—3! times

where evg(x) =0 for every x € (—1,1). Let f : X — [0, 1] be a continuous map which is iden-
tically one on A and identically zero off B.

Notice that A = (S?)!, so $®l may be viewed as a vector bundle over A. Define positive
elements

P=f~n*<és®l) )
i=1
and
Or=f 6k 3)
in Moo (C(X)). For every x € X and n € N we have either
rank(P(x)) = rank(@k(x)) =0
or

rank(P(x)) =1,  rank(O(x)) =k.
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If 1 e T(C(X)) and a € M (C(X))+, then d; (a) is obtained by integrating the rank function of
a against the probability measure on X corresponding to t. Thus, if k < I, we have

de () <d:(P), VteT(A),

and this inequality is strict if u.(B) > 0, where p, is the measure induced on X by 7 € T(A).
On the other hand, (&) £ (P). To see this suppose, on the contrary, that there exists a sequence
(v)72, in Mo (C(X)) such that

[vi v — O] =2 0.
Then, the same is true upon restriction to A C X, i.e.,

1
Okl =0 IEPE® = Pla.

i=1

This amounts to saying that 6 is isomorphic to a sub-bundle of @f: 1§ ®l contradicting our
choice of &.

We are now ready to prove a key lemma. Its proof is inspired by the proof of [26, Theo-
rem 1.1].

Lemma 4.1. Let A be a simple V1 algebra with standard decomposition (A;, ¢;) and seed space
a CW-complex X1 of dimension strictly greater than zero. Suppose that for any € > 0 there exists
i € N such that

N; ; .
>1—€, Vj>i. “)
Ml,j
Then, for any n € N there exist pairwise orthogonal elements a, by, ..., b, € Mxo(A) 4+ such
that for each s € {1, ..., n}
dr(a) <dc(bs), VT eT(A),
and

(@) £ (b1) + -+ + (bn).
In particular, A does not have strict comparison of positive elements.

Proof. First observe that the simplicity of A combined with the non-zero dimension of X imply
that m; — 00 as i — oo—the number of point evaluations appearing as eigenvalue maps in ¢;
is unbounded as j — oo. It then follows from our assumption on N; ;/M; ; that dim(X;) — oo
as i — oco. We may thus assume that dim(X;) # 0, Vi € N. Since ¢; always contains at least one
eigenvalue map which is not a point evaluation, it is injective.

Let n € N be given. Find, using the hypotheses of the lemma, an i € N such that

N,',j 6n —1
> b
M; ; 6n

Vj>i.
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Since N; j/M; ; increases with increasing i, we may assume that i is large enough to permit the
construction of the element

3
f L ITF ( @%.@311)
i=1

—this is just the element P of Eq. (2), with the number of direct summands altered. This ele-
ment will be our b;. (The maps ¢; are injective, so we identify forward images in the inductive
sequence.) For by, ..., b, we simply take mutually orthogonal copies of b;. Let a be &;, chosen
orthogonal to each of by, ..., b,. We have by construction that

de(a) <d:(bs), 1<s<n,

whenever p;(B) > 0 (recall that B C X; is the support of P and ®,—it is an open set). If
f: Xi — [0, 1] has support equal to B, then we may write

pe(B)=de(f - 14).
Now for T € T(A) we have
de ($ico(f - 14)) =dy o (f - 1a)). 5)
Since A is simple and ¢ (f - 14,) # 0 we have
0 < 7(gico(f - 14)) < lim 7(ioo(f - 1a)"/") =dr(dico(f - 14))).
Combining this with (5) above we see that
dr ($ico(@) =dz (@)

< d¢?m(r) (b)
= dr (Pico(b)

for every t € T(A).
It remains to prove that

(@) £ (b1) + -+ (by) = (b1 +--- + by).

Notice that by + - - - + b, viewed as an element of M, (A;), is simply the element P of Eq. (2)
with parameter [ = 3n. Thus, with this choice of /, we are in fact trying to prove that

(Bi00(@2)) & (Bico(P)).

It will suffice to prove that for each j > 7 and v € My, (A)

[vgi,j (P)v* — ¢ j(@2) | = 1/2.
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Let S be the set of eigenvalue maps of ¢; ;. S is the disjoint union of the set Sy of eigenvalue
maps which are co-ordinate projections and the set Sy of eigenvalue maps which are point eval-
uations. (The fact that dim(X;) # O ensures that S} N S = #.) Note that |S1| = N; ;. For A € §1,
let m () denote the number of times that A occurs as an eigenvalue map of some ¢; ;.

Write ¢; j = y1 @ y2, where y1 is a VI map corresponding to the eigenvalue maps of ¢; ;
contained in Sp, and y» corresponds similarly to the elements of S>. By construction, y»(P) is
a constant positive matrix-valued function over X;. Put P = v, cx;)) ® y2(P)Y/2, and

g =lim,_, o y2(P)!/". 1t follows that
¢i.;(P) =y1(P) ® y2(P) = P(y1(P) ® q) P,

and that the projection g corresponds to a trivial vector bundle.
Suppose that there exists v € My, (A ) such that

|vgi, j (PYV* — i, (@2)] <1/2.
Then,
[vP(11(P) @ q) Pv* — (11(62) ® 12(02))| < 1/2.
Cutting down by y;(14,) and setting w = y; (14,)v P we have

[w(y1(P) ® q)w* —y1(©)| < 1/2, (6)

and this estimate holds a fortiori over any closed subset of X ;.
Fix a point xo € X; and let C be the closed subset of X; = Xl.xnj /ni consisting of those
(nj/n;)-tuples which are equal to x¢ in those co-ordinates which are not the range of an element

of S1, and whose remaining co-ordinates belong to A C X;. Notice that

C = AXINuj = (82) !Ny
We have
Im(})
vi(P)lc= P P r* (&%),
reS| m=1
»2(P)lc E 0y,
and

Y1(02)|c = Oomult(y)

where r < mult(y»). [26, Lemma 2.1] and (6) together imply that

Im(}))
92mult(y1) j ( @ @ )\*(§®l)) @er

reS) m=1
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in the sense of Murray and von Neumann. In other words, there is a t € N and a complex vector
bundle w over C of fibre dimension (/ — 2) mult(y;) + Ir such that

Im())
0 mult(y)+1 P 0 = ( @ @ k*(ég”)) ® Oy is.

reS) m=1

Applying the total Chern class to this equation yields

c(w) = c(( EBIE'S k*(€®1)> ® ezw)

reS; m=1

= T ey

LES]

= TT0ele® )™,

LES]

Let us take the elements of S; to be numbered Aq, ..., Ay, ., so that

ij?
Ni,j

c@ =[Ja+erx+ - +en)™.
k=1

Recall our description of the ring structure of H*((S?)*/)®Nij from the end of Section 4.1.

The class ¢y, (a)) is the sum of all possible products of /N; ; elements of the form e; xs or 1.

Since H *((Sz)Xl)‘g’N iJ is torsion free and the products in question generate independent copies
of Z whenever the products themselves are distinct, we see that ¢; Nij (w) # 0 if even one of the
products in question is not zero. Since the only relation on the generators of H*((S2)*/)®Ni.j is
that e?) « = 0, we see that

Z

ij

1
[Tesx#o0.

1 s=1

~
Il

Thus, ¢, ;(w) # 0. This in turn necessitates rank(w) > I N; j—the nth Chern class of a vector
bundle of dlmensmn < n is always zero. We conclude that

IN; j < (I —2)mult(y;) +Ir
<

(
(I —2) mult(yy) + [ mult(y,)
<U—-2)M;; +2(M; ; — N j).

Dividing the last inequality above by [M; ; we get

N j < -2 +g<1 _ N,',j>'
M; ; i
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Using the assumption

Nij _6n—1_20—1

=

Mi,j 6n 21
we have
2A—1 _Nij 1-2 2 1-1
< X +_<—7
2 My L2

a contradiction. O
5. Strict comparison implies bounded dimension growth

The next lemma says that if a simple VI algebra has strict comparison of positive elements,
then it not only has slow dimension growth, but even has slow dimension growth as a VI algebra.

Lemma 5.1. Let A be a simple VI algebra; suppose that A admits a standard decomposition
(Ai, ¢i) with seed space a CW-complex X. If A has strict comparison of positive elements, then
dim(X) = 0 (in which case A is AF), or for every i € N,

N; ;i j — 00
ij J 0.
M;

If A does not have strict comparison of positive elements, then

. . Ny
lim lim —/==1. (N

i—o00 j—>o0 Mj j

Proof. Suppose, for a contradiction, that A satisfies the hypotheses of the lemma, dim(X) > 1,
and there is some iy € N and § > 0 such that
Niy, j
Mi, j

=6, Vj>ip.

We must show that A does not have strict comparison of positive elements and that (7) holds.

A is simple with dim(X) =1, so M; ; — o0 as j — oo for any fixed i € N. This forces
Nj j — 00, too, so that dim(X;) — oo asi — oo.

For any j > m > iy we have

Niy, j Nigm  Nm,j

§< = )
M, j  Migm Mp,j

Ni, j . . o .
The sequence (M_—O”_) j>ig 18 decreasing, so its limit exists and is larger than or equal to §. It
i0,J

follows that N, j/M,, ; approaches 1 as m, j — oo, whence (7) holds. Now apply Lemma 4.1
to see that A must fail to have strict comparison of positive elements. O
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Proposition 5.2. Let A be a simple V1 algebra with strict comparison of positive elements, and
suppose that A admits a standard decomposition (A;, ¢;) with seed space a finite-dimensional
CW-complex X. Then, A has bounded dimension growth.

Proof. A satisfies the hypotheses of Lemma 5.1. If A is AF, then it has bounded dimension
growth, so we may assume that dim(X) > 1. The conclusion of Lemma 5.1 then implies that

Nij j ~®0 (8)
Ml,j
for every i € N. We will prove that A has very slow dimension growth in the sense of Gong;
bounded dimension growth follows by the reduction theorem of [15] or, alternatively, the classi-
fication theorem of [20].
Let there be given a positive tolerance € > 0. For natural numbers j > i let 7y, ..., TN, be

the co-ordinate projection maps from X; = X ?j Mo X i appearing as eigenvalue maps of ¢; ;,
and let /; ; be the number of eigenvalue maps of ¢; ; which are point evaluations. Since A is
simple and dim(X) > 1, [; j, > O for some jy > i. Straightforward calculation then shows that
there are at least

I
,JO
lijo-Mjyj=Mi,j- i

i, jo

point evaluations in the map ¢; ;. Combining this with (8) yields

L.: \\fui,j li,jo J Jj—00
j= : o0
Nij M, j,

In other words, if one wants to partition the eigenvalue maps of ¢; ; which are point evaluations
into N; ; roughly equally sized multisets, then these multisets become arbitrarily large as j —
oo. (We say multisets as some point evaluations may well be repeated.) Assume that we have
specified such a partition, let Sy, ..., Sx; i denote the multisets in the partition, and assume that
dim(X;)3/L j <e€.Each f €8, 1<I<N;j, factors through any of the co-ordinate projections
Tl oo, N - Factor f € S;as f = fom, where f: X; — X; has range equal to a point; let R;
be the multiset of all maps from X; to itself obtained in this manner. Let ¢ (/) be the number of
copies of m; appearing among the eigenvalue maps of ¢; ;. Put

I
B =My, ay+1r)) ® C(X)).
and observe that

rank(1 ) =m; (t(1) + |Ri) > |Ri| = 1S1| > L

Define amap v® : A; — Bl.(l) by

v D)= (é(ga)@(@aof)

fer,
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Put B; = Bl.(l) @D Bl.(Ni’j), and let ¢ : A; — B; be the direct sum of the 1//‘(1), 1<I< N, ;. For
each 1 <I < N; j,let P, € Aj be the projection which is the sum of the images of the unit of A;

under all of the copies of 7; in ¢; ; and all of the point evaluations in ;. Let y; : Bl.(l) — PA; P
be induced by 717, and let y : B; — A; be the direct sum of the y;. We now have the factorisation
AL B LA

and each direct summand Bl.(l) has the property that

dim(X;)? _ dim(X;)3
< <e€
rank(lB_(z)) L;

Both i and € were arbitrary, so A has very slow dimension growth. O

Proposition 5.2 establishes the implications (ii) = (iv) and (ii) = (v) of Theorem 3.4. (The
first observation of the proof is that the hypotheses guarantee that A has slow dimension growth
as a VI algebra, and so a fortiori as an AH algebra.)
6. Finite decomposition rank

In the present section we prove the remaining implication of Theorem 3.4, namely that finite
decomposition rank implies strict comparison of positive elements in VI algebras. The technical
key step is Lemma 6.1 below; under the additional assumption of real rank zero, a related result

was already observed in [36, Proposition 3.7]. Our proof is inspired by that argument.

Lemma 6.1. Let A be a simple, separable and unital C*-algebra with drA = n < oco. If
a,d9, ... dm ¢ A satisfy

dr(a) < d.(d")
fori=0,...,nandevery t € T(A), then
(@) <(dO)+ -+ {d™).

Proof. It will be convenient to set up some notation: Given 0 < o < 8 < 1, define functions on
the real line by

0, t<§8 0, Isa
gp(t) :={1’ t>ﬂ’, 8a,p (1) :={1, t2 B,
T t—a)/(B—a) else
and
0, <o,
fa,ﬂ(t) = {l‘, =,
Bt —a)/(B—a) else.
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Before turning to the proof, observe first that our hypotheses imply that a is not invertible in
A: indeed, if a was invertible, we had a!/" — 14 as n — 00, s0

1= lim t(a"/") =d;(a) <d.(dV) <1,

11— 00

a contradiction, whence 0 € o (a).

By passing to M,41(A) (which again has decomposition rank n by [18, Corollary 3.9]),
replacing each d) € A = egoM,1(A)egy by a Cuntz equivalent element in the corner
eiiMy1(A)e;; for i = 1,...,n, and observing that d;(a) < d.(d?) also holds for every
T € T(My4+1(A)), we may as well assume that the d¥ themselves are already pairwise or-
thogonal.

For the actual proof of the lemma, we distinguish two cases. Suppose first that 0 € o (a) is an
isolated point. Then, there is 6 > 0 such that

pi=goa) €A

is a projection satisfying (p) = (a), whence d;(a) = d.(p) = t©(p) for all t € T (A). Further-
more, forany 7 € T(A) and i =0, ..., n, we have

@) = fim < (g25(a). ®
so there are 6; > 0 and n; > O such that

t(p) =d:(a) <d: (d(i)) — e < 7(85,/2.5, (d(i)))

for all i. Since the elements of A are continuous when regarded as functions on 7 (A), each
has an open neighborhood U; C T (A) such that

7' (p) < 7'(g5./2.5.(d7))

fori =0,...,n and v/ € U;. Now by compactness of T (A) (and since, for any positive 7,
8s' 2,50 (h) < gs2,5(h) (10

if only § < &) it is straightforward to find §; > O such that

T(p) < 1(gs,2.6, (d7))
foralli =0,...,nand T € T(A). Now by [36, Proposition 3.7], we have

P 3851/2.5 (V) + -+ 85,28 (d™),

whence

(@) = (p) <(g51/2.6: () + - + (85,26, (™)) < (@) + -+ (™).
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Next, suppose 0 is a limit point of o (a). The proof in this case is similar to that of [36, Propo-
sition 3.7], but we have to deal with some extra technical difficulties. Since a = lime\ g fe/2,¢(a)
and since the d¥) are pairwise orthogonal, it will be enough to show that

feppel@) 2dQ 4 4d™
for all € > 0. So, given some € > 0, we set
b= fepe(a) and c:=(80.e/a — 8ejaes2)(a),
then
clb and b+cZa.

Since 0 is a limit point of o (a), we have ¢ # 0, hence (each t € T (A) is faithful by simplicity
of A, c is continuous as a function on 7 (A) and T (A) is compact)

a:=min{t(c) | T € T(A)} > 0.
Using that ¢ < 14 and that ¢ L b, we obtain for all T € T (A)

d:(b) + o <d(b) + ()
dr(b) +d-:(c)
=d:(b+c)

<di(a)

NN

and, by hypothesis,
dr(b) <d (dV) —«a (11)

fori=0,...,nand t € T(A).
Again, to show that b 3 d©® 4 ... +d™ it will suffice to prove that

Fron(®) 3 dO .. g™
for any given 1) > 0. To this end, we set
b= gy/2.n(b) (12)

and choose 0 < §2 < «/4 such that

t(h) <t (d?) - %Ta (13)

fori =0,...,nand v € T(A), where

d¥ = gs,0.5,(d7).
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The number §; is obtained in a similar way as 41 in the first part of the proof, using compactness
of T(A): From (9) and (11) we see that for each t € T(A) there is §; > 0 such that for i =
0,....,n

@) <de®) L do (@9) —a € 7(g5, 2.5, (dV)) - %"
Each t has an open neighborhood U such that
' (b) < 7' (gs,/2.5. (")) — %a
fori =0,...,n and t’ € U,. Similar as in the first part of the proof, compactness of T'(A) and

(10) now yield §> > 0 such that (13) holds.

Since dr A = n, by [18, Proposition 5.1], there is a system (F, ¥, ¢x)keN Of c.p. approxima-
tions for A such that the ¢; are n-decomposable and the v are approximately multiplicative. In
other words, for each k € N there are finite-dimensional C*-algebras Fj and c.p.c. maps

AV B B A
such that

(i) gx¥r(a) — aforeacha € Aask — oo,
(ii) Fx admits a decomposition Fy = @/_ F.") such that

L
o) = Pkl g0
preserves orthogonality (i.e., has order zero in the sense of [35, Definition 2.1(b)]) for each
i=0,...,nand k e N,
(iii) ||Yx(aa’) — Yr(a)Yr(a’)|| — O for any a,a’ € A as k — oo.
We set

Vi ()= 10 90)

for each i and k and note that the w,fi) are also approximately multiplicative for each i since the
1 pl are central projections in Fi. As in [18, Remark 5.2(ii)], we may (and will) assume that the
k

Y are unital. '
Recall from [36, 1.2], that each of the order zero maps (p,i’) has a supporting *-homomorphism

cr,ii) : Fk(i) — A”;
this a *x-homomorphism satisfying
o @) =0 g (1) = ¢ (1o () € A

forall x € F,((i).
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We proceed to show that there is K € N such that
7(81-0/a(¥ () < T(2asa (¥ @))) (14)

foralli =0,...,n, 7€ T(F,fi)) and k > K. If this was not the case, there would be a strictly

increasing sequence (k;);eny C N such that, for some fixed i € {0, ..., n}, there are 7, € T (F ,{(;0))
satisfying

%(g1-a/a (W 5))) = 1 (gasa (W (d©))) (15)

for all / € N. But then

a(y” ®) > u(g1-ans(vi?)) -

15)

d
4
> (ga/4(1/f;§f°)(5(i°)))) - %

> 7y (d™)) -2 (16)

o
4

for all [ € N. Now fix some free ultrafilter v € SN \ N, then
(N —T; (o)
7() :=limry” ()
w

obviously is a well-defined positive functional on A. It is tracial, since the 7; are traces and the
Iﬂ,g()) are approximately multiplicative. It is a state, since T(14) = 1 (the 7; are states and the

w,ﬁl’b) are unital). We have now constructed a tracial state T on A satisfying

#b) > #(d™) - 3,

a contradiction to (13). Therefore, there is K € N such that (14) holds for all i =0,...,n,
reT(F")andk > K.

As a consequence, for i =0,...,n and k > K there exist partial isometries vlgi) e F, k(i) such
that
) v = g1aa (U ) (= g1-asa1 (v 1)) (17)
and

v (o) < gasa (v (@)

(the g17a/4(¢;£i)(l5)) and ga/4(1//,£i)(a_7(i))) are projections in Fk(i)—which in turn are finite-
dimensional algebras, hence satisfy the comparison property).
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Note that
o ()" < gara(v” (@)
< Gaya (Vi (j(i)))
< 80,5, (Vi (d?))
< 1Fk
fori =0,...,n and k > K; since the v,ﬁi)(v,g))* are projections, from this one easily concludes
that

o (TN o) =07

Because the vy are approximately multiplicative, and using that the ) are mutually orthogonal,

we also have
20,5, <¢fk ( ZJ(j))) — Yk < > 804, (cz(j))>
j=0 j=0

k—o00 0

and
800 (vac(@“))ui” (07) = 8- 0 (07) | #2220
fori,i’ €{0,...,n} (8; denotes the Kronecker delta of i and i"). Moreover, we have
n n ,
280,82 (J(j))wk(v,ii)(v,gi))*) — o (wk ( Z 0.5, (j(j))) U]((i) (U]ii))*> <o
j=0 Jj=0

by [18, Lemma 3.5] (an easy consequence of Stinespring’s theorem), where

n 2
(prv — id)(( > g0 (a'rU")) )
Jj=0

Observing that pxy — 0 as k — co and combining all these facts we obtain

(@ — id) ( > g0, (am)) H

j=0

|

Wi = max{

n
> 205 (@)e (0 (")) = e (0" (")) | =20
Jj=0

and
80,5 (@) er (v (v”)) = 81 - e (v W) | 2220

fori,i’ =0, ...,n. Using that

ok (v,ﬁi)(v;ﬁi))*) _ (plii) (Ul?)(vl(ci))*) _ ‘plii)(1F,fi))glc(i)(vl(<i))alc(i) (UI?))*
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it follows easily that

o (") e <l>)zzgoa @e @, <>)2 )

5[ J 901?)(( (1))* (l)) k— 00 0

fori,i’=0,...,n, whence

kooO’

Sk Zgo,sz/z(c?(j))Sk - fn,Zn(b)% ( Z(P,(f)((v,g))*vf))> fn,zn(b)%

j=0 i=0

where
[
Sk _Zw(l)(lF;f”)Zalgl (v (l))fn 277([’)2
for k > K. We now have

n
Frg®) = ¢~ 805, (dV) s

lim
k— 00 ‘
j=0
11m fﬂ 277([9) f'? Zn(b)2 ( Z(p(t) (l) * (l)))ﬁ7 277(b)2
i =0
7 1
< hm fn 2n(b) fn 2n(b)2 <Z‘p 81—a/4, 1(% (b)))) ]077,277(17)z
=0
(i) 1 . @), () = 1
= h fn,Zn(b) — fu.2n(D)2 (Z(pk Iﬂk (gl—a/4,l(b))> Su2n(b)2
i=0
2 tim [ .20 (8) = f20(®)2 81-a/2.15) f.20 (®)? |
Dy,

This shows that

Fon®) 3 g0.5,(dY).

j=0

Since n was arbitrary, and because

n n
280,82 @) 3 Zg(j)’
j=0 Jj=0
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it follows that
n
b= Z d(j),
j=0

as desired. O

Corollary 6.2. Let A be as in the hypotheses of Theorem 3.4. If A has finite decomposition rank,
then A has strict comparison of positive elements.

Proof. We prove the contrapositive. Suppose that A does not have strict comparison of positive
elements and fix a standard decomposition as in 3.4. Then, condition (7) of Lemma 5.1 holds. It
follows that A satisfies the hypotheses of Lemma 4.1, and so strict comparison fails in the manner
prescribed the in the conclusion of that lemma. In light of Lemma 6.1, this failure excludes the
possibility that A has finite decomposition rank. O

The preceding corollary establishes the implication (iii) = (ii) of Theorem 3.4.
7. Real rank zero

In this section we prove that an algebra of real rank zero which also satisfies the hypotheses
of Theorem 3.4 must then satisfy conditions (i)—(vi) of the same theorem, thus completing the
proof of our main result. The result is a special case of a theorem of Toan Ho and the first named
author which will appear in Toan Ho’s PhD thesis. As no preprint of this result was available at
the time of writing, we give a proof here which applies only to VI algebras.

Let X be a compact connected Hausdorff space and a a self-adjoint element of M,, (C(X)).
For each x € X, form an n-tuple consisting of the eigenvalues of a listed in decreasing order.
Foreachm € {1, ...,n} let A, : X — R be the function whose value at x is the mth entry of the
eigenvalue n-tuple for x. The variation of the normalised trace of a (v. [1]), denoted TV (a), is

defined as
{ 1
sup
n

=D () _)‘m()’))|3 X,y eX}.

m=1

Suppose that A = 1im;_, oo M, (C(X;), ¢;) is of real rank zero, and let a be a self-adjoint ele-
ment of some M,,, (C(X;)). Then, by Theorem 1.3 of [1], the variation of the normalised trace
tends to zero as j — oo for each direct summand of ¢; ;(a) corresponding to a connected com-
ponent of X ;.

Proposition 7.1. Let A = lim;_, o (A;, ¢i) be a simple V1 algebra with seed space a finite-
dimensional CW-complex. If A has real rank zero, then A has bounded dimension growth.

Proof. If A is AF, then there is nothing to prove. If A is not AF, then all but finitely many of the
¢;s contain at least one co-ordinate projection as an eigenvalue map, and each X; has dimension
strictly greater than zero. It will be enough to prove that for each i € N,

Nij jooo
— =
M;,

0.

The proof of Proposition 5.2 then shows that A has bounded dimension growth.
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Let € > 0 be given, and suppose for a contradiction that for some i € N and ¢ > 0 we have

Nij j—o0
—= ——c
M j

By increasing i if necessary (and following the lines of the proof of Lemma 5.1) we may assume
that ¢ > 7/8. Choose a continuous function f : X; — [0, 1] such that for some points xg, x1 in
the same connected component of X; we have f(xo) =0and f(x;) =1;puta:= f-14,.

For any j > i we have

i, j(a)(x) =diag(a(y1 (X)), ....a(ym, ;(x))), VxeX;,

where the ;s are the eigenvalue maps of ¢; j. Let my,..., 7wy, ; : Xj — X; be the distinct
co-ordinate projections appearing among the y;s. Since TV (¢; j(a)) is unaffected by unitary
conjugation in A j, we may assume that

¢i,jla)(x) = diag(a(m (x)), e, a(nNLJ. (x)), e, a(yMl.'j (x))), Vx € X;.

Fix a point yo € X; which when viewed as an element of a Cartesian power of X; has the
value xg in each co-ordinate; define y; similarly with respect to x1, and notice that yy and y;
are in the same connected component of X ;. Then, the eigenvalue list of ¢; ;(a)(yo) contains
at least m; N; ; Os, while the list for ¢; j(a)(y1) contains at least m; N; ; 1s. By the pigeonhole
principle, at least m;[M; ; — 2(M; j — N; ;)] of the eigenfunctions A,, corresponding to ¢; j(a)
have the value 0 at yp and 1 at y;, while the remaining 2m; (M; ; — N; ;) eigenfunctions satisfy
Am(Y1) — Am(Yo) = —1. Now,

e
1 J
TV (i j(a)) > > (1) = 2 (30))
miMij =
S M; ; —4(M;; — Ni ;)
4N
Ml,]
1
-
2

since N; j/M;, j > ¢ > 7/8. This contradicts our real rank zero assumption for A, completing the
proof. O

8. Non-Z-stable VI algebras

We now give examples of non-isomorphic VI-algebras which cannot be distinguished using
topological K-theory and traces. These are not the first such—examples are already given in
[26]—but the results of the present paper allow us to construct a large class of examples with
relatively little further effort. They will also demonstrate the variety of tracial state spaces which
can occur in a simple nuclear C*-algebra of infinite decomposition rank.
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Any subgroup G of Q corresponds to a list of prime powers Pg = { p'f1 , pgz, ..h
n; € Z* U {oo}, in the following sense: the elements of G are those rationals which, when in
loweset terms, have denominators of the form p? pgz ..., where r; < n; for all i and r; =0 for
all but finitely many i. If n; = oo for some i then we will say that G is of infinite type. Let p be
a prime. If p>° € Pg and H is the subgroup of Q with Py = {p*>°},then H @ G = G.

Let X be a contractible and finite-dimensional CW-complex. Construct a VI algebra Ay =
lim; _, 5o (A;, ¢;) satisfying:

(i) The ratio Ny j/M ; does not vanish;
(i) Ay is simple by virtue of a judicious inclusion of point evaluations as eigenvalue maps of
the ¢;;
(iii) The Kg-group of Ax (necessarily a subgroup of Q by the contractibility of X| = X and
each X;) is of infinite type.

Inspection of Villadsen’s construction in [33] shows that for a fixed X, one can arrange for
Ko(Ax) to be an arbitrary infinite type subgroup of QQ. There are uncountably many such sub-
groups, and hence, for a fixed X, uncountably many non-isomorphic algebras Ay satisfying
(1)—(iii). Condition (i) ensures that Ax does not have strict comparison of positive elements (use
Lemmas 4.1 and 5.1).

Fix an algebra Ax as above. Let p be a prime such that p> € Px,(ay), and let 4l be a UHF
algebra with P,y = {p>°}. We claim that the tensor product Ay ® il has the same topological
K-theory and tracial state space as A. At the level of K-theory this statement follows from the
Kiinneth theorem, the triviality of the K;-groups of both i{ and Ay (in the case of Ay this is due
to the contractibility of X;), and the isomorphism

Ko(Ax) ® Ko(W) =Ko(Ax).

At the level of tracial state spaces the statement is due to the fact that 4{ admits a unique tracial
state. There is only one possible pairing of traces with Kq in each of Ay and Ax ® 4, as their
Ko-groups are subgroups of the rationals. As noted above, Ax does not have strict comparison of
positive elements, but Ax ® 4l does by virtue of [22, Lemma 5.1]. Thus, Ax and Ax ® 4 are not
isomorphic, and by varying X and Ko(Ax) independently we obtain a large class of examples of
the desired variety.

Straightforward but laborious calculation shows that the tracial state space of Ay as above is
a Bauer simplex with extreme boundary homeomorphic to X *°°. (The details of this calculation
are more or less contained in the proof of [30, Theorem 4.1]—we will not reproduce them here.)
Ay also has infinite decomposition rank by Theorem 3.4, and this does not depend on X being
contractible. Thus, a large variety of structure can occur in the tracial state space of a simple
nuclear C*-algebra with infinite decomposition rank.

Finally, we remark that infinite decomposition rank can also occur in the case of a simple AH
algebra with unique tracial state, as observed in [36, Example 6.6(i)], using the examples of [34].
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