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ABSTRACT. We develop a new dual approach, which can be used to establish sharp Lp

bounds for orthogonal differentially subordinate martingales. The method rests on the
construction of a certain special function enjoying appropriate majorization properties and
a novel differential condition.

1. INTRODUCTION

Sharp martingale and semimartingale inequalities play an important role in applications
in functional and harmonic analysis, as they often lead to tight bounds for wide classes of
operators, including maximal functions, Fourier multipliers and sparse forms. There is a
powerful technique, called the Bellman function method, or Burkholder’s method, which
can be used to study such results for quite general stochastic processes. The idea behind
the approach can be formulated as follows: the validity of a given estimate is equivalent
to the existence of a certain special function, enjoying appropriate majorization and con-
cavity properties. It should be emphasized that the method brings an additional insight
into the estimate under investigation: not only does the special function yield the bound,
but it also encodes the structure of extremizers (i.e., processes for which equality, or al-
most equality, is attained) and often embeds the result into a wider class of inequalities.
Furthermore, the special functions are of interest in their own right, as they might exhibit
deep connections between several seemingly unrelated contexts such as the interplay be-
tween Burkholder-type functionals, nonlinear Cauchy-Riemann equations and the theory
of quasiconvex functions, see for example [2, 3, 20].

From the historical perspective, the Bellman function technique originates in the theory
of optimal control and the foundational works of Bellman from the fifties [11]. Its connec-
tion to the theory of martingales appeared for the first time in the eighties, in the seminal
paper [12] of Burkholder, who used the method to obtain a wide class of sharp inequal-
ities for martingale transforms (and applied them in the study of the Haar system). This
path was further explored by Burkholder and his students in the semimartingale case (see
the monograph [26] for the overview of the results). There is also the analytic branch of
the approach, developed in the mid-nineties by Nazarov, Treil and Volberg [22, 23], who
showed that the method can be exploited beyond the probability theory. Since then, the
technique has been exploited in numerous works on various topics, such as maximal esti-
mates, fractional estimates, bounds for BMO functions and martingales, weighted theory,
and sparse domination which connects further with the Calderón-Zygmund theory.

In general, the Bellman function leading to a given estimate under investigation need
not be unique. In fact, a clever choice often enables to avoid, or at least reduce the number
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of complicated calculations, which arise during the verification of properties of the special
functions. However, this non-uniqueness phenomenon goes much deeper. Namely, some
estimates can be proven with the use of completely different Bellman setups (i.e., with
the use of functions for which the concavity-type requirement is entirely different), each
of which has its advantages and deficiencies. As an illustration, let us present a specific
example: let us briefly discuss Lp inequalities for differentially subordinate martingales.

We start with some background and notation. Suppose that (Ω,F ,P) is a probability
space equipped with a discrete-time filtration. Let f = (fn)n≥0, g = (gn)n≥0 be two
adapted martingales, with difference sequences df = (dfn)n≥0, dg = (dgn)n≥0 given by

df0 = f0, dfn = fn − fn−1, n = 1, 2, . . . ,

and similarly for dg. We say that g is differentially subordinate to f , if we have

(1.1) |dgn| ≤ |dfn| almost surely for n = 0, 1, 2, . . . .

The following is the celebrated Lp estimate of Burkholder [12]. We use the notation p∗ =
max{p, p′}, where p′ = p/(p − 1) is the harmonic conjugate to p, and denote ‖f‖p =
supn ‖fn‖p.

Theorem 1.1. If f , g are martingales such that g is differentially subordinate to f , then

(1.2) ‖g‖p ≤ (p∗ − 1)‖f‖p, 1 < p <∞.

For each p the constant p∗ − 1 is the best possible: it cannot be replaced by a smaller
number.

It is a very important result for applications: it leads to tight estimates for a wide class
of Fourier multipliers (including second-order Riesz transforms and the Beurling-Ahlfors
operator [5, 8, 9, 24]). Probably the simplest proof of this statement (which will be referred
to as “the direct proof”) comes from Burkholder’s survey [13] and proceeds as follows.
Suppose that the function U : R2 → R satisfies

(i) U(x, y) ≤ 0 if |y| ≤ |x|,
(ii) U(x, y) ≥ |y|p − (p∗ − 1)p|x|p for all x, y ∈ R,
(iii) U is concave along any line contained in R2, of slope belonging to [−1, 1].

Then for any pair f , g as in the statement of Theorem 1.1, the property (iii) implies that
the composition (U(fn, gn))n≥0 is a supermartingale. Combining this with the other two
conditions, one obtains, for any n,

E
[
|gn|p − (p∗ − 1)p|fn|p

]
≤ EU(fn, gn) ≤ EU(f0, g0) ≤ 0.

This yields (1.2), by letting n→∞. Burkholder showed that the function

U(x, y) = p

(
1− 1

p∗

)p−1
(|y| − (p∗ − 1)|x|)(|x|+ |y|)p−1

has all the required properties. It is worth mentioning that the choice of the special function
is not unique. For instance, for p > 2, the function

Ũ(x, y) =

{
U(x, y) if |y| > (p− 1)|x|,
|y|p − (p− 1)p|x|p if |y| ≤ (p− 1)|x|

also does the job (and so does any convex combination of U and Ũ ).
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There is a dual method of proving (1.2), which was developed and simplified in several
works by Nazarov, Treil and Volberg [22, 23]. The argument also exploits a certain special
function: suppose that a C2 function B : R2 → R satisfies

(i) B(x, z) ≥ |xz| for all x, z ∈ R.

(ii) B(x, z) ≤ Kp|x|p
p + Lp′ |z|p

′

p′ for all x, z ∈ R.

(iii) For any x, z, h, k ∈ R we have

(1.3) Bxx(x, z)h2 + 2Bxz(x, z)hk +Bzz(x, z)k
2 ≥ 2|h||k|.

Then (1.2) holds with the constant KL. To see this, pick an arbitrary pair (f, g) as in the
statement and an arbitrary Lp

′
-bounded, a priori unrelated martingale h. It can be shown

that (iii) implies the inequality

E
[
B(fn, hn)−B(fn−1, hn−1)

]
≥ E|dfn||dhn|, n = 1, 2, . . . .

Hence, using the other two conditions, we obtain

E
n∑
k=0

|dfk||dhk| ≤ E

[
B(f0, h0) +

n∑
k=1

|dfk||dhk|

]

≤ EB(fn, hn) ≤ E

(
Kp|fn|p

p
+
Lp
′ |hn|p

′

p′

)
.

(1.4)

However, by the differential subordination and the orthogonality of martingale differences,

(1.5) E
n∑
k=0

|dfk||dhk| ≥ E
n∑
k=0

|dgk||dhk| ≥ E
n∑
k=0

dgkdhk = Egnhn.

Plugging this above and using duality (recall that h was arbitrary), we obtain ‖gn‖p ≤
KL‖fn‖p and it remains to let n→∞ to get (1.2) (with p∗−1 replaced byKL). Nazarov
and Treil [22] constructed the function

B(x, z) = |x|p + |z|p
′
+

|x|
2|z|2−p′ if |x|p ≤ |z|p′ ,

2

p
|x|p +

(
2

p′
− 1

)
|z|p

′
if |x|p ≥ |z|p′ ,

which enabled them to prove (1.2) with a suboptimal constant. The special function lead-
ing to the sharp Lp bound was invented by Bañuelos, Gałązka and Osękowski [4]: the
description is a bit technical and will not be presented here. Let us conclude this discus-
sion by the short comparison of both approaches. The direct proof of Burkholder is less
technical and more general: it can be easily adjusted to the study of related inequalities (cf.
[26]). On the other hand, the dual method has the advantage of leading directly to many
interesting applications in harmonic analysis and semigroup theory: see e.g. [14, 16, 30].

The purpose of this paper is to develop a dual approach to a different class of inequali-
ties. We will be interested in the sharp Lp bounds for differentially subordinate martingales
satisfying the additional orthogonality assumption. We need to change the setup to the
continuous-time case, since the orthogonality condition forces the dominated martingale
to have continuous paths (see Lemma 2.1 below). From now on, we assume that (Ω,F ,P)
is a complete probability space, equipped with a filtration (Ft)t≥0 such that F0 contains
all the events of probability 0. Let X = (Xt)t≥0, Y = (Yt)t≥0 be two real-valued local
martingales, which have right-continuous paths with limits from the left. That is, for al-
most all ω ∈ Ω, the functions t 7→ Xt(ω) and t 7→ Yt(ω) are right-continuous on [0,∞)
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and have left-sided limit at each t ∈ (0,∞). The local martingales X , Y are said to be
orthogonal, if [X,Y ] is a constant process. Furthermore, Y is differentially subordinate
to X , if the difference ([X,X]t − [Y, Y ]t) is nonnegative and nondecreasing. Here and
below, the symbol [X,Y ] = ([X,Y ]t)t≥0 will stand for the quadratic variation between X
and Y , defined as the limit in probability

(1.6) [X,Y ]t = lim sup
n→∞

kn∑
j=1

(X
t
(n)
j
−X

t
(n)
j−1

)(Y
t
(n)
j
− Y

t
(n)
j−1

),

where (t
(n)
j )knj=0 is an arbitrary sequence of partitions 0 = t

(n)
0 < t

(n)
1 < t

(n)
2 < . . . <

t
(n)
kn

= t of [0, t] with a diameter tending to 0. It is not difficult to see that the notion of
continuous-time differential subordination is a generalization of (1.1).

Recall the following result of Bañuelos and Wang from [8]. In analogy with the discrete-
time setting, we use the notation ‖X‖p = supt≥0 ‖Xt‖p for all p.

Theorem 1.2. Suppose that X , Y are orthogonal local martingales such that Y is differ-
entially subordinate to X . Then we have the sharp estimate

(1.7) ‖Y ‖p ≤ cot

(
π

2p∗

)
‖X‖p, 1 < p <∞.

This result has importance consequences in harmonic analysis, as it leads to sharp Lp

bounds for the first-order Riesz transforms, in the Euclidean and non-Euclidean settings
[7, 8]. As for the proof, it turns out that the estimate (1.7) follows from the existence of a
function U : R2 → R satisfying

(i) U(x, y) ≤ 0 for |y| ≤ |x|.
(ii) U(x, y) ≥ |y|p −

(
cot(π/(2p∗))

)p|x|p for all x, y ∈ R.

(iii) U is superharmonic.

As proved in [8], the explicit formula for U is conveniently expressed in terms of polar
coordinates |x| = R cos θ, |y| = R sin θ, θ ∈ [0, π/2]. Namely, for 1 < p ≤ 2 one lets

U(x, y) = − sinp−1(π/2p)

cos(π/2p)
Rp cos(pθ),

while for p > 2 we can take

U(x, y) =


cosp−1(π/2p)

sin(π/2p)
Rp cos(p(π2 − θ)) if θ > π

2 −
π
2p ,

|y|p − (cot π
2p )p|x|p if θ ≤ π

2 −
π
2p .

The above proof can be regarded as a direct argument. This gives rise to the very
interesting and natural question of whether the estimate (1.7) can be established using an
alternative dual approach. One of the contributions of this work is to give the affirmative
answer to this question. As we will see, the argument will have some common features
with that described above in the context of discrete-time differential subordination, but it
will also include an extra technical step which enables the handling of the orthogonality
condition. From now on, we assume that p 6= 2: the case p = 2 is already covered by the
preceding context of differential subordination (i.e., without the orthogonality assumption).

Let us say a few words about the structure of the remaining part of the paper. The next
section contains the description of the dual approach to (1.7). In Section 3 we exploit the
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method to establish the Lp bound. The final part of the paper is devoted to the follow-
ing application: we show how the dual Bellman function leads directly, with no use of
martingale methods, to sharp Lp bounds for Riesz transforms on Rd.

2. ON THE APPROACH

We start with a structural property of local martingales satisfying the differential subor-
dination and orthogonality. First, recall the following well-known fact in stochastic anal-
ysis (see e.g. [15, Chapters VI and VII] for details). Namely, for any local martingale X
there exists a unique continuous local martingale part Xc of X satisfying

[X,X]t = |X0|2 + [Xc, Xc]t +
∑

0<s≤t

|∆Xs|2

for all t ≥ 0. Here ∆Xs = Xs −Xs− denotes the jump of X at time s. Furthermore, we
have that [Xc, Xc] = [X,X]c, the pathwise continuous part of [X,X]. Here is Lemma 2.1
from [9].

Lemma 2.1. If X and Y are local martingales, then Y is differentially subordinate and
orthogonal to X if and only if Y c is differentially subordinate and orthogonal to Xc,
|Y0| ≤ |X0| and Y has continuous paths.

We are ready to describe our approach to Lp estimates for orthogonal differentially
subordinate local martingales. In what follows, D2B denotes the Hessian matrix of B.

Proposition 2.1. Let 1 < p < ∞, b > 0, α > 0 and β > 0 be fixed parameters. Let
B : R2 → R be a convex C1 function. We assume further that B is of class C2 on Di,
i ≥ 1, where (Di)i is a sequence of open connected sets such that

⋃
iDi = R2. If B

satisfies the requirements

(2.1) B(x, z) ≥ b|xz| for all (x, z) ∈ R2,

(2.2) B(x, z) ≤ α|x|p + β|z|p
′

for all (x, z) ∈ R2

and

(2.3) detD2B(x, z) ≥ b2 for all (x, z) ∈
⋃
i

Di,

then for any orthogonal local martingales X , Y such that Y is differentially subordinate
to X we have

(2.4) ‖Y ‖p ≤
(pα)1/p(p′β)1/p

′

b
‖X‖p

and

(2.5) ‖Y ‖p′ ≤
(pα)1/p(p′β)1/p

′

b
‖X‖p′ .

Remark 2.1. Here we encounter an unusual phenomenon. The existence of a function B
satisfying (2.1), (2.2) and (2.3) yields the validity of both estimates inLp andLp

′
. This will

allow us to restrict ourselves, while showing (1.7), to the case p > 2. In contrast, the direct
proof of (1.2) or (1.7) requires the construction of special functions for each exponent.

Proof of Proposition 2.1. The idea is to apply Itô’s formula to the process B(X,Z) and to
analyze carefully the appearing terms. However, since B does not need to be of class C2

on its whole domain, we will use a mollification argument with allows to approximate B
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with suitable smooth functions. The proof is quite long, and we have decided to split it into
several intermediate steps.

Step 1. Some properties of B, a mollification. The convexity of B, together with the
condition (2.3), imply that Bzz > 0 on

⋃
iDi (this will guarantee that certain expressions

below will make sense: the term Bzz will appear in several denominators). Fix (x, z) ∈⋃
iDi, let a(x, z) = Bxz(x, z)/Bzz(x, z) and observe that we have the estimate

Bxx(x, z)h2 + 2Bxz(x, z)hk +Bzz(x, z)k
2

≥ b2

Bzz(x, z)
· h2 +Bzz(x, z)(k + a(x, z)h)2

(2.6)

for all h, k ∈ R. Indeed, since Bzz > 0, this is equivalent to (detD2B(x, z)− b2)h2 ≥ 0.

Next, let g : R2 → [0,∞) be a C∞ function, supported on a unit ball of R2 and
satisfying

∫
R2 g = 1. For a given positive integer `, defineB` : R2 → R by the convolution

(2.7) B`(x, z) =

∫
R2

B(x+ u/`, z + v/`)g(u, v)dudv.

This function is of class C∞ and inherits the convexity. Using integration by parts, we get

(2.8) B`xx(x, z) =

∫
R2

Bxx(x+ u/`, z + v/`)g(u, v)dudv,

(2.9) B`xz(x, z) =

∫
R2

Bxz(x+ u/`, z + v/`)g(u, v)dudv,

(2.10) B`zz(x, z) =

∫
R2

Bzz(x+ u/`, z + v/`)g(u, v)dudv.

Now we apply (2.6) to the point (x + u/`, z + v/`) ∈
⋃
iDi. Multiplying both sides by

g(u, v) and integrating over R2 with respect to (u, v), we obtain

B`xx(x, z)h2 + 2B`xz(x, z)hk +B`zz(x, z)k
2

≥
∫
R2

[
b2

Bzz(x+ u/`, z + v/`)
· h2

+Bzz(x+ u/`, z + v/`)
(
k + a(x+ u/`, z + v/`)h

)2]
g(u, v)dudv,

by the identities (2.8), (2.9) and (2.10).

Step 2. The application of the Itô formula. Now, fix a pair (X,Y ) of orthogonal local
martingales such that Y is differentially subordinate to X . We may assume that X is
bounded in Lp, since otherwise the claim is obvious. Let Z be another adapted local
martingale (a priori, no relations to X , Y are assumed), satisfying ‖Z‖p′ < ∞. Let
(τn)n≥0 be a sequence of stopping times, given by

(2.11) τn = inf
{
t ≥ 0 : |Xt|+ |Zt| ≥ n

}
.

Since B` is of class C∞, we may apply the Itô formula to the process (B`(Xt, Zt))t≥0,
obtaining

(2.12) I0 = I1 + I2 +
1

2
I3 + I4,
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where

I0 = B`(Xτn∧t, Zτn∧t),

I1 = B`(X0, Z0),

I2 =

∫ τn∧t

0

B`x(Xs−, Zs−)dXs +

∫ τn∧t

0

B`z(Xs−, Zs−)dZs,

I3 =
∑

s≤τn∧t

(
B`(Xs, Zs)−B`(Xs−, Zs−)−B`x(Xs−, Zs−)∆Xs −B`z(Xs−, Zs−)∆Zs

)
,

I4 =

∫ τn∧t

0

B`xx(Xs−, Zs−)d[Xc, Xc]s + 2

∫ τn∧t

0

B`xz(Xs−, Zs−)d[Xc, Zc]s

+

∫ τn∧t

0

B`zz(Xs−, Zs−)d[Zc, Zc]s.

Step 3. The analysis of the terms I0-I3. First, note that the majorization (2.2) implies

I0 ≤
∫
R2

(
α|Xτn∧t + u/`|p + β|Zτn∧t + v/`|p

′
)
g(u, v)dudv.

We will handle the term I1 in the next step, when we carry over the limiting procedure
` → ∞. By the definition of τn, both stochastic integrals in I2 are martingales and hence
have vanishing expectation. The term I3 is positive, since B` is convex. To deal with
I4, fix two stopping times σ ≤ η. Using the notation [S, T ]us = [S, T ]u − [S, T ]s and
approximating square brackets by sums as in (1.6), we see that the last inequality of Step
1 implies

B`xx(Xσ−, Zσ−)[Xc, Xc]ησ + 2B`xz(Xσ−, Zσ−)[Xc, Zc]ησ +B`zz(Xσ−, Zσ−)[Zc, Zc]ησ

≥
∫
R2

[
b2

Bzz(Xσ− + u/`, Zσ− + v/`)
· [Xc, Xc]ησ

+Bzz(Xσ− + u/`, Zσ− + v/`)
[
Zc + (ξ(u,v))c, Zc + (ξ(u,v))c

]η
σ

]
g(u, v)dudv.

Here ξ(u,v) denotes the local martingale

ξ
(u,v)
t = a(Xσ− + u/`, Zσ− + v/`)(Xc

η∧t −Xc
σ∧t).

By Lemma 2.1, we have [Xc, Xc]ησ ≥ [Y c, Y c]ησ , so

B`xx(Xσ−, Zσ−)[Xc, Xc]ησ + 2B`xz(Xσ−, Zσ−)[Xc, Zc]ησ +B`zz(Xσ−, Zσ−)[Zc, Zc]ησ

≥
∫
R2

[
b2

Bzz(Xσ− + u/`, Zσ− + v/`)
· [Y c, Y c]ησ

+Bzz(Xσ− + u/`, Zσ− + v/`)
[
Zc + (ξ(u,v))c, Zc + (ξ(u,v))c

]η
σ

]
g(u, v)dudv

≥
∫
R2

2b[Y c, Zc + (ξ(u,v))c]ησg(u, v)dudv

=

∫
R2

2b[Y c, Zc]ησg(u, v)dudv = 2b[Y c, Zc]ησ = 2b[Y, Z]ησ.

In the first equality above we have used the orthogonality of Xc and Y c (which gives
d[Y c, (ξ(u,v))c] = 0), while the last passage follows from the continuity of paths of Y .
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Therefore, approximating I3 by Riemann sums, we get

I3 ≥ 2b[Y,Z]τn∧t0 .

Putting all the above facts into (2.12) (and noting that the term I3 is multiplied by 1/2), we
see that we have proved the estimate∫

R2

E
(
α|Xτn∧t + u/`|p+β|Zτn∧t + v/`|p

′
)
g(u, v)dudv

≥ EB`(X0, Z0) + bE[Y,Z]τn∧t0 .

(2.13)

Step 4. Limiting procedure. Now we let ` → ∞. Using Lebegue’s dominated conver-
gence the theorem, combined with the assumed boundedness of X and Z in Lp and Lp

′
,

respectively, we get∫
R2

E
(
α|Xτn∧t + u/`|p + β|Zτn∧t + v/`|p

′
)
g(u, v)dudv → α‖Xτn∧t‖pp + β‖Zτn∧t‖

p′

p′ .

Furthermore, since B is continuous, we have the almost sure convergence B`(X0, Z0) →
B(X0, Z0). Hence, by Fatou’s lemma, we get EB(X0, Z0) ≤ lim inf`→∞ EB`(X0, Z0)
(the functions B` are nonnegative, so the use of Fatou’s lemma is permitted). Plugging
these observations into (2.13), we obtain

α‖Xτn∧t‖pp + β‖Zτn∧t‖
p′

p′ ≥ EB(X0, Z0) + bE[Y, Z]τn∧t0

≥ bE|X0Z0|+ bE[Y,Z]τn∧t0

≥ bEY0Z0 + bE[Y,Z]τn∧t0 = bEYτn∧tZτn∧t,
where in the second passage we have exploited (2.1) and in the third we used the bound
|Y0| ≤ |X0|, which is due to Lemma 2.1.

Step 5. Proof of (2.4). Let us fix an auxiliary positive parameter λ and apply the latter
inequality to the pair (λX, λY ): this is permitted, since the orthogonality and differential
subordination are preserved after such scaling. Dividing both sides by λ and optimizing
the right-hand side with respect to λ, we obtain an estimate equivalent to

EYτn∧tZτn∧t ≤
(pα)1/p(p′β)1/p

′

b
‖Xτn∧t‖p‖Zτn∧t‖p′

≤ (pα)1/p(p′β)1/p
′

b
‖X‖p‖Zτn∧t‖p′ .

Since Z was taken arbitrarily, this gives

‖Yτn∧t‖p ≤
(pα)1/p(p′β)1/p

′

b
‖X‖p

and letting n→∞ yields

‖Yt‖p ≤
(pα)1/p(p′β)1/p

′

b
‖X‖p,

by Fatou’s lemma. But t was arbitrary, so the claim follows.
Step 6. Proof of (2.5). This essentially follows from the symmetry of the conditions

(2.1), (2.2) and (2.3). Namely, observe that the function

B̃(x, z) = B(z, x)

satisfies
B̃(x, z) ≥ b|xz| for all (x, z) ∈ R2,
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B̃(x, z) ≤ β|x|p
′
+ α|z|p for all (x, z) ∈ R2

and
detD2B̃(x, z) ≥ b2 for all (x, z) ∈

⋃
i

Di.

Therefore, applying (2.4) with the exponent p′, we obtain the estimate

‖Y ‖p′ ≤
(p′β)1/p

′
(pα)1/p

b
‖X‖p′ ,

which is (2.5). �

An informal, yet important comment is in order. For any t > 0, let [[X,Z]]t =

limsup
∑N
j=1 |Xtj −Xtj−1 ||Ztj − Ztj−1 |, where the limit is taken over all n and all par-

titions 0 = t0 < t1 < t2 < . . . < tn = t of [0, t] with diameter tending to 0.

Remark 2.2. One can study the estimate (1.2) in the continuous-time context. As proved
(directly) by Bañuelos and Wang in [8, 29], if Y is differentially subordinate to X (the
orthogonality is not assumed), then we have the sharp bound

‖Y ‖p ≤ (p∗ − 1)‖X‖p, 1 < p <∞.
This estimate can be established with a dual argument (cf. [4]). For simplicity, let us
assume that X , Y start from 0. Then for an arbitrary local martingale Z and a suitable
special function B one can write

(p∗ − 1)p‖Xt‖pp
p

+
‖Zt‖p

′

p′

p′
≥ EB(Xt, Zt) ≥ E[[X,Z]]t ≥ E[Y,Z]t = EYtZt.

Carrying out the homogenization trick as above, this yields ‖Yt‖p ≤ (p∗ − 1)‖Xt‖p and
it remains to let t → ∞. The above chain of inequalities is precisely the continuous-time
extension of (1.4) and (1.5).

It is now instructive to compare this argument with the proof of Theorem 2.1 we have
just presented above. For simplicity, let us assume that X , Y have continuous paths and
start from zero, and B is of class C2. Furthermore, by homogeneity, we may take b = 1.
Skipping the mollification and the passage to continuous parts of processes, we see that
our reasoning yields

α‖Xt‖pp + β‖Zt‖p
′

p′ ≥ EB(Xt, Zt)

≥ E[[X,Z + ξ]]t ≥ E[Y, Z + ξ]t = E[Y, Z]t = EYtZt,

where ξt =
∫ t
0
a(Xs, Zs)dXs. Thus, in the orthogonal setting, the difference lies in the

possibility of inserting the auxiliary stochastic integral ξ (“an orthogonal compensator”),
which is annihilated by the process Y at the end. On the level of convexity of Bellman
functions, this corresponds to the possibility of introducing the auxiliary term a(x, z) in
(2.6) (compare this to (1.3)).

3. PROOF OF (1.7)

We turn our attention to the explicit construction of Bellman functions as in Proposition
2.1. Since the proposition establishes the bound in Lp and Lp

′
simultaneously (see Remark

2.1), it is enough to consider the case p > 2.
In order to introduce the suitable special function B, we distinguish the angular domain

A =
{

(x, z) ∈ R2 : |z| > |x|p−1 · sin2−p π
2p

}



10 RODRIGO BAÑUELOS AND ADAM OSĘKOWSKI

and introduce the following auxiliary parameter.

Lemma 3.1. For any (x, z) ∈ A, there is a unique θ = θ(x, z) ∈ (π2 −
π
2p ,

π
2 ] satisfying

the equation

(3.1) |z| cosp−1 θ = |x|p−1 cos((p− 1)(π2 − θ)).

Furthermore, θ is continuous on A and of class C∞ on A \ {x = 0}.

Proof. If x = 0, then z 6= 0 and hence θ must be the root of the cosine function. This gives
θ = π/2, as the angle must lie in (π2 −

π
2p ,

π
2 ]. So, from now on, let us assume that x 6= 0.

The cosines in (3.1) cannot both vanish, so the equation (3.1) can be rewritten in the form

(3.2)
|z|
|x|p−1

=
cos((p− 1)(π2 − θ))

cosp−1 θ
.

Denote the right-hand side by F (θ). A direct differentiation shows that

F ′(θ) =
(p− 1) cos((p− 2)(π2 − θ))

cosp θ
,

which is positive for θ ∈ [π2 −
π
2p ,

π
2 ]: indeed,

0 ≤ (p− 2)(π2 − θ) ≤
(p− 2)π

2p
<
π

2
.

However, note that F (θ)→ sin2−p π
2p as θ → π/2−π/(2p) and F (θ)→∞ as θ → π/2.

Thus we may write

θ = F−1
(
|z|
|x|p−1

)
,

with the convention F−1(∞) = π/2. Now the regularity of θ follows from the continuity
of F−1 on [sin2−p π

2p ,∞] and its smoothness on (sin2−p π
2p ,∞), direct consequences of

the inverse function theorem. �

Consider the parameters

α =
1

p− 1
cot

π

2p
sin2−p π

2p
, β = cot

π

2p
sin(p−2)/(p−1) π

2p
, b =

p

p− 1
.

We will now prove that the special function

B(x, z) =


|z|p′ if |z| > |x|p−1 · sin2−p π

2p = 0,

|xz|
[

tan θ + 1
p−1 tan((p− 1)(π2 − θ))

]
if |z| > |x|p−1 · sin2−p π

2p > 0,

α|x|p + β|z|p′ if |z| ≤ |x|p−1 · sin2−p π
2p

satisfies the requirements listed in Proposition 2.1. This will immediately establish the Lp

estimate, since

(pα)1/p(p′β)1/p
′

b
,

the Lp constant given in the proposition, is precisely cot π
2p .

The verification of the conditions is rather technical. Let us split the analysis into several
parts.
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Regularity of B. Note that B is symmetric with respect to the variables x and z, i.e., we
have the identity B(x, z) = B(−x, z) = B(x,−z) for all x, z ∈ R. Therefore, it is
enough to show that

(a) B is continuous on [0,∞)2;
(b) The partial derivatives Bx, Bz exist on (0,∞)2 and extend to continuous functions

on [0,∞)2, with Bx(0, z0) = Bz(x0, 0) = 0 for all x0, z0 > 0.
(c) B is of class C2 on the domains

{
(x, z) ∈ (0,∞)2 : z > xp−1 sin2−p π

2p

}
and{

(x, z) ∈ (0,∞)2 : z < xp−1 sin2−p π
2p

}
.

We start with the continuity. It is enough to show that

(3.3) lim
(x,z)→(0,z0)

B(x, z) = B(0, z0)

(3.4) lim
(x,z)→(x0,y0)∈∂A

B(x, z) = B(x0, z0),

where in both limits the points (x, z) are assumed to lie in A ∩ [0,∞)2. By (3.1), the
formula for B on the set {(x, z) : |z| > |x|p−1 · sin2−p π

2p > 0} can be rewritten in the
form

B(x, z) = |z|p
′
· sin θ

cosp′−1((p− 1)(π2 − θ))
+ |xz| ·

tan((p− 1)(π2 − θ))
p− 1

.

Hence, if (x, z) → (0, z0) and z0 6= 0, then θ → π/2 and B(x, z) → |z0|p
′
. If (x, z) →

(0, 0), then θ need not stabilize - all we can say that it belongs to (π2 −
π
2p ,

π
2 ] - but then

the trigonometric functions above remain bounded, and thus B(x, z)→ 0 = B(0, 0). This
establishes (3.3). To show (3.4), we may assume that (x0, z0) 6= (0, 0) (this case is already
covered by (3.3)). Then θ → π

2 −
π
2p and

B(x, z)→ |x0z0| ·
p

p− 1
cot

π

2p
= α|x0|p + β|z0|p

′
,

by the very definition of B.
Now we turn our attention to (b): we will present all the details only for Bx, the partial

derivative with respect to z can be treated similarly. Pick (x, z) ∈ A ∩ (0,∞)2. A direct
differentiation of (3.2) with respect to x gives

− (p− 1)z

xp
=

(p− 1) cos((p− 2)(π2 − θ))
cosp θ

· θx,

which combined with (3.2) again, yields

xθx = −
cos((p− 1)(π2 − θ)) cos θ

cos((p− 2)(π2 − θ))
.

Now, we compute that

Bx(x, z)

= z
[
tan θ + xθx cos−2 θ

]
+

z

p− 1
tan((p− 1)(π2 − θ))− zxθx cos−2((p− 1)(π2 − θ))

= z tan((p− 2)(π2 − θ)) +
z

p− 1
tan((p− 1)(π2 − θ))− zxθx cos−2((p− 1)(π2 − θ)),

where the last passage follows from the preceding formula for xθx. Therefore, if we let
(x, z) → (0, z0) with z0 6= 0, then θ → π/2 and hence Bx(x, z) → 0. The same is true
if (x, z) → (0, 0), since the trigonometric coefficients in the last formula for Bx(x, z) are
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bounded: we have 0 ≤ (p − 2)(π2 −
π
2p ) ≤ (p − 1)(π2 −

π
2p ) ≤ (p − 1)π/(2p) < π/2.

Furthermore, if we take x, z > 0 with (x, z) /∈ A and let (x, z) → (0, 0), then we also
obtain Bx(x, z) = pαxp−1 → 0.

Finally, note that for any (x0, z0) ∈ ∂A ∩ (0,∞)2, we have

lim
A3(x,z)→(x0,z0)

Bx(x, z) = z0 tan (p−2)π
2p +

z0
p− 1

tan (p−1)π
2p + z0 cos−1 (p−2)π

2p

=
p

p− 1
xp−10 · sin2−p cot π

2p

= αpxp−10 = lim
A63(x,z)→(x0,z0)

Bx(x, z).

It remains to note that the property (c) is trivial (it follows from the smoothness of θ on
A \ {x = 0}, established in the previous lemma). �

The conditions (2.1) and (2.2). Again, we may restrict ourselves to (x, z) ∈ (0,∞)2. Ob-
serve that the function

θ 7→ tan θ +
1

p− 1
tan((p− 1)(π2 − θ))

is increasing on (π2 −
π
2p ,

π
2 ): indeed, its derivative θ 7→ cos−2 θ− cos−2((p− 1)(π2 − θ))

is positive. In particular, this yields

tan θ+
1

p− 1
tan((p−1)(π2 − θ)) ≥ tan(π2 −

π
2p )+

1

p− 1
tan( (p−1)π

2p ) =
p

p− 1
cot

π

2p
,

which implies that for (x, z) ∈ A,

B(x, z) ≥ xz · p

p− 1
cot

π

2p
≥ bxz.

On the other hand, if (x, z) /∈ A, then by the Young inequality,

bxz =
p

p− 1
·
(
x sin(2−p)/p π

2p

)
·
(
z sin(p−2)/p π

2p

)
≤ p

p− 1
cot

π

2p
·

(
xp sin2−p π

2p

p
+
zp
′
sin(p−2)/(p−1) π

2p

p′

)
= αxp + βzp

′
= B(x, z)

and (2.1) is established. To show the majorization, we may assume that (x, z) ∈ A (other-
wise the claim is trivial: we obtain an equality). Dividing both sides by xp and using (3.2),
we obtain the equivalent formulation

L(θ) := F (θ)
[
tan θ + (p− 1)−1 tan((p− 1)(π2 − θ))

]
− α− β(F (θ))p

′
≤ 0.

Both sides are equal for θ = π
2 −

π
2p (this corresponds to the majorization for (x, z) ∈ ∂A),

so it is enough to show that L′(θ) ≤ 0 for θ ∈ (π2 −
π
2p ,

π
2 ). We compute that

L′(θ) = F ′(θ)
[
tan θ + (p− 1)−1 tan((p− 1)(π2 − θ))− βp

′(F (θ))p
′−1
]

+ F (θ)
[
cos−2 θ − cos−2((p− 1)(π2 − θ))

]
.

Multiplying both sides by cosp+1 θ cos((p−1)(π2 −
π
2p ))/ cos((p−2)(π2 −

π
2p )) and using

the identity

cos−2 θ − cos−2((p− 1)(π2 − θ)) = cos((p− 2)(
π

2
− π

2p
)) cos(p(

π

2
− π

2p
)),
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we rewrite the inequality L′(θ) ≤ 0 in the form

(p− 1) sin θ cos((p− 1)(π2 − θ)) + sin((p− 1)(π2 − θ)) cos θ

− βp cosp
′
((p− 1)(π2 − θ)) + cos(p(π2 − θ)) ≤ 0,

which is further equivalent to sin θ − β cosp
′−1((p− 1)(π2 − θ)) ≤ 0, or

(3.5) sin θ cos1−p
′
((p− 1)(π2 − θ)) ≤ β.

Both sides are equal for θ = π
2 −

π
2p ; denoting the left-hand side by M(θ), we have

M ′(θ) = − sin((p− 2)(π2 − θ)) cos−p
′
((p− 1)(π2 − θ)) ≤ 0.

This shows that M is decreasing on (π2 −
π
2p ,

π
2 ), which confirms (3.5) and establishes the

desired majorization. �

The convexity of B and the condition (2.3). Clearly, we may restrict ourselves to x, z > 0.
We consider two possibilities separately.

The case z < xp−1 · sin2−p π
2p . We have

Bxx(x, z) = αp(p− 1)xp−2, Bxz(x, z) = 0, Bzz(x, z) = βp′(p′ − 1)zp
′−2,

which implies

detD2B(x, z) = pp′αβxp−2zp
′−2 >

(
p

p− 1

)2

cot2
π

2p
> b2.

The case z > xp−1 · sin2−p π
2p . To keep the notation shorter, introduce the function

C(θ) = tan θ +
1

p− 1
tan((p− 1)(π2 − θ)).

As we have already seen above, the differentiation of (3.2) with respect to the variable x
leads to the identities

(3.6) xθx = −
cos((p− 1)(π2 − θ)) cos θ

cos((p− 2)(π2 − θ))

and

(3.7) zθz =
cos((p− 1)(π2 − θ)) cos θ

(p− 1) cos((p− 2)(π2 − θ))
.

Let us also note that

(3.8) C ′(θ) =
cos
(
(p− 2)(π2 − θ)

)
cos(p(π2 − θ))

cos2 θ cos2((p− 1)(π2 − θ))

Now, since B(x, z) = xzC(θ), we get Bx(x, z) = zC(θ) + xzC ′(θ)θx, which, after
some calculations involving (3.6) and (3.8), takes the much nicer form

(3.9) Bx(x, z) =
pz

p− 1
tan((p− 1)(π2 − θ)).

Similarly, we check that

(3.10) Bz(x, z) = xC(θ) + xzC ′(θ)θz =
px

p− 1
tan θ.
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Consequently, differentiating again and using xθx = −(p− 1)zθz (which follows at once
from (3.6) and (3.7)), we compute that

(3.11) Bxx(x, z) = −pz cos−2((p− 1)(π2 − θ))θx =
pz

x
· (p− 1)zθz

cos2((p− 1)(π2 − θ))
,

(3.12) Bzz(x, z) =
px

(p− 1)z
· zθz

cos2 θ

and

Bxz(x, z) =
p

p− 1
tan θ +

px

p− 1
· θx

cos2 θ

=
pzθz
cos2 θ

[
sin θ cos((p− 2)(π2 − θ))

cos((p− 1)(π2 − θ))
− 1

]
=
pzθz
cos θ

·
sin((p− 2)(π2 − θ))
cos((p− 1)(π2 − θ))

.

The above formulas allow us to derive that

detD2B(x, z) =
p2(zθz)

2

cos2 θ cos2((p− 1)(π2 − θ))
(
1− sin2((p− 2)(π2 − θ))

)
=
p2(zθz)

2 cos2((p− 2)(π2 − θ))
cos2 θ cos2((p− 1)(π2 − θ))

=

(
p

p− 1

)2

= b2,

as desired. Finally, let us observe that in both cases above the inequality Bxx > 0 holds;
combining this with the fact that B is of class C1 and symmetric with respect to the vari-
ables x and z, we get the global convexity of B. �

4. THE HILBERT AND RIESZ TRANSFORMS

Let d ≥ 1 and denote by C∞0 (Rd) the smooth real-valued functions of compact support
defined on the d-dimensional Euclidean space Rd. For j = 1, 2, . . . , d and f ∈ C∞0 (Rd),
the classical Riesz transforms on Rd are the singular integrals operators defined by

Rjf(x) = cd p.v.

∫
Rd

yj
|y|d+1

f(x− y)dy, cd = π−
d+1
2 Γ(d+1

2 ).(4.1)

Equivalently, as Fourier multipliers, they are given by

(4.2) R̂jf(ξ) =
iξj
|ξ|
f̂(ξ).

When d = 1 both definitions reduce to the Hilbert transform defined by

Hf(x) =
1

π
p.v.

∫
R

f(x− y)

y
dy

and

(4.3) Ĥf(ξ) = i sign(ξ)f̂(ξ).

The sharp Lp constant for the Hilbert transform, cot
(

π
2p∗

)
, was obtained by Pichorides

in [27]. In [21] it is shown that the classical Calderón-Zygmund method or rotations, in
combination with de Leeuw’s Fourier extension theorem [18, Theorem 2.5.15], immedi-
ately gives the same sharp Lp constant for the Riesz transforms in all dimensions. Pi-
chorides’ argument is purely analytic and relies on the fact that the composition of the
(direct) Bellman function with a harmonic function u and its conjugate v is superharmonic.

The dual martingale inequalities (2.4) and (2.5) immediately yield the corresponding
dual inequalities for the Riesz transforms via their Gundy-Varopoulos representation, as in
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[8]. The aim of this section is to show the dual formulation of the sharp inequalities for
the Riesz transforms directly from the dual Bellman function introduced above, thereby
providing a purely analytic argument that avoids any appeal to martingale inequalities.
The same proof also yields the dual inequality for the Hilbert transform.

In what follows, we will always work with functions in C∞0 (Rd). Classical density
arguments extend the inequalities to general functions in Lp(Rd).

Theorem 4.1. For every f ∈ C∞0 (Rd),

(4.4) ‖Rjf‖Lp(Rd) ≤
(pα)1/p(p′β)1/p

′

b
‖f‖Lp(Rd)

and

(4.5) ‖Rjf‖Lp′ (Rd) ≤
(pα)1/p(p′β)1/p

′

b
‖f‖Lp′ (Rd).

These are the same inequalities for the Riesz transforms as the inequalities (2.4) and
(2.5) for martingales. As in Remark 2.1, we assume that p > 2 in what follows.

First, for f ∈ C∞0 (Rd), let Pyf(x) be the convolution of f with the Poisson kernel

Py(x) =
cd y

(|x|2 + |y|2)
d+1
2

, x ∈ Rd, y > 0,

where cd is the constant as in the definition of the Riesz transforms. We recall the following
well-known Littlewood-Paley identity.

Lemma 4.1. For all f, g ∈ C∞0 (Rd), set u(x, y) = Pyf(x), v(x, y) = Pyg(x) and fix
j ∈ {1, . . . , d}. Then∫

Rd

Rjf(x) g(x) dx = 2

∫ ∞
0

y
(∫

Rd

uxj (x, y) vy(x, y)− ∂yu(x, y) ∂xjv(x, y)dx
)

dy.

Proof. To verify this identity, consider the Fourier transform of h ∈ C∞0 (Rd) and its
inverse:

ĥ(ξ) =

∫
Rd

h(x)e2πix·ξ dx, h(x) =

∫
Rd

ĥ(ξ)e−2πix·ξ dξ.

Using Placherel’s theorem on the integral over Rd and the fact that

∂̂xj
h(ξ) = − 2πi ξj ĥ(ξ), P̂y(ξ) = e−πy|ξ|, R̂jh(ξ) =

i ξj
|ξ|

ĥ(ξ),

the identity follows after integrating with respect to y. �

Our goal is now to prove the following Proposition

Proposition 4.1. For all f, g ∈ C∞0 (Rd) and j = 1, 2, . . . , d, we have

2b

∫ ∞
0

∫
Rd

∣∣uxj
(x, y) vy(x, y)− ∂yu(x, y) ∂xj

v(x, y)
∣∣ y dx dy ≤

∫
Rd

B(f(x), g(x)) dx.

Fix f ∈ C∞0 (Rd). Assuming the Proposition we have, using the majorization (2.2) of
the Bellman function B and Lemma 4.1,

b

∣∣∣∣∫
Rd

Rjf(x) g(x) dx
∣∣∣∣ ≤ α ∫

Rd

|f(x)|p dx+ β

∫
Rd

|g(x)|p
′
dx,
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for every g ∈ C∞0 (Rd). Replacing f by λf and g by λg, with λ > 0, we have

bλ2
∣∣∣∣∫

Rd

Rjf(x) g(x) dx
∣∣∣∣ ≤ αλp‖f‖pLp + βλp

′
‖g‖p

′

Lp′ .

Optimizing in λ yields∣∣∣∣∫
Rd

Rjf(x) g(x) dx
∣∣∣∣ ≤ (pα)1/p(p′β)1/p

′

b
‖f‖Lp‖g‖Lp′ .

Taking the supremum over all g with ‖g‖Lp′ ≤ 1 completes the proof of Theorem 4.1.
We now turn to the proof of Proposition 4.1 which is presented in several lemmas.

Consider the mollified Bellman function B` as in (2.7). Since B satisfies the requirements
listed in Proposition 2.1, in particular B is continuous on R2, it follows from the standard
convolution arguments that

(4.6) B`(x, z)→ B(x, z) for every (x, z) ∈ R2.

Furthermore, if K ⊂ R2 is compact, the convergence is uniform on K.

Lemma 4.2. For every `, B` satisfies

(4.7) D2B`(x, z) ≥ 0, and detD2B`(x, z) ≥ b2, (x, z) ∈ R2.

Proof. It follows from (2.8), (2.9), (2.10) that

D2B`(x, z) =

∫
R2

D2B(x+ u/`, z + v/`) g(u, v) du dv,

or more explicitly, in matrix notation, D2B`(x, z) equals
∫
IR2

Bxx(x+ u/`, z + v/`)g(u, v) du dv
∫
IR2

Bxz(x+ u/`, z + v/`)g(u, v) du dv∫
IR2

Bxz(x+ u/`, z + v/`)g(u, v) du dv
∫
IR2

Bzz(x+ u/`, z + v/`)g(u, v) du dv

 .

Therefore

detD2B`(x, z) =

(∫
Bxxg

)(∫
Bzzg

)
−
(∫

Bxzg

)2

,

where, for simplicity, the entries Bxx, Bxz, Bzz are evaluated at (x+u/`, z+ v/`) and all
integrals are over R2. Let us consider the function

F (A) = (det(A))1/2

in the space (cone) of positive semidefinite 2 × 2 matrices. From [10, Corollary II.3.21,
p.47], F is concave and it follows by Jensen’s inequality that

[(∫
Bxxg

)(∫
Bzzg

)
−
(∫

Bxzg

)2
]1/2

≥
∫ (

BxxBzz −B2
xz

)1/2
g.

Thus, since
BxxBzz −B2

xz = detD2B ≥ b2

almost everywhere, we get(
detD2B`(x, z)

)1/2 ≥ ∫ b g(u, v) du dv = b.

Consequently, we have detD2B`(x, z) ≥ b2, as desired. �
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We next recall the following elementary lemma from linear algebra and give its proof
for completeness.

Lemma 4.3. Let A and S be 2× 2 positive semidefinite matrices. Then

(4.8) tr(AS) ≥ 2
√

detA detS.

Proof. Let
B = A1/2SA1/2.

Then B is positive semidefinite and tr(B) = tr(AS). Thus,

det(B) = det(A1/2) det(S) det(A1/2) = det(A) det(S).

Let λ1, λ2 ≥ 0 be the eigenvalues of B. Then

tr(AS) = tr(B) = λ1 + λ2 ≥ 2
√
λ1λ2 = 2

√
det(B) = 2

√
detA detS,

which verifies the inequality. �

Returning to the notation of Lemma 4.1, for a fixed j ∈ {1, 2, . . . , d}, define

ξj =

(
∂xj

u

∂xjv

)
, η =

(
∂yu

∂yv

)
, Sj := ξjξ

T
j + ηηT .

That is,

Sj =

(
u2xj

+ u2y uxjvxj + uyvy

uxj
vxj

+ uyvy v2xj
+ v2y

)
.

Then,

(4.9) detSj =
(
uxjvy − uyvxj

)2
.

Now, if A = (amn) is a 2× 2 matrix and w ∈ R2, then

〈Aw,w〉 = tr(AwwT ).

Thus applying this first with w = ξj , and then with w = η, and adding, gives

〈Aξj , ξj〉+ 〈Aη, η〉 = tr(Aξjξ
T
j ) + tr(AηηT )(4.10)

= tr(A(ξjξ
T
j + ηηT )) = tr(ASj).

Define
Φ`(x, y) := B`(u(x, y), v(x, y)).

Since B` ∈ C∞(R2), the function Φ` belongs to C∞(Rd+1
+ ).

Lemma 4.4. Let
A` = D2B`(u(x, y), v(x, y)).

Then

∆Φ`(x, y) =

d∑
k=1

〈A`ξk, ξk〉+ 〈A`η, η〉.

In particular, for each fixed j,

(4.11) ∆Φ`(x, y) ≥ 〈A`ξj , ξj〉+ 〈A`η, η〉 = tr(A`Sj).
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Proof. For k ∈ {1, 2, . . . , d}, we have

(Φ`)xk
= (B`)x(u, v)uxk

+ (B`)z(u, v)vxk
.

Differentiating once more,

(Φ`)xkxk
= 〈A`ξk, ξk〉+ (B`)x(u, v)uxkxk

+ (B`)z(u, v)vxkxk
.

Similarly,
(Φ`)y = (B`)x(u, v)uy + (B`)z(u, v)vy,

and hence
(Φ`)yy = 〈A`η, η〉+ (B`)x(u, v)uyy + (B`)z(u, v)vyy.

Summing over k = 1, 2, . . . , d and adding the y-term, we obtain

∆Φ` =

d∑
k=1

〈A`ξk, ξk〉+ 〈A`η, η〉+ (B`)x(u, v)∆u+ (B`)z(u, v)∆v.

Since u and v are harmonic in Rd+1
+ , ∆u = ∆v = 0, and the first formula follows. The

second follows by discarding the nonnegative terms 〈A`ξk, ξk〉 for k 6= j, since A` ≥ 0 by
Lemma 4.2. �

Since A` ≥ 0 and Sj ≥ 0, the Lemma together with (4.8) and (4.9) immediately give

(4.12) ∆Φ`(x, y) ≥ 2
√

detA` detSj ≥ 2b
∣∣uxj (x, y)vy(x, y)− uy(x, y)vxj (x, y)

∣∣.
From this and Lemma 4.1 we have

Corollary 4.1. For all f, g ∈ C∞0 (Rd),∣∣∫
Rd

Rjf(x) g(x) dx
∣∣ ≤ 2

∫ ∞
0

∫
Rd

∣∣uxj
(x, y) vy(x, y)− ∂yu(x, y) ∂xj

v(x, y)
∣∣y dx dy

≤ 1

b

∫ ∞
0

∫
Rd

∆Φ`(x, y)y dx dy.

In view of (4.6), the proof of Proposition 4.1 will be complete once we show that

(4.13)
1

b

∫ ∞
0

∫
Rd

∆Φ`(x, y)y dx dy =
1

b

∫
Rd

Φ`(x, 0)dx,

since the quantity on the right equals
1

b

∫
Rd

B`(f(x), g(x))dx.

The equality (4.13) would follow from [28, Lemma 2, p. 87], provided that the function
Φ`(x, y) satisfies the necessary decay assumptions of the lemma. More precisely, we re-
quire that Φ` ∈ C2(Rd+1

+ )∩C(Rd+1
+ ) and decays suitably at infinity. This will be achieved

by a small modification of the function Φ`, as described in the following lemma.

Lemma 4.5. Let
Φ̃`(x, y) = B̃`(u(x, y), v(x, y)),

where

B̃`(u(x, y), v(x, y))

= B`(u(x, y), v(x, y))−B`(0, 0)−B`x(0, 0)u(x, y)−B`z(0, 0) v(x, y).
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Then Φ̃` ∈ C2(Rd+1
+ ) ∩ C(Rd+1

+ ), Φ̃` is suitably small at infinity in the sense of Stein’s
Lemma, and

(4.14)
∫ ∞
0

∫
Rd

∆Φ`(x, y) y dx dy =

∫
Rd

B`(f(x), g(x)) dx+ E`,

where the error E` → 0 as `→∞.

Proof. Since B` ∈ C∞(R2) and u, v are harmonic in Rd+1
+ , both Φ` and Φ̃` are C∞ in

Rd+1
+ . Moreover, since u(·, y) → f and v(·, y) → g uniformly on compact sets as y ↓ 0,

both u and v extend continuously to Rd+1
+ . In addition, the fact that u, v are harmonic gives

∆Φ̃` = ∆Φ`.

By construction,
B̃`(0, 0) = 0, ∇B̃`(0, 0) = 0.

Since B̃` is of class C2, the Taylor expansion gives

|B̃`(s, t)| ≤ C`(s2 + t2), |∇B̃`(s, t)| ≤ C`(|s|+ |t|).

For f, g ∈ C∞0 (Rd), their Poisson extensions satisfy, for large |x|+ y,

|u(x, y)|+ |v(x, y)| ≤ CN (1 + |x|+ y)−d,

|∇u(x, y)|+ |∇v(x, y)| ≤ CN (1 + |x|+ y)−d−1.

Therefore

|Φ̃`(x, y)| ≤ C`(1 + |x|+ y)−2d, |∇Φ̃`(x, y)| ≤ C`(1 + |x|+ y)−2d−1.(4.15)

With these estimates, Stein’s identity [28, p. 87] applies and we have∫ ∞
0

∫
Rd

∆Φ̃`(x, y) y dx dy =

∫
Rd

Φ̃`(x, 0) dx.

Since ∆Φ̃` = ∆Φ`, this gives∫ ∞
0

∫
Rd

∆Φ`(x, y) y dx dy =

∫
Rd

B̃`(f(x), g(x)) dx.

Let K = supp f ∪ supp g. If x /∈ K, then f(x) = g(x) = 0, and hence

B̃`(f(x), g(x)) = B̃`(0, 0) = 0.

Therefore the integrand vanishes outside K, and∫
Rd

B̃`(f, g) dx =

∫
K

B̃`(f, g) dx.

Thus ∫
Rd

B̃`(f, g) dx =

∫
K

B`(f, g) dx−B`(0, 0)|K|

−B`x(0, 0)

∫
Rd

f dx−B`z(0, 0)

∫
Rd

g dx.

Since B(0, 0) = 0 and B(x, z) = O(|x|p + |z|p′) near (0, 0), the standard properties of
convolutions give

B`(0, 0)→ 0, B`x(0, 0)→ 0, B`z(0, 0)→ 0.
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Thus the error term

E` := −B`(0, 0)|K| −B`x(0, 0)

∫
Rd

f dx−B`z(0, 0)

∫
Rd

g dx

satisfies E` → 0, as `→∞.
Combining the above identities yields (4.14). �

This completes the proof of (4.13) and hence the proof of Proposition 4.1.
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