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Abstract

Let X; be a Cauchy process in R%, d > 1. We investigate some of
the fine spectral theoretic properties of the semigroup of this process
killed upon leaving a domain D. We establish a connection between
the semigroup of this process and a mixed boundary value problem for
the Laplacian in one dimension higher, known as the “Mized Steklov
Problem.” Using this we derive a variational characterization for the
eigenvalues of the Cauchy process in D. This characterization leads to
many detailed properties of the eigenvalues and eigenfunctions for the
Cauchy process inspired by those for Brownian motion. Our results are
new even in the simplest geometric setting of the interval (—1, 1) where
we obtain more precise information on the size of the second and third
eigenvalues and on the geometry of their corresponding eigenfunctions.
Such results, although trivial for the Laplacian, take considerable work
to prove for the Cauchy processes and remain open for general sym-
metric a—stable processes. Along the way we present other general
properties of the eigenfunctions, such as real analyticity, which even
though well known in the case of the Laplacian, are not rarely available
for more general symmetric a—stable processes.
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1 Introduction

The potential theory for the symmetric a-stable processes, 0 < a < 2, in do-
mains of Euclidean space has been extensively studied by many researchers
for many years. In particular, many of the “fine” and now well known re-
sults for Brownian motion (o = 2) have been extended to these processes
in recent years. These include, to name but a few, the boundary Harnack
principles ([11], [15], [45]), the identification of the Martin boundary for var-
ious types of domains ([12], [26]), the Harnack inequalities and conditional
gauge theorems for a-stable Schrodinger semigroups ([13], [14], [23]), the
notion of intrinsic ultracontractivity ([23], [36]), sharp estimates for Green
functions and Poisson kernels ([24]), and isoperimetric-type inequalities for
heat kernels, Green functions, the lowest eigenvalue, and electrostatic ca-
pacities ([2], [40], [7]). We refer the reader to [21] for a survey of some of
these results. Despite the extensive literature on extension of these “fine”
potential theoretic properties from the Brownian motion to the symmetric
a—stable processes, many of the more detailed and refined spectral theoretic
properties for which there is also an extensive literature in the case of Brow-
nian motion (the Laplacian), remain completely open for general symmetric
stable processes. This is the case even in the simplest geometric setting when
the domain is the interval (—1,1). The purpose of this paper is to study
some of these detailed properties for the eigenvalues and eigenfunctions in
the case of the Cauchy process, a = 1. Before we describe our result in more
detail, and the reason why we need to restrict to the Cauchy process, we
recall the basic definitions and some of the results for the Brownian motion
which motivated the work presented in this paper.

Let X; be a d-dimensional symmetric a-stable process of order a €
(0,2] in R%. The process X; has stationary independent increments and its
transition density p*(t,z,y) = p®(t,z —y), t > 0, z,y € R? is determined
by its Fourier transform

exp(—t[¢|*) = / e“Ypi(t,y)dy, t>0, £eR”
Rd
That is, for any Borel subset B € R, z € R?, ¢t > 0,

Pw(XtGB)Z/pa(t,x,y)dy.
B

These processes have right continuous sample paths and their transition
densities satisfy the following scaling property

Pt x, y) =t Vop (1t e, ¢ oy)



When a = 2, X; is just the usual d-dimensional Brownian motion B; but
running at twice the speed. That is, if o = 2, then X; = Bsy; and

1 —|z —y|? d
p2(t,:):,y)_(47rt)d/2exp[ m },t>0, xz,y € R

When o = 1, X; is the Cauchy process in R? whose transition densities
are given by the Cauchy distribution (Poisson kernel)

t
(1.1) p'(t.z,y) = o —, t>0, z,yeR’
(2 + |z —yl?) 2
where g1
ca = D()/n

From this point on, unless otherwise clearly indicated, we assume that
a = 1. We will write p(t,z,y) for p'(t,z,y). If D C R? is a nonempty
bounded open set, we let 7p = inf{t > 0 : X; ¢ D} be the first exit time
of Xy from D and denote by P* and E® the associated probability and
expectation for this process starting at . We shall denote the semigroup on
L%(D) of the the Cauchy process killed upon leaving D by {P};>0. That
is, for f € L?(D), x € D, t > 0,

PP f(z) = E*(f(X¢),7p > 1).

The semigroup has transition densities pp(t, z,y) and

ﬁwmz/MWJMﬂww
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The function pp(t,x,y) is positive symmetric and

Cdt Cd
2 nET S
(t? + |z —yl*) 2

pD(taxvy) < p(tvxvy) =

S

for all t > 0 and z,y € D. In addition, for each fixed t > 0, pp(t,z,y)
is continuous on D x D as a functions of (z,y). We refer the reader to
[23], and [36] for these elementary properties. It follows from this bound
on the function pp(t,z,y) that for any open set D of finite volume, and
in particular for any bounded set, the operator P generates a self-adjoint
semigroup on L?(D) which is ultracontractive. That is, the operator PP
maps L?(D) into L*°(D) for all ¢t > 0. Under these assumptions it follows
from the general theory of heat semigroups [27] that there is an orthonormal



basis of eigenfunctions {¢,} for L?(D) and corresponding eigenvalues {\,}
satisfying
D<M < <A<

with A\, — oo as n — oo. That is, the pair {¢,, A\, } satisfies
(1.2) PP, (z) = e Mlp, (2).

In addition, A; is simple and the corresponding eigenfunction (1, often called
the ground state eigenfunction, is strictly positive on D. By the continuity
of the kernel in both variables x and y, the eigenfunctions ¢,, are continuous
and bounded. These general facts hold for all symmetric stable processes of
index 0 < o < 2. For more general properties of these semigroups, see [32],
9], [23].

The above construction is analogous to the construction for Brownian
motion. If we replace the Cauchy process, a = 1, by the process associated
with @ = 2 (Brownian motion running at twice the speed) and assume in
addition that D is connected and that 0D is regular, then PP is just the
heat semigroup associated with the Laplacian in D with Dirichlet bound-
ary conditions. In this case pp(¢,x,y) is the fundamental solution of the
heat equation in D, also called the heat kernel for D. Let us denote by
{Wn, un}oe, the eigenfunctions and eigenvalues in this case. This pair is
then the classical eigenfunction/eigenvalue solution of the Dirichlet Lapla-
cian in D. That is, the pair satisfies,

Ap(z) = —pntn(x); =€ D,
(1.3) { Un(z) = 0: ze€dD.

The Dirichlet eigenvalue problem (1.3) has been extensively studied for
many years both analytically and probabilistically. It is well-known that
geometric information on D, such as convexity, symmetry, volume growth,
smoothness of its boundary, etc., provides information not only on the
ground state eigenfunction 1, and the ground state eigenvalue pq, but also
on the spectral gap po— 1, and on the geometry of the nodal domains of 5.
We recall here some of the classical results for the Laplacian which served
as motivation for the investigations in this paper.

Recall that for any f : D — R, its nodal set is f~1{0} and a nodal
domain of f is any connected component of D\f~!{0}. The celebrated
Courant-Hilbert nodal domain theorem guarantees that 1, has no more
than n nodal domains. In particular, 1o has exactly two nodal domains. In
[41], L. Payne proved that if D is a symmetric bounded convex domain in the



plane, then the nodal line N = {z € D : ¢»(z) = 0} for )2 must intersect
0D in exactly two points. He conjectured that such a result should hold
for any planar convex domain, regardless of symmetry. This was proved by
Melas [38] for bounded convex domains in the plane with smooth boundary,
(see also [1]). This kind of detailed information on the nodal line is crucial
in proving ps — p1 > 372/d% ([3], [28]) for bounded planar convex domain
of diameter dp which are symmetric with respect to both coordinate axes
and convex in both axes. Indeed, for such domains Payne [41] proved that
the nodal line is one of the two axes of symmetry. For general convex
domains in R%, an important result of Brascamp and Lieb [4] asserts that
the eigenfunction 1 is log concave. This result has had many interesting
applications in the literature and in particular it can be used to prove that
for general convex domain, ps — py > 72/d%, [44] and [37]. (The general
conjecture made in 1983 by M. van den Berg [6] that for any planar convex
domain gy — py > 372/ dQD, remains open.) For many other applications
of the Brascamp—Lieb log—concavity result, including applications to option
pricing, and various other extensions, we refer the reader to C. Borell [16],
[17] and [18].

All of the above properties for the eigenvalues and eigenfunctions are
completely unknown for general symmetric stable processes (or for the Cauchy
process) even for the interval (—1,1). Of course, various general results on
the eigenvalues and eigenfunctions of the Cauchy process, and even for gen-
eral symmetric stable processes, are known. For example; (1) A version of
the celebrated Wyel’s asymptotic law was proved in [9]. This asserts that
if D is an open bounded nonempty set and N(A) denotes the number of
eigenvalues which are smaller than or equal to A, and m(9D) = 0, then
NA) ~ M m(D)cg (T(1+d))™ as A — oo [9]; (2) It was proved recently
that for all bounded domains the semigroup PP is intrinsically ultracontrac-
tive [23], [36]. Intrinsic ultracontractivity is closely related to the parabolic
boundary Harnack principle and to conditioned processes (the associated
Doob h-processes). It gives very sharp estimates on ¢, in terms of ¢; and
we will indeed use some of these estimates below, (see (2.6) in §2 below). In
addition, if &D is suitably smooth then ¢, () behaves like (dist(z, dD))Y/?;
(3) It is known that among all domains of fixed volume the ball has the
smallest A; (the Faber-Krahn inequality) and that among all convex do-
mains of inradius Rp (the radius of the largest ball contained in D) A is
minimized by the infinite strip and maximized by the ball of radius Rp. We
refer the reader to [2] and [40] for many other “isoperimetric-type” results
for general symmetric stable processes.

While an explicit expression for A; is not known even for the interval



(—1,1), the comparison estimates in [2] and [40] lead to explicit upper and
lower bounds for A\; for (—1,1). As far as estimates on A,, n > 2, and
geometric properties of ¢,,, n > 2 for (—1, 1) are concerned, nothing seems to
be known. Indeed, it was this very simple geometric situation which initially
motivated our investigations that led to this paper. We were particularly
interested in obtaining bounds for A\i, A9, Aoy — A\ and geometric properties
for @1 and 9 for (—1,1). It may be proved (Section 4) that there exists an
eigenfunction which is antisymmetric and (up to a sign) negative on (—1,0)
and positive on (0,1). One of the first goals of this paper was to prove that
this is the second eigenfunction. Unlike the case of the Laplacian, the proof
is not easy. This is due in part to the fact that the Courant-Hilbert nodal
line theorem is not known for operators which are not local. We succeeded
in obtaining properties for @9 and A9 for (—1,1) because of the connection
of the Cauchy process to the Steklov problem. We will now describe this
connection.

The central difficulty from the analytic point of view in studying some
of the fine properties of A, and ¢,, for the semigroup PP is that its infinites-
imal generator, Ap, is not a local differential operator. We may define Ap
formally by

PPf—f
(1.4) Apf = ltllr(r)lf
for such f € L%(D) for which this limit exists in L?(D). The set of such
functions (the domain of Ap) is denote by D(Ap). Similarly we define
Ap f(x) = limy (PP f(z) — f(z))/t for any f € C(D) and x € D for which
the limit exists. It may be shown that for f € C%(D) and x € D, Apf(x)
is well defined and we have Apf(z) = —(—A)Y2f(z). The definition of
(=A)'/2 may be find for example in [13] (Definition 3.2, Lemma 3.5). We
want to emphasize that we will not use the operator (—A)'/2 in any essen-
tial way in this paper, we just want to present the connection between the
semigroup PP and the operator (—A)Y/2.
The expression

(1.5) E(f.9) = —{Apf.g) = - /D (Apf) g ds

defines a Dirichlet form with domain D(€) C L?(D) ([31], Theorem 1.3.1,
Corollary 1.3.1), here f € D(Ap), g € D(E).

It is well known that ¢, € D(Ap), (—A)2p,(x), App,(z) are well
defined for z € D and Appn(z) = —(—A)Y20,(z) = —Aupn(x), © € D.



With this, we may write an analog of (1.3) with A replaced by —(—A)Y/2,
However, due to the non-locality of this operator it is difficult to use this
representation to study the influence of the geometry of D on ¢, and on
An. The main idea in this paper, and the reason why we need to restrict
our attention to the case o« = 1, is based on the connection between the
eigenvalue problem for the Cauchy process and a mixed boundary eigenvalue
problem for the Laplacian in one dimension higher, known as the “mized
Steklov” problem. Probabilistically, this amounts to thinking of the Cauchy
processes as the trace of Brownian motion in one dimension higher. This
idea will help us avoid dealing with (—A)'/2 and the difficulties related to the
non-locality of this operator. However, even for bounded domains D C R¢
the boundary value problem that arises takes place in unbounded domains
and has not, as far as we we know, been treated in the literature. Hence,
we must deal with many basic questions and estimates for this problem.

The connection between our eigenvalue problem (1.2) and the Steklov
problem arises as follows. For f € L'(RY) we set

Puf(@) = [ pltan) o) dy

where p(t, z,y) is given by (1.1). For f € L?(D) we extend it to all of R? by
putting f(z) = 0 for z € D°. Since D is bounded we see that such functions
are also in L'(R?%). Thus P, f(z) is well defined for f € L?(D) by our bound
on p(t,z,y) and in particular it is well defined for any eigenfunction ¢,, of
our eigenvalue problem (1.2) extended to be zero outside of D. For any
neN, zeRand ¢t > 0 we put

(1.6) Up(x,t) = Pypn(x) and  up(z,0) = o ().
This defines a function in
H={(x,t): x €R% t > 0}.

Since ¢y, is continuous at least on R \ 0D the function w,, is continuous at
least on H\{(z,0) : x € 0D}. For many “regular domains” such as bounded
Lipschitz domains, ¢, is continuous on all of R% (see (3.2)), so that w, is
continuous on all of H. We will denote by H. the interior of the set H.
That is, Hy = {(z,t) : z € R% t > 0}. Let

o2 92

denote the Laplace operator in H_ .



Theorem 1.1. Let D C R? be a bounded domain. Then

(1.7) Auy(z,t) = 0; (x,t) € Hy,
(1.8) %(w, 0) = —Aup(z,0); xeD
(1.9) up(z,0) = 0 x € D°.

The idea of transforming problems for the non—local generator of sym-
metric a-stable processes to problems for local operator in R%*! has been
used in the past, see for example [5] and [39]. This idea was also used in a
very general context in [43].

If Q is a bounded domain in R? and we write its boundary 0 as the
disjoint union of two pieces, (092); and (0f)y then the classical “mized
Steklov” eigenvalue problem ([34], [29], [30]) is the following mixed boundary
value problem:

(1.10) Aup(z) = 0 z € Q,
(1.11) %(z) = —enun(2); z € (0Q)1.
(1.12) up(z) = 0; z € (09)2,

where A = Zle 88_:522 and 8% is the inner normal derivative. The basic
difference between our Steklov problems and the classical one in that our
domain is unbounded.

The transformation of our eigenvalue problem (1.2) for the Cauchy pro-
cess to (1.7)-(1.9) enables us to use variational methods, and in particular to
derive a variational formula for A, (Theorem 3.8) and to prove an analog of
the Courant-Hilbert nodal domain Theorem (Theorem 3.11). Under some
additional assumptions on D, we will also show that A, < ,/p,. A compari-
son result of this type for all 0 < o < 2 was proved in [2] for A;. In addition,
we obtain various other results for the eigenvalues and eigenfunctions of the
Cauchy process from the corresponding Steklov problem.

The paper is organized as follows. In §2 we set some notation and present
various known facts for the Cauchy process which are needed in the sequel.
We also obtain a new upper bound estimate on \; for balls in R? which
holds for all 0 < o < 2. In particular, if D = (—1,1) and a = 1 we have
1 < A1 < 37/8. This estimate is better than the previous best bounds
contained in [2]. In §3, we establish the connection between the Cauchy
eigenvalue problem and the mized Steklov boundary eigenvalue problem and
prove the variational characterization for A,,.



In §4, we prove several results based on properties of the transition den-
sity pp(t,x,y). One of the main result in this section (Theorem 4.3) asserts
that whenever D is symmetric relative to one of the coordinate axis, then
there exists an antisymmetric eigenfunction which is positive on the portion
of D which lies on one side of the axis and negative on the portion of D
which lies on the other side. It comes as a surprise to us that such results
are essentially trivial for the Brownian motion (the Dirichlet Laplacian) but
not so for the Cauchy processes. The basic idea for this argument is to use
the multiple integral representation of the kernel coming from the semigroup
property to construct a new semigroup.

In §5, we use the some of the results obtained in the previous sections to
perform a much more detailed study for the Cauchy eigenvalues and eigen-
functions on what is perhaps the simplest geometric setting for these type of
problems, the interval D = (—1,1). We will show that ¢; is symmetric and
concave on (—1,1) (see Theorem 5.1). It is in fact nondecreasing on (—1,0)
and nonincreasing on (0, 1), and hence it satisfies the Brascamp-Lieb [4] con-
cavity result. However, the main result of this section deals with geometric
properties of ps and Ao. We shall prove that 2 < Ay < 7 and that its cor-
responding eigenfunction 9 is antisymmetric and (up to sign) negative on
(—1,0) and positive on (0,1) (Theorem 5.3), similar to the situation for the
Brownian motion. ;From this it will follow that @2 has two nodal domains
and one nodal set. Moreover, we will show that ¢y is concave on (0,1) and
convex on (—1,0). In this section we also obtain various properties for A3
and o3 (Theorem 5.4). Furthermore, an application of our Courant—Hilbert
nodal domain theorem for the Cauchy process proved in §3 will give that ¢,
n > 1, has at most 2n — 2 zeros in (—1,1). This implies that ¢, has at most
2n — 1 nodal domains. Again, we find it remarkable that these properties,
as simple as they are for Brownian motion, take considerable work to prove
for the Cauchy process and that, out side of @« = 1 and a = 2, they remain
unknown for other symmetric a—stable processes.

2 Preliminary Results

In this section we introduce some more notation, prove Theorem 1.1 and
obtain some new bounds on the ground state eigenvalue. These bounds
hold for all 0 < a < 2 and are of independent interest. Let N = {1,2,...}
denote the set of natural numbers. For d € N, we denote by |-| the Euclidean
norm in R?. For any subset U C RY we use U¢, U, int(U), and U to denote
its complement, closure, interior, and boundary, respectively. Furthermore,



forz € R4 r > 0and U,V C RY we put B(z,7) = {y € R : |z —y| <
ry, vU = {ry : y € U}, dist(U,V) = inf{ly — 2| : y € U, z € V} and
6 (x) = dist(z, 0U). By B(RY) we mean the Borel o-algebra of RY. We will
write ¢ = ¢(a, 3,...,7) to indicate the dependence of a constant ¢ on the
parameters indicated. The constants may change their value from one use
to the next and even on the same line in the same formula. However, the
set of parameters on which a constant may depend will not change from one
use to the another. The constants denoted with ¢ will always be assumed
to be finite and positive.

By a domain D C R? we shall mean an open nonempty set. For d > 2
a bounded domain D C R? is called a bounded Lipschitz domain if there
exists a Lipschitz constant M = M (D) > 0 and a localization radius 79 =
ro(D) > 0 satisfying the following property: For every QQ € 9D there is
a Lipschitz function I'g: R?1 — R of constant no worst than M and an
orthonormal coordinate system CSg such that if y = (y1,...,y4-1,yq) in
the C'Sq coordinates, then

DN B(Q,r0) ={y: ya > Tq1,---,ya-1)} N B(Q,70).

For completeness, a bounded Lipschitz domain on the real line (d = 1) is the
union of a finite number of disjoint bounded open intervals with no common
endpoints. Notice that, unlike the usual definition, we do not assume that
D is necessarily connected. In dimensions d > 2 a bounded domain D C R?
is called a bounded C'°° domain if it satisfies the same conditions as the
bounded Lipschitz domain where the Lipschitz function is replaced by C°°—
function. The definition of a bounded C* domain for any k& > 1, is analogous.
A bounded C* domain or bounded C* domain on the real line is the same
as the bounded Lipschitz domain.

As above, we denote the transition probabilities for the killed process
in the bounded domain D by pp(t,z,y). A probabilistic representation for
this kernel is given by

pD(t,x,y) = p(t,x,y) - ’I”D(t,ﬁ,y),

fort >0, z,y € D, where
(21) TD(taxvy) :EI(TD <t;p(t_TD7X(TD)7y))‘

We now recall some other useful properties related to the Cauchy semi-
group. For z,y € D let

Gp(z,y) = / pp(t,x,y)dt
0

9



and recall that
P*{tp >t} = / pp(t,z,y)dy.
D

Hence,

E(rp) = / Po(rp > 1) dt = / / po(t,,y) dy dt = / Gp(a,y) dy.
0 0 D D

We call Gp(z,y) the Green function for D. This gives rise to the Green
operator Gp : L?(D) — L*(D) defined by

Gof(z) = /D Gp(@,y)f(y) dy
_/OooEx{f(Xt;TD>t}dt _ g (/OTDf(Xt)dt>

for all x € D, f € L?(D). We note in particular that
(2.2) Gpen(x) = @n(@)/An

for all n € N. In addition,

(2.3) IGbplla—2 =1/M

where ||Gpl|2—2 denotes the operator norm on L?(D). It follows from [3]
that for all domains D of finite volume, E® (1p) < E° (7},), where D* is the
ball of same volume as D. In particular, for bounded domain, E* (7p) €
LP(D) for any 0 < p < co. It is also well-known that the function u(x) =
E*(tp) is in the domain of Ap as defined in (1.4) and that Apu(z) = —1,
zeD.

In addition to the above properties, the semigroup PtD shares many
other important properties with the semigroup of Brownian motion and in
some instances is better behave. In particular, for all bounded domains
D c R? our Cauchy semigroup is intrinsically ultracontractive. (This is not
the case for Brownian motion.) That is, for all € > 0 there exists a constant
¢ = ¢(e, D) such that for all ¢ > ¢ and all z,y € D,

(24)  (1—e)e Mopi(x)e1(y) < pp(t,z,y) < (1+e)e o1 (2)p1(y)
We also have

(2.5) c1(D)E*(mp) < ¢1(x) < ea(D)E*(7p)

10



for all z € D and
(2.6) on ()] < c(t, D)er oy (),

for all t > 0, x € D, n € N. The inequality (2.6) follows directly from (2.4)
as does the right hand side of (2.5). We refer the reader to [36] for full
details on these results. Another result which we will need in the sequel
asserts that if D C R? is a bounded Lipschitz domain, then there exist
constants 31 = Bl(D) S (O, 1), Bo = ﬂQ(D) S (O, 1), Cl(D,,Bl) and CQ(D,IBQ)
such that

(2.7) e1(D, 31)05 (x) < E*(mp) < ea(D, 52)0% (x), € D

and hence the same is true for the eigenfunction ¢; by (2.5). The proof
of (2.7) uses the Ikeda-Watanabe formula and boundary Harnack principle
techniques, see ([11], Lemmas 3, 5) and (][20], (2.9)).

The eigenvalues )\, also satisfy the following useful scaling property: For
any v > 0 we have A\, (yD) = A\, (D)/7, where \,(D) is the eigenvalue for
D and A\, (yD) is the eigenvalue for vD.

Proof of Theorem 1.1. The formula (1.7) follows from the fact that the Pois-
son kernel for the half space H, (where (x,t) € Hy, (y,0) € 0H), is just
p(t, z,y) given by (1.1). (1.9) is obvious by the definition of u, (z,0) in (1.6).
It remains to show (1.8). For x € D we have

8t t—0t t
and
Pion(x) — pn(z) _ PtDSOn(x) — ¢n() i Pron(x) — PtDSOn(x)
t t t

(e_Ant — Dn(z) 1

- 2 2 [ (e weat) dy,
D

where rp(t, z,y) is given by (2.1). Clearly (e~*#*—1)/t — —\, whent — 0%
so to prove (1.8) it is sufficient to show that for each x € D,

1
(2.8) lim — Drp(t,x,y)lson(y)l dy = 0.

t—0+

11



By (2.1) and the fact that rp(¢,z,y) = rp(t,y,x) we obtain for any ¢ > 0,
x,y € D, that rp(t,z,y) is equal to EY(tp < t;p(t — 7p, X (7p), x)). Hence

1 TD(t,fE,y) = lEy Cd(t — TD) d+1 yTD < t
t t ((t—7p)* +|X(mp) —2|?) =
1 cqt cqPY <t
29) < Lt o) @lo<t)
t op () op (@)

When ¢t — 07 the last expression tends to 0. Since ¢, € L>®(D), we get
(2.8) by the bounded convergence theorem. O

In §3 below we will present, as an application of our variational formulas,
upper bounds estimates for the Cauchy eigenvalues in terms of the eigen-
values for the Laplacian. From these and our knowledge of the eigenvalues
of the Laplacian, one can obtain estimates on the eigenvalues of the Cauchy
processes. This idea was used in [2] to give estimates on the first eigenvalue
of a—symmetric stable processes for various domains. For the unit ball in

R?, the following proposition can be used to improve upon the upper bound
of [2].

Proposition 2.1. Let D C R? be a bounded domain. We have

fD E*(tp)dx
SWbyep B7(rp) = = Ty IEo(rp) P da

(2.10)

Proof. The lower bound is well known. In fact,

ey 28 _p ( /" ¢1<Xt>dt) < erlloo B (7).

For the upper bound we use the following equality ([31], pg. 33, Lemma 1.5.3)
valid for any Dirichlet forms. For any non-negative f € L'(D) N L?*(D),

d
oy Joflulds _

= Gpfdx.
ueD(E) V/E(u,u) /Df Df dz

12



This, Schwarz inequality and (2.3) gives that for all u € D(E),

/f\u]d:r < VE(u,u) /fGDfd{L‘
D D

VE@ VTG0
< VEGwW 5012

= 1lVEG o

Taking u(x) = f(x) = E*(rp) and observing, as we did earlier, that
VE(u,u) = \/(1,u) gives the right hand side of the Proposition. O

IN

We note that the above estimates for A\; hold for all 0 < o < 2. For
«a = 2 the upper estimate follows from the variational formula for A; and
integration by parts.

Let us look at the special case of the ball B(0,1) in R?. (For a general ball
of radius r similar estimates follow trivially by scaling.) For any 0 < o < 2
we have by [33]

(2.12) E*(1p(0,1)) = Caya (1 — B

where

Coa = y L
20T (1+§)T (42)

Clearly

Sup Ex(TB(O,l)) = Ca,d
z€B(0,1)

and a simple integration in polar coordinates gives

Coa0q -.,d «
E® — Zedfdp &%y
/B(O,l) (TB(0,1)) dx 5 (27 5 T )
and
Cg o4 d
/ [E*(75(0,1))]” do = %B(? a+1),
B(0,1)
where o is the surface area of the unit sphere in R? (o; = 2) and
[(a)T'(b)
B(a,b) = =——=
(.5) = T +p

is the Beta function. These calculations and Proposition 2.1 give

13



Corollary 2.2. Let A\, g4 be the smallest eigenvalue for the symmetric stable
process of order 0 < o < 2, killed off B(0,1) C R%. Then

B(4
! S)\a,dg ! (37
Ca,d Coz,d B(g,

(2.13)

5+1)
a+1)

In particular, for the Cauchy process in unit interval (—1,1) in R and the
unit disk in R? we have, respectively,

(2.14) 1< Mg < %” ~ 1.178
and

2
(2.15) 1.57 ~ g < Ao < ?” ~ 2.094

Both (2.14) and (2.15) follow from (2.13) by a simple calculation, we
leave it to the reader. The left hand side of (2.13) is already in [2]. However,
the right hand side gives better estimates, at least in dimensions one and
two, than those that follow from [2].

3 The Mixed Steklov Problem

In this section we exploit the connection of the eigenvalue problem for the
Cauchy process to the Steklov problem described by Theorem 1.1. Using
this we obtain a variational characterization for the eigenvalues \,. Many
of these results, such as the variational formulas, are known for the Steklov
problem (1.10-1.12) in bounded smooth domains 2. Obtaining this results
for our problem (1.7-1.9) for the unbounded domain H, C R when D C
R? is a bounded Lipschitz domain requires close attention to several technical
details.

Proposition 3.1. Let D C R? be a bounded domain. Let u,(x,t) be as in
(1.6). For x € int(D°), set

rp(z) = lim Un(,?)
t—0t t
and rp(x) = 0 for x € D. Then ry,(x) is well defined for all x € R and for
x € int(D°),

Cd¥n (y)

(3.1) rn(x) = Tyt

dy.

14



Proof. For any t > 0 and z € int(D¢), we have

un(x,t) _ Pt@n(x) :/ Cdgon(y)
t R PR

T Y.
2

Note that for z € int(D€) we have
(tQ + ’.Cl? _ y‘Q)f(dJrl)/Q < 5561—1(32).
The bounded convergence theorem implies (3.1). O

Let us recall that if D C R? is a bounded Lipschitz domain then, by
(2.6) and (2.7), there exist 8 = B(D) € (0,1) and a constant ¢(D, ) such
that for all n € N, x € D we have

(3.2) lon ()] < e(D,n, B0 ().

Proposition 3.2. Let D C R? be a bounded Lipschitz domain. Let 3 € (0,1)
be the constant in (3.2). Then

(1)

ra(@)] < /D %dy < ¢(D,m, B) min(657 (z), 650 (2),

for all x € int(D°).
(ii)
B! | Phipn(2) = @n(@)] < o(D,n. )05 (),
forx e D, h >0, and
(iii)
duy,

(3.3) =t

(x,t) = =Apun(x,t) + Piry(x),

for x € R ¢ > 0.

Proof. (i) Let « € int(D°). The upper bound ¢(D,n, 3)0,% () is easy. We
have

/D cden@)lle — g~V dy < cabg () /D on ()] dy < e(D,n)55" (x).

15



On the other hand, by (3.2) we get

64 [ alele =y dy <D d) [ Shwle =y~ dy

We will divide the integral over D into two integrals, one over the set D N
B(z,20p(z)) and the other one over the set D \ B(z,26p(x)). Note that
for y € DN B(x,26p(x)) we have dp(y) < op(z) and for y € D we have
dp(y) < |z—y|. Hence the integral on the right-hand side of (3.4) is bounded
above by

5%(w)lw—y|‘d‘1dy+/ |z —y[" P dy <
D\B(z,26p(z))

|z —y|" 4 dy + / |z —y|" T dy.
BC(:E,25D(LIJ))

/DﬂB(a:,QéD (z))

5% T /
B(z,26p(z))\B(z,0p (x))

A simple integration in polar coordinates shows that the sum is dominated
above by ¢(d, 5)5ﬁD_1(:1:).

(ii) Let z € D and h > 0. As in the proof of Theorem 1.1, we obtain
that h= 1| Py, () — on(2)| is bounded above by

hil’PhD(Pn(x) - (Pn(x)‘ + hil‘PhSOn(x) - PhD(Pn(x)‘
< et g ()] + b /D ro(h 2, y)on(y)] dy.

The first term in the sum is controlled by ||¢n||lccAn. It remains to show
that

(3.5) = /D rp(h,2,9)\en ()| dy < (D0, B)657 ().

As in the previous argument, we divide the integral in (3.5) as an integral
over B(z,0p(z)) and an integral over D\ B(x,dp(x)). For y € B(z,dp(z))
we use (2.9) to get h=lrp(h, z,y) < cgdp*(x). Fory € D\ B(z,dp(x)) we
estimate h='rp(h,z,y) < p(h,z,y) < cglz — y|~9~!. Note that 2|y — z| >
dp(y) for y € D\ B(x,6p(z)). Applying (3.2) we obtain that |¢n(y)| <
c(D,n, B)(267,(x))? for y € B(z,dp(x)) and |n(y)] < (D, n, B3 (y) <
¢(D,n, B)(2lx —y|)8, for y € D\ B(x,dp(x)). It follows that

Wt [ ot lealdy < /Do, 9)5," " w) | dy
+ c(D,n,ﬁ)/ |z —y| 7 dy
D\B(z,6p(z))

< oD,n, B3 (),
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which proves (3.5) and (ii).
(iii) Let t > 0 and x € R4

ouy, . Ph@n(y) — (Pn(y)
-n - 1
5 (@1) Jm - p(t 2, y) . dy
: Prhon(y) — en(y)
3.6 = 1 t,, d
(3.6) Jim, int(DC)p( z,y) - Y
: Prhon(y) — on(y)
3.7 1 t,, dy.
(3.7) + | ety - y

If y € int(D°), then h= (Phon(y) — ¢n(y)) = h= Pypn(y) tends to 7, (y)
when h — 0F. If y € D then by Theorem 1.1 h=1(Pyo,(y) — ©n(y)) tends
to —An@n(y) when h — 0F. Hence, to show (3.3) it remains to justify the
change of the the limit and the integral in (3.6) and (3.7). For x € int(D¢)
we have

Ph@n(x)
h

Ph(/)n(x) - (Pn(x)

cdlen(y)|
—dlyn I
h

= Jp lz—yldtt

By (i) this is bounded above by c¢(D,n, () min(é’gD_l(x),égd_l(x)), where
x € int(D¢) which is an integrable function on int(D€). Similarly (ii) shows
that =1 (Pren(y) — on(y)) for y € D is bounded above by the function
c(D,n, ﬂ)égﬁl(:c) which is integrable on D. Therefore by the bounded con-
vergence theorem we can change limits and integrals in (3.6) and (3.7). This
proves (3.3) and completes the proof of the proposition. O

Our aim now is to obtain a variational formulas for the eigenvalues A,
of the following type

Ap = inf Vu(z,t)|? dx dt,
o= ot [ [Vu(e.)
for a suitably chosen class of function F,. For a function u : H — R we
denote Vu = (%,...,%,%). For ¢ > 0 we put H. = {(z,t) : = €
R% ¢t > €}. Recall that H, = {(z,t) : t > 0,z € R?}. We need some
estimates on Vu,. These are obtained essentially by differentiating under
the integral sign using our representation for the functions w,(x,t) in terms

of the Cauchy (Poisson) kernel. These calculations are in fact very similar
to those in [46], Chapter IV.
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Lemma 3.3. Let D C R? be a bounded domain. For any e >0, (v,t) € Hy
andi=1,...,d, we have

Ouy, / (d+ Dt(x; —ys)
a x,t) = —c¢ n(y) dy,
(a) aIi( ) d b @t e — g on(y)dy
ouy, |z — y|? — dt?
(b) Qn (1) = ¢4 / only) dy,
ot D (24 |z —y2) %
%uy,
. / —(d+ Dt + |z —y|?) + (d+ 1)(d + 3)t(x; — v;)? (v)d
d b (t2—|—‘x—y’2)% ©n\Yy)ay,
and
%uy, =3(d+ Dt|x —y? +d(d+ 1)t
(d) (2,) = 4 / on(y) dy.
o Do (Bl

For any € > 0 there exists a constant ¢ = ¢(D,n,e) such that for all (x,t) €
H, we have

(e) Vap (2, )| < c(t? + |f2)~@D/2)
and
0*u, ‘ 4 6%u, ‘ ¢

z,t)| + )< —"
() R > |Gt ot
In particular,
(9) /\Vun(x,t)]2dxdt<oo
and

82“% d 82’&”
(h) /H ‘ 52 (a:,t)‘+z 5 (x,t)‘d:):dt<oo.

€ i=1
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Proof. Recall that uy,(z,t) = [, p(t,z,y)en(y)dy. Formulas (a), (b), (c)
and (d) follow from our explicit expression for p(t,z,y) in (1.1) and the fact
that

ouy, 0
Dy (z,t) = / axip(t,x,y)wn(y), dy (x,t) € Hy,

with a similar formula for E)ait"

(z,1)
Let a = 2diam(D) + 2dist(0, D). For y € D we have |y| < a/2. So, for
|z| > a and y € D we get

lz —yl > [z| = |y[ > |z[ —a/2 > [2]/2
and
|z —y| < |z|+ |y| < |z] +a/2 < 3|z|/2.

For y € D and |z| < a we have |z —y| < 3a/2. We will use these elementary
observations several times below.
For ¢t > ¢ and |z| > a,

ouy, (3/2)t|x|
o] < vy [ el

o
(t2 + |x|2)% /D lon ()| dy-

<

For t > ¢ and |z| < a,

un
8CCZ'

IN

cald+1) [ S ntwldy

o(D,n) t < ¢(D,n)
= Tdv2 o T gdit

(@.0)

But for t > € and |z| < a, |z| < ta/e so

1 1 a2\ %
3.8 < 1+ — .
35 EEE T 2 4 o) < ' 52>
Therefore, for t, z as above,
d+1
o D 2\ 2
un(m)' D) <1+a_2> '
ox; (2 + |z)2) €
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Similarly, for ¢ > ¢ and |z| > q,

ECYRRA Py .U
D

lon(y)] dy
ot (12 + |af2/4) 7
c<

o)
(t2 4 \xP)% /D lon(y)| dy.

On the other hand, for ¢t > ¢ and |z| < a,
Ouy, . / (dt? + (9/4)a?)
g | R

D

Pontot)| < O ) dy

c¢(D,n,e) < c¢(D,n,e)

B U

The last two inequalities follow from the fact that a? < t2a?/e? and (3.8).
Now, (e) follows from the above inequalities.
The estimate (g) is a simple consequence of (e). In fact,

< Q.

dz dt
2
/HE ]Vun(x,t)\ dxdtSC(Dvnag)/HEW

We will now prove (f). For t > ¢ and |z| > a,

Pun o [ EE O/
| < e [ a0l
c(D,n)
(82 + |2f?)

and for t > ¢ and |z| < a,

92uy, t2 4 (9/4)a?)3/?
- o] seta) [ EEORD T 0 jay < 4239

But for ¢ > ¢ and |z| < a,

1 < 1 14 a’\ 2
N A
Therefore, for ¢t and = as above,

82un( )‘ < ¢(D,n,e)
x, <——.
Oai (12 + |af?) %
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Similarly, for ¢ > ¢ and |z| > q,

0?uy, . c(d)(t* + (9/4)]z|?)t ¢(D,n)
‘ ot2 ( 7t)‘ < L (t2 N ’x‘2/4)% |90n(y)|dy < (t2 n ’x‘Q)dQ_Q

and for t > ¢ and |z| < a,

&uy, c(d)(t? + (9/4)a? c(D,n,e
o] < [ ANCLLRON, g)jay < AP

The previous two inequalities imply (f). Finally, (h) follows from this. [

We will now introduce the class of function F(D) = F which we shall
use in the variational characterization of A,. Motivated by Lemma 3.3, we
define this class as follows.

Definition 3.1. Let D C R? be a bounded Lipschitz domain. We define
F(D) to be the collection of all finite linear combinations of functions w :
H — R satisfying the following conditions:

(i) w is continuous on H except possibly on {(z,0) : z € 9D} and u is
bounded on H.

(ii) Vu(z,t) exists for almost all (z,t) € H; and Vu is a measurable
function. If (z,t) € Hy and Vu(z,t) does not exists then u(z,t) = 0.
Moreover, for all ¢ > 0 there exists a constant ¢(¢) such that for all
t> e,

Vu(,t)] < e(e)(t® + |2]*) "D/,

for any (z,t) € H for which Vu(z,t) exists.

(iii) u(z,0) =0 for x € D¢\ 0D and
/ u?(x,0) dr < oo.
Rd

(iv)
/ |Vu(z, t)|* dr dt < oo.
H
The space F(D) is the linear space spanned by the functions u : H — R
which satisfy (i)—(iv). We will often simply write F for F(D) unless we want

to stress the dependence on D. Notice that the condition “if Vu(z,t) does
not exists, then u(x,t) = 0,” is the only condition which prevents the class of
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functions v : H — R satisfying (i)—(iv) from being a linear space itself. This
condition, as it turns out, will be very important in the sequel. Finally,
we note that u,(z,t) satisfies (i)—(iii) by Lemma 3.3 and via the Fourier
transform one can easily show that it also satisfies (iv). An alternative way
to verify this which has some additional advantages, as we shall see below, is
to use Green’s theorem. In particular, we need to justify the use of Green’s
formula on expressions of the form

/ Vu(z,t)Vu,(x,t) dzdt,
H

for u € F. Some of the “Littlewood-Paley” formulas below can also be
derived by the Fourier transform. We choose to prove them by integration
by parts since the Fourier transform method does not suffice for all our
formulas.

Proposition 3.4. Let D C R? be a bounded Lipschitz domain. Ifu : H — R
satisfies conditions (i)-(iii) in Definition 3.1, then for any ¢ >0 and n € N
we have

(3.9) Vu(z,t)Vu,(x,t)de dt = —/ u(x,s)a (z,e)dx.

H. R4 8t
In particular, both integrals finite.

We interpret (3.9) as saying that Green’s formula can be applied to

Vu(z, t)Vuy,(x,t) de dt
H.

in that

Vu(z,t)Vuy(x,t)dedt = — /u(x,t)Aun(x,t)d:rdt
H. g

ouy,
— /Rd u(x,s)ﬁ(x,s) dx.

The (—) sign rather than the (4) sign arises because we are using % for the
inner normal derivative at 0H..

Proof. By the Lemma 3.3 and (ii) in Definition 3.1

/ \Vu(z, t)| |V, (z,t)] de dt < c(e,D,n,u)/ (% + |z) ") de dt < oo.

He e
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So the integral

Vu(z,t)Vuy,(x,t) dedt
He

is absolutely convergent. Moreover, this integral equals

Z/ / / / 8un —(z,t) dx; dzxy ...dxg dt
axz Xy SN——

(d—1) times without dz;
(d 1)— integrals

/ / a“ )agt"(x t)dtdzy . .. dzq.

By Lemma 3.3 and (ii) in Definition 3.1 we get for each t > ¢,

ou Ouy, * ¢e(D,e,n,u)dz;
t )| dz; <
/ ‘8xz(x )&cl( ’ )' o= / (t2 4 |z]2)d+1
< * ¢e(D,e,n,u)dz;
= (2 [P < 0o.
We now claim that
> Ju Ouy, > ou
(3.10) o, —(z,t)=— oz, (x,t)dz; = /oo u(z, )8 2(ac t) dz;.
We may assume ¢ = 1. Let us fix the coordinates xo,...,x4,t and put

Q= {z € (—00,0) : u(z,t) = u(z1,z9,...,24,t) = 0}. The set (—o0,00) \
) consists of at most countably many intervals (ay,by)3>, such that for
all z1 € (ag,br) we have u(x,t) # 0 (some of intervals (ag,by) may be
unbounded). For z1 = ay or 1 = by (when ap # —o0, by # 00) we have
u(z,t) = 0. Hence

* Ju 8un bk 8u 8un
11 .
1) [ g dn - § : / S )5 o) da

On the other hand,

b ou Ouy, Ouy, 1=bk
. 9m —(z,t)=— e (x,t)dzy = [u(:c,t)a—xl(:c,t)] -
Ok 0?u
12 - — .
(312) [ e 0 G
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If a = —oo, then the expression
Ou,
)5 o.)
[ 9z r1=ap

should be understood in the limit sense. By (i) in Definition 3.1 and (e) of
Lemma 3.3, we get for a = —oo that this expression is equal to 0. Similarly,
if by, = 0o, then

[u(m,t)%(w,t)} "o

€1
When ap # —oo and by, # oo, we have u(ay,xa,...,24,t) = 0 and we have
u(bg, xa,...,xq,t) = 0. Hence,
ouy, ouy, T1=by
t)—(x,t = t)—(x,t =0.

Note also that by (i) in Definition 3.1 and by (f) in Lemma 3.3, we have
00 2
/ u(z, 1) 8—“2"(95,@ dz1 < 00
—oo Oxy

and it follows that
/ u(x t)—2u (x,t)dz
9 9 % 9 1

—0o0

is absolutely convergent. Therefore (3.11) and (3.12) give (3.10). By similar
arguments for any z € R%,

< Ju Ouy,
s E(xvt)ﬁ(xvt) dt

_ [u(x,t)%(x,t)} L / - u(x,t)%(x,t) dt.

t=e

Both integrals are well defined for each # € R?. As before, the expression

[u(:c, t)% (z, t)] -

should be understood as a limit and it equals 0. By repeated integration, it
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follows that the left hand side of (3.9) is

d o] 00 00 62@6
— E / / / u(x,t)—;(x,t)dxi dxi,...,dzg dt
— Je —oo —so a;pz —_———
1= ,

(d—1) times without dz;
dintegrals

—/ / u(x,s)%(x,s)dxl,...,dxd

00 [e%¢) 00 82@6”
_/_OO.../_OO/E u(x,t)W(x,t)dtd:rl,...,dmd.

By Fubini theorem this is

—/ u(x,t)Aun(:c,t)dxdt—/ u(:c,e)%(:c,e)dm.

e R4

Since Auy(z,t) = 0, we obtain (3.9). The use of Fubini theorem is justified
by the following observation. By (i) in Definition 3.1 and by (h) and (e) in
Lemma 3.3, we have

/Ju(a:,s)r ( 0

24, d
0|+
=1

2
%u; (x,t)‘) dx dt < oo
3

and

Ouy, l|lul|occ(D,n,€) dx
zn <
/Rd‘u(x’g)" ot (x,z-:)‘ dr < /Rd (€2 + |z[2)(d+D)/2 <0
This also shows that the right hand side of (3.9) is an absolutely convergent
integral. O

Proposition 3.5. Let D C R be a bounded Lipschitz domain. Ifu : H — R
satisfies conditions (i)—(iii) of Definition 3.1, then for any n € N we have

(3.13) lim u(z, €)up(z,€) dx :/ u(z,0)pp(z) dr,
e—0t JRd D
and
(3.14) lim / (i, €)|| Por ()] dat = 0.
e—0t JRd

In particular,

ou

1 li e =— .
(3.15) Jim, Rdu(ac,s) 5 (x,e)dx )\n/Du(x,O)@n(x)dx
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Proof. Note that u,(z,e) — @n(z) as e — 07 for any z € R (recall that ¢,
is extended to the whole of R?). Similarly, by (i) in Definition 3.1 u(z,¢) —
u(z,0) as ¢ — 0% for all z € R?\ dD. Hence this limit exists for almost
all z € R% By (i) in Definition 3.1 u is bounded and for any = € R¢ and
e € (0,1) we have

[un(,€)| = |Pen(2)] < e(D)llonlloo(1 + dp ()~

Hence (3.13) follows by the bounded convergence theorem.
The proof of (3.14) is more complicated. By (2.6) and (3.1) we have
|rn(z)] < ¢(n, D)ri(x), so to prove (3.14) it is sufficient to show that

(3.16) lim |u(z,e)|Peri(z) de = 0.

e—0t JRrd
Fix h > 0 and put Dy, = {x € R?: dist(z, D) < h}. For x € R%, define
fn(x) =ri(z)lp, (x) and fu(z) =1 (z)1pe (z)

so that P.ry = P.fy + Pafh. Clearly, for any h,e > 0 we have
(3.17) / (e, )| Pofu(@)dr < lulloe / / ple,,y) faly) dy de
R4 Rd JRd
_ ||u||oo/ fh<y>/ p(e,ey)dedy = |lulloolfnlls.
R4 R4

By (i) in Proposition 3.2 we see that r; € L'(R?). Also, supp(ri) C D¢ It
follows that limj,_o+ || fn|l1 = 0. Hence for any £ > 0 the left-hand side of
(3.17) tends to 0 as h — 0F. Thus by choosing a sufficiently small h > 0,
the integral on the left-hand side of (3.17) can be made arbitrarily small
independently of our choice of € > 0. Therefore to prove (3.16) it suffices to
show that for each fixed h > 0 we have

(3.18) lim [ |u(z,e)|P.fi(x)dz = 0.

e—01 JRd

By Proposition 3.2 there exists 8 = (D) € (0,1) such that for all z €
int(D°),

fu(z) = r1(2)1pg () < e(D, B) min(8, (x), 650 (2)).

It follows that f, € L>°(R%) N L*(R%).
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Let us denote by D' = {z € D¢ : {p(x) < diam(D)} and D" = {z €
D¢ : op(x) > diam(D)}. Let z € D. For any y € Dj we have |zt —y| > h
and |z —y| > dp(y). It follows that

~ c 6 ~
P.fa(x) = / “ () dy
Dy (2 + |z — y2) 5
- dy z dy
§€Cdfhoo/ 7+5Cdfhoo/ .
lloe e Gotyet +cellitllo fo ) B

Hence P.fy(z) < ¢(D,h)e for z € D. Obviously,

/]u(x,s)\Pafh(x)deHuHoo/ P fo(x) da.
D D

Therefore by the bounded convergence theorem,

(3.19) lim /D lu(z, €)| P f(x) dz = 0.

e—0t

Let 2 € D'\@D. Then lim_._ o+ u(z,e) = 0 and P. f(z) < ||f1||so. Recall
also that u is bounded and the Lebesgue measure of 9D is zero. Hence by
the bounded convergence theorem again,

(3.20) lim / lu(z, €)| Ps fr(z) dz = 0.
e—0*t D’
Now, let z € D”. Note that for y € B(x,0p(x)/2) we have dp(y) >
dp(z)/2 and
fuly) < r1(y) < e(D.B)0p" " (y) < 05 (a),
where ¢ = 2%+1¢(D, 3). For y ¢ B(x,6p(x)/2) we have |z — y| > dp(x)/2.
Therefore,

~ C4E ~
[5 = d
P fn(x) /Dg EFm—E Tn(y) dy

< / cqgec dy +/ cdefh(y) dy
T JB@én@)y2) (€2 + |z —y2) T 65 (@) Be@sn(@)/2) (0D(x)/2)4

The first integral is bounded by ¢ sdgd_l(x) and the second one is bounded
by (D)o ()| full1- The function 6,97 (z) is integrable on D”. Fi-
nally, for x € D" we also have lim._, g+ u(z,e) = 0. Hence, by bounded
convergence theorem,

lim \u(z,&)| P fr(x) dz = 0.

e—0t+ Jpr
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This together with (3.19) and (3.20) gives (3.18). We have proved (3.14).
Finally, (3.15) follows from (3.13), (3.14) and (3.3).
O

Proposition 3.6. Let D C R? be a bounded Lipschitz domain. Then
/ |V (z,t)?dedt = N\,, n €N,
H

In particular, we conclude that w, satisfies (iv) of Definition 3.1 and hence
u, € F.

Proof. Since u,, satisfies conditions (i)—(iii) we can apply (3.9) and (3.15).
This gives

/]Vun(x,t)\Qd:rdt = tim [ V(e )P dedt

H e—0T JH,

— L Oun dr = A 0 dz = A
__Efél+ Rdun(x,s)ﬁ(x,s) T = A\, Dun(ac, Yon(z) dz = Ny,

O

Proposition 3.7. Let D C R? be a bounded Lipschitz domain and u € F.
Then for any n € N,

(3.21) /HVu(x,t)Vun(x,t) dxdt—)\n/Du(x,O)tpn(x) dx.

In particular, both integrals are finite.

We note that (3.21) is the “limiting” case of Proposition 3.4 and we
again interpret it as the statement that Green’s theorem can be applied in
the sense that

/Vu(x,t)Vun(x,t)d:rdt— - /u(x,t)Aun(x,t)d:rdt
H H

ouy,

- /]Rd u(x,O)W(x,O) dx.

The identity (3.21) is a “polarized” version of Lemma 2, page 87 in [46],
customized for our purposes.
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Proof. Since u € F, u(z,t) = Zﬁzl CmWm(x,t), where the functions wy,
satisfy (i)—(iv) in Definition 3.1 and ¢,, € R, m =1,...,k. Then

lim Vu(z,t)Vu,(x,t) dedt = Z ¢y lim YV (z,t)Vuy,(x,t) de dt.

e—=0% JH, e—=0t JH

€

By Propositions 3.4 and 3.5 this is equal to

k
- Z Cm lim wm(:c,e)%(:c,e) de = Z / (x,0)pn(x) dx

e—0t
m=

1
= A | u(z,0)pn(x)de.
D

Since uy,, u satisfy (iv),

lim Vu(z,t)Vu,(x,t) d.’Edt:/ Vu(z,t)Vuy(x,t) dz dt,
e—0t H. H

which proves the proposition. O

We now define our “variational” spaces for the Cauchy processes. For
any u: H — R we put @(z) = u(z,0), z € R? and

ldil]2 = (/D @%(z) dx> "

F1(D) = {ue F(D) : [[allz = 1},

Let

and for n > 2, let
Fo(D) = {ueFD):aley,...,on-1; ||tlle =1}

As before, if there is no danger of confusion, we simply write F,, for F,,(D).
Our variational formula for A\, is

Theorem 3.8. Let D C R¢ be a bounded Lipschitz domain. Then
An = inf / \Vau(x,t)|? dz dt,

uen

for allm € N.
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Proof. To simplify notation, set
(3.22) Q(u,v) —/ Vu(z,t)Vu(z,t)dz dt.
H

We must show that A, = inf,cr, Q(u,u). By Proposition 3.6,
It remains to show that inf,cr, Q(u,u) > \,. Fix u € F,. For any k: eN

and (z,t) € H, set vg(z,t) = Zﬁlzl CmUm (2, t) where ¢, = [ 4 x) dz.
Since F is a linear space, vy € F. Therefore

(3.23) Q(u,u) = Qvg, vg) + Qu — v, u — vg) + 2Q(u — vk, vk).

We have
k
Q u— 'Ukavk Z CmQ u, um Z CmQ(Ukvum)'
m=1

By Proposition 3.7 this is equal to

(3.24) ZCW m/ u(z,0)om (z) dr — cm)\m/ka.(x,O)@m(x) dx.

10~

But
/ u(z,0)om (x) dr = e
D

and form=1,...,k,

k
vi(z,0)om (z /cupl dr = ¢y,
o “2, @

=1

So the expression in (3.24) must be 0. We also showed that Q(vg,vg) =

k
Zm 1 cm)‘
Smce u € Fn, |lull2 = 1 and ¢4 = ... = ¢,—1 = 0 so we obtain
Sooe 2, = 1. Therefore for k > n we get by (3 23)
k k
Qu,u) > Qug,vx) = »_ 7, M D
m=n m=n
Since k > n is arbitrary, we conclude that Q(u,u) > A,. O
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With our variational formula established, our next goal is to prove an
analogue of the Courant-Hilbert nodal domain theorem for the Cauchy pro-
cess. We need the following definition. Each connected component of a set
on which u, has constant sign will be called a nodal part for u,. The nodal
domain for ¢,, have already been defined in the introduction as a connected
component of a set on which ¢, has a constant sign. It is important to keep
in mind that a nodal part is a subset of H and that a nodal domain is a
subset of D.

We will also need the following auxiliary fact. The proof of this fact is
standard. We omit its proof.

Lemma 3.9. Let f € LY(R?) and assume that the Lebesque measure in RY
of the set {x € RY: f(x) # 0} is positive. Let u(x,t) = Pif(z), (x,t) € Hy.
Then the Lebesgue measure in R4TY of the set {(x,t) € Hy : u(x,t) = 0} is
zero.

For any A C H we will set A = {z € D : (x,0) € A}.

Lemma 3.10. Let D C R? be a bounded Lipschitz domain. Let A be a nodal
part for u,. Then lau, € F and

/ IV (1au,)(x,t)? dxdt:)\n/ ©2 () dz.
H A
Proof. 1f (z,t) € Hy and V(14uy)(x,t) does not exists, then (x,t) € 0AN

Hi so up(z,t) = (lauy)(xz,t) = 0. Now the fact that 14u, € F follows
easily from the fact that u, € F and Lemma 3.9. Note also that

/ IV (Latn) (2, )2 dxdt—/ V(Latin) (2, )V (x, 1) da dit.
H H

By Proposition 3.7 this equals
)\n/ (Laup)(z,0)pp(z)dx = )\n/ 1a(z,0)02 () dx
D D

= )\n/~goi(:c) dx.
A
O

The next result is an analogue of the Courant-Hilbert nodal domain
theorem for our Steklov problem.

Theorem 3.11. Let D C R? be a bounded Lipschitz domain. The function
u, has no more than n nodal parts.
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Proof. Assume, for the purpose of contradiction, that u,, has at least n + 1
nodal parts. We denote these sets by Aj,..., A,41. Observe that 14, u, €

F and that (14,,un) =14 4y, for each m =1,...,n. Put

w(@,t) =Y bm(la,un)(@,t), (x,t) € H
m=1

so that "
W(x) =Y bn(lg n)(z), zcR%
m=1

Let us choose by, ...,b, € Rsuch that @ L ¢1,...,9,—1 and ||t||2 = 1. Such
a choice is possible because 1 Ay Uns- oo 14 U are linearly independent. From
the linear independence it follows that

n

L=1al3 =) bullLs, @ll3.

m=1
By linearity and Lemma 3.10,
(3.25) Qu.u) = D ) Qbmla, tn,brla,un)
m=1 k=1

= > b2,Q(La,un, La,,un)
m=1

= Zbiy\n/ @2 (x) dx
m=1 A

n

= Ay bulllg, dnll3
m=1

= An.

For any k£ € N and (z,t) € H put

where



Then v € F and so

(3.26) Qu, u) = Q(u — vk, u — vg) + Q(vk, vk) + 2Q(u — vk, vk)-
The same argument as in the proof of Theorem 3.8 shows that Q(u—uvy, vg) =
0 and Q(vg,vk) = ngzl A A\ Since @ L @1,...,0n-1,01 = ... =Cp_1 =
0. Since ||i|ls =1, >°%°_ 2 = 1. Therefore for k > n we obtain by (3.26)
k
Q(u,u) > Qvg, vk) = Z & Am.

There are two cases to consider.
Case 1: There exists mg > n, mg € N such that c%no > (. If this is so,
then for any k& > mg we obtain that

Since >°%°_ ¢2, =1 and k > my is arbitrary, it follows that Q(u,u) > A,
which is a contradiction to (3.25).

Case 2: For all m # n, ¢, = 0. Then |¢,| = 1. In this case for any k > n
we have v, = uy, or v = —uy S0 Q(Vk, Vi) = Q(un, un) = Ap. On the other

hand, for any k£ > n we obtain

Qlu—vg,u—vr) = Qu—up,u—uy)

/ IV (u — up)(z,t)|? dz dt.
n+1

v

_/ Vi (a,1)|? da dt
An+1
> 0,

where we used the fact that u(x,t) = 0 for any (z,t) € Ap+1. Hence by
(3.26) we get

Q(u’u) = Q(u — Vg, U — Uk}) + Q(Ukuvk‘) > >‘TL7

for all k > n. This again is a contradiction to (3.25) and completes the proof
of the theorem. O

With our variational characterization of A,, and our Courant-Hilbert
nodal domain theorem, we can now prove several estimates for A, which
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are similar to the classical estimates for the eigenvalues of the Laplacian.
Such estimates will become useful in §5 below. To avoid confusion between
eigenvalues of different domains, we will write A\, (D) in place of ), when
the possibility of such confusion arises.

Proposition 3.12. Let D C R¢ be a bounded Lipschitz domain. Let A be
a nodal part for uy for the set D. Assume there exists a bounded Lipschitz
domain Q C R? such that A C Q. Then

(3.27) An(D) > A1(Q).
In particular, if A is a bounded Lipschitz domain itself, this holds for Q = A.

Proof. Let v(z,t) = ||1 ziin||5 ' (Laun) (2, t), (z,t) € H. Note that v € F(Q).
Moreover, ||9]|a = ||1 ziin|l3 *||1 j%n|[2 = 1. Hence v € F1(). By Theorem
3.8,

)\I(Q) = ue%f(ﬂ) Q(uvu) < Q(’U,U).

On the other hand, by Lemma 3.10,

Qv,v) = ||1A&n||22/ |V(1Aun)(ac,t)|2 dx dt
H
= Izl (D) [ ¢2de = 2, (D).
This proves the proposition. ]

The following result is an analog of the Reylich-Ritz mini-max formula.

Proposition 3.13. Let D C R? be a bounded Lipschitz domain. Let L be a
nonempty linear subspace of F and L = {t :u € L}. Put

(3.28) R(L) = sup {/H \Vu(z, t)|> dedt - u € L, ||i]]s = 1} )

Then 3
Ap = inf{R(L) : dim(L) =n}, neN.

Proof. Let L, = Span{uy,...,un}. Then L, = Span{¢1,...,pn} and
dim(L,) = n. Hence

(3.29) inf{R(L) : dim(L) = n} < R(Ly) = \p.
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On the other hand, let L be an arbitrary linear subspace of F such that
dim(L) = n. Then there exist vy, ..., v, € L such that

L= Span{v1,...,0p}.

Put w = i1 + ... + ¢cpv,. We have w = ¢101 + ... + ¢, U,. Let us choose
Cly---sCp sothat @ L ¢1,...,¢,—1 and ||w||2 = 1. Such a choice is possible
because of the linear independence of vy, ..., 7,. Then w € F,, and it follows
that

(3.30) R(L) > Q(w,w) > inf Q(u,u) = A\,.

ueFn
The proposition follows from (3.29) and (3.30). O

Let D C R? be a bounded connected Lipschitz domain. Recall that
{tn, pn} is the solution of the Dirichlet eigenvalue problem

A%(?C) = _ann(x)v €D,
(3:31) { Unlz) = 0, weaD,

as discussed in the Introduction. We assume, as we did in the Introduction,
that {1, }5°, is an orthonormal basis in L2( ) and recall that 0 < p; <
po < ps < ... and py — oo as n — oo. Multiplying the first part of the
equation in (3.31) by ), and integrating gives

/ G () A (2 / Yon()bn

Integrating by parts (apply Green’s theorem) and using the orthonormal
properties of the functions 1, it follows that

(3.32) Lv&mwmamM={%§§ZZZ

0 0
Vx— (8—551”8—“)

This identity in fact holds for a wider class of domains other than Lipschitz
but for our purpose this will suffice. Using this we have the following appli-
cation of Proposition 3.13 which gives a comparison of the higher eigenvalues
of the Dirichlet Laplacian to those of the Cauchy process. A Comparison
between the first eigenvalue of any symmetric stable process of of order
0 < a < 2 and the first eigenvalue for the Laplacian is given in [2]. Our

where
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result here shows that that comparison remains valid for the full spectrum
in the case of the Cauchy process. We of course expect this to be the case

/2

for all o € (0,2) as well, with upper bound py’~ as in [2].

Theorem 3.14. Let D C R? be a bounded connected Lipschitz domain.
Then for any n € N

An < V-
Proof. We extend v, (z) to all of R? by setting v,,(x) = 0 for z € D°. Let
vn(x,t) = exp(—/tnt)n(z), (z,t) € H, n € N. Then

ovy, 2
rra (z,1)

:eXp(_Q\/ﬂ_nt)’vaclbn(x)’2 + unexp(—Q\//Tnt)(lbn(x))2.

Integrating gives

Vo (2, 8)]2 = |Vavn(z,t)]> +

/ |V (2,t)|* de dt = / |V, (2, 1)) da dt
H Dx[0,00)
= / exp(—2+/pint) dt/ |V ot (2)|? da +
0 D

b [ expl=2yimt)dt [ (@) do = Vi

For m #n, m,n € N,
/ Vup(x,t)Vop(z,t)dedt = / Vaotn (2, )V pom (2, t) do dt
H Dx[0,00)

ov ov
+ / —(x,t) =L (2, t) dx dt.
A 5 () (2:1)

The first integral on the right hand side equals

| et Vi [ V@) m(a) do
0 D

and the second integral equals

Vi [ expl =t + Vi) dt [ (@) d.

By the orthogonality of the functions v, and (3.32), both of these quantities
are 0. Note that v, € F, n € N. Let L, = {v1,...,v,}. Then L =
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{t1,...,9,} and dim(f/;l) =n. Let w = cjv1 + ... + ¢cuv, be an arbitrary
function from L], such that ||w]||2 = 1. Then

n n
L=l@|[s =) cllvmlld =D .
m=1 m=1

Therefore

n

Qw,w) =Y emcrQum,v) = Y o /lim < VHm Y ¢y = \/im-
m=1

m=1 [=1 m=1

Hence R(L!]) = \/lin. By Proposition 3.13 we obtain
A = inf{R(L) : dim(L) = n} < R(L.) = \/fin,
which completes the proof. ]

We now derive several results which will be needed in §5 when we study
the shape of 9 and the zeros of ¢, for the interval (—1,1). The next results
do not use the variational characterization of )\, but follow instead more
directly from the fact that u, is a solution of the mixed Steklov eigenvalue
problem (1.7)—(1.9) (Theorem 1.1). We will use the notation of Proposition
3.1.

Proposition 3.15. Let D C R be a bounded Lipschitz domain. Fizn € N.
Assume that r,(z) > 0 for all z € RY. Then

(i) The Lebesgue measure of the set {x € RY : r,(z) > 0} is positive. In
particular, for all (z,t) € Hy we have Pyiry(z) > 0.

(ii) Suppose there is xo € R? and tog > 0 such that uy,(xg,tg) > 0. Then
for all t > tg, up(zo,t) > 0.

Proof. (i) Suppose on the contrary that the Lebesgue measure of the set
{z € R?: r,(x) > 0} is zero. Then for all (z,t) € Hy, Pir,(x) = 0. Hence
by Proposition 3.2 (iii) we obtain

Oun
ot
Note that u,(xz,0) = 0 for x € D¢ So, from the above it follows that
up(x,t) = 0 for all z € D¢ and t > 0. The function u,, = Py, is harmonic

(x,t) = =Apup(z,t), (x,t) € Hy.
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in H,. Since it vanishes in D¢ x [0, 00), it must vanish in H;. This gives a
contradiction to the fact that ¢, is not trivial.

(ii) This will follow, as we shall see, from the weaker statement:

(ii’) Suppose there is xog € R% and ty > 0 such that u,(zg,ty) > 0. Then
un(xo,t) > 0 for all t > t.

To see this, suppose there exists ¢t > ¢y such that u,(zo,t) = 0. Let
t1 = inf{t > to : un(xo,t) = 0}. It follows that tg < t; < 00, up(xg,t) >0
for t € [to,t1) and u,(zo,t1) = 0. Then

%($0 t1) = lim un (2o, t1 — h) — un(zo, 1)

ot h—0t —h

<0.

On the other hand, u,(xo,t1) = 0 and P, r,(z9) > 0 so by Proposition 3.2
(iii) we obtain

ouy,

W(xo’tl) = —Aun(xo,t1) + Pyro(z0) > 0,
which gives a contradiction. This proves (ii’).

With the weaker form (ii’) proved, we have to consider the case uy, (g, tg) =

0. Let t; = inf{t > to : up(xo,t) > 0} where we put t; = oo if the set
{t >ty : up(xo,t) > 0} is empty. If t; = ¢g, that is, if there exists a sequence
{sr}32, such that s; > to and limy_.o s = to, un(@o,sk) > 0, then by
(ii’) we obtain that for all ¢t > tg, up(xo,t) > 0. So, we can assume that
t1 > to. Let us take to such that tg < to < t1. For all ¢t € [tg,t2] we have
Un(x0,t) < 0. By the mean value theorem there exists £ € (g, t2) such that

ou,,
Un(20,t2) — un(wo,t0) = (t2 — tO)W(x()aé.)'
Since up(zg,t2) < 0 and u,(zo,ty) = 0, %Lt"(:co,f) < 0. We also have
un(x0,€) <0, (€ € (to,t2)). So, by Proposition 3.2 (iii) we get

ouy,

W(fx(hg) = _)‘nun(x()ué) + PETn(CCO) > 07

which gives a contradiction. U

We need the following well known lemma which can be proved from
the reflection principle and the Harnack inequality, or also from the general
boundary Harnack Principle in Lipschitz domains.

Lemma 3.16. Let r,h > 0 and let C = {(x,t) € H : |z|> < r, t € [0,h]}
be a cylinder in H. Let u : C — R be nonnegative, continuous in C and
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harmonic in the interior of C. Assume in addition that u is positive on
{(z,t) € H : |z|> < r,t = h}. Then there exists c = c(r,h,u) > 0 such that

u(0,t) > ct, te]0,h)].

Proposition 3.17. Let D C R? be a bounded Lipschitz domain. Let xg € D
and r,h > 0. Fiz n € N. Assume that u, is positive on the set {(x,t) € H :
|z — z0|> <% t € (0,h]}. Then @n(x0) = un(z0,0) > 0.

Proof. On the contrary, assume that u,(x¢,0) = 0. By Lemma 3.16, we
obtain uy(zo,t) > ct for all t € [0, h], where ¢ > 0 depends on uy,,, h,xg.
Hence

%(ﬂco,o) = lim Un(@0,t) = tin(0,0) > lim et _ c>0.

ot t—0+ t T -0t
On the other hand,

ouy,
W(CEO, 0) = —)\nun(fE0,0) = 07

which gives a contradiction. O

In what follows we will often refer to “smooth bounded connected do-
mains.” By this we will mean a bounded connected domain which is at least
C?. Often these results hold for more general domains but their proofs are
more technical. For our purposes, smooth domains suffice. The next the-
orem is an auxiliary result but it will be crucial in identifying the second
eigenfunction for D = (—1,1) in §5 below.

Theorem 3.18. Let D be a bounded Lipschitz domain. Let A be a nodal
part for u, for the set D. Assume there exists a smooth bounded connected
domain Q with Q C D such that A C  x [0,00). Then we have

(D) = /1 (9),

where p1(Q2) is the solution of the Dirichlet eigenvalue problem (3.31) for
the domain €.

In order to prove this theorem we will have to obtain a result similar to
Theorem 3.8 but for 2 x [0, 00) instead of H. Namely, we will show that for
each n € N,

uEgn

Vi = mf/ /\Vu(x,t)\Qda:dt,
0 Q

for a suitably chosen class of functions G,,, where pu,, are eigenvalues for the
Dirichlet problem (3.31) for . We first introduce the class of functions
G(Q) = G for the variational characterization of ./f,.
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Definition 3.2. Let Q C R? be a smooth bounded connected domain. We
define G(€2) to be the collection of all finite linear combinations of functions
u: 2 x [0,00) — R satisfying the following conditions:

(i) w is continuous and bounded on € x [0,00) and for all ¢ > 0 there
exists a constant ¢; such that for all x € €,

lu(z,t)| < ¢ da(x).

(ii) Vu(z,t) exists for almost all (z,t) € 2x(0,00) and Vu is a measurable
function. If (z,t) € Q x (0,00) and Vu(z,t) does not exists, then
u(z,t) = 0. Moreover for all ¢ > 0, there is a ¢} such that for all z € Q,

|Vu(z,t)| < d,
for any (z,t) € Q x (0,00) for which Vu(z,t) exists.

(i)
/ u?(x,0) dr < 0o
Q

(iv
/OOO/vau(x,t)dedKoo.

We will just write G for G(€2) whenever  is fixed. Recall that V =
(%,...,%,%) and that V, = (aim,...,aim). As before, set v, (x,t) =

exp(—+/fnt)n(x) for (z,t) € Q x [0,00) where 9, is the Dirichlet eigen-
function corresponding to .

Lemma 3.19. Let Q C R? be a smooth bounded connected domain. Then

(i) For any n € N, there exists constant C1(n,Q) such that for all (z,t) €
2 x [0,00),
|V, (z,t)| < C1(n, Q).

(ii) Ifu e G, t >0, and n € N, then there is a constant Co(u,t,n,Q) such
that forx € Q andi=1,2,...,d,

vy,

u(a:,t)W

(xv t) < CQ(uv ta n, Q)
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(iii) For any n € N we have v, € G and
(3.33) / / Von(z, ) de dt = /i,
0 Q

Proof. As before, a direct calculation gives,

Vo (2, )] < exp(—=/knt)|[Vathn (€)] + /itn exp(=y/tnt ) [n (2)].

By the smoothness of 9Q (C? is enough here) and intrinsic ultracontractivity
we have

(3.34) [ ()| < c(n, Q)1 (z) < e(n, Q)da(z), =€ .

Here we recall our convention that constants may change their value from
one use to the next even on the same line. By [22], Theorem 1

V()] < e, Q) [ (2)] 05" (2) < e(n,Q), z €9,

and this proves (i).
One more application of the upper bound of [22] gives

aan 6w”
0?2 o (””)' S0 ()

< c(n,Q)

@] <t | e
and (ii) follows by (i) in Definition 3.2. We point out that Theorem 1, [22]
is stated for d > 3. For d = 1 the only smooth bounded connected domain
() is an interval so the above inequalities follow from explicit expressions for
¥p. For d = 2 we may use Theorem 1, [22] by adding extra dimension. In
fact for d = 2 Theorem 1, [22] may be used for D x (0, R), for some R > 0
and function ’lZ)n(CCl,CCQ,CC;g) = (21, 22), (x1,22) € D, 23 € (0, R).

The identity (3.33) was proved in the proof of Theorem 3.14. Continuity
and boundedness of v,, are clear. The second part of the condition (i) in the
Definition 3.2 follows from (3.34). Condition (ii) is satisfied by (i) in this
lemma. Conditions (iii) and (iv) of Definition 3.2 follow easily. O

Next we prove a result similar to Proposition 3.7.

Proposition 3.20. Let Q C R? be a smooth bounded connected domain and
uw € G. Then for anyn € N,

(3.35) /0 b /Q Ve, ) Von (@, ) da dt = /fin /Q (@, ) (x) da.
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We interpret this identity as the statement that Green’s theorem can be
applied in the sense that

(3.36) / / Vu(z,t)Vu,(z,t) dedt = / / u(z, t)Avy, (z,t) dz dt

/ /m u(z, 1) 2 O)dxdt—/ﬂ u(z,0) 875( ,0) da.

Here, a% is the inward normal derivative at 0€). Note also (see (3.39)
below) that Av,(z,t) = 0 for (z,t) € Q x (0,00). We will show (3.35) and
not (3.36). (3.36) is only an interpretation and is not fully precise. For
example, the functions u and v, are not defined on 0f2 so the integral over
L) should be understood in the sense of limits.

Proof. The integral on the left hand side of (3.35) equals

/ /Vuxthnxtd:rdt—l—/ / (%nxt)dxdt—l—l—ﬂ

Since u, v, satisfies (iv) in the Definition (3.2), it follows that

r

for almost all € 2. For such an =,

e
, ot Bt

- [u(w,t)%(w,t)} o /0 - u(:c,t)%(:c,t) dt.

t=0

ou vy,
a0

t)' dt < oo
(z,t)dt

It follows that

o] 2
H—\/,LTR/Qu(x,O)wn(x) dx—/o /Qu(:r,t)%(x,t) da dt = 1T — V.

Hence, to prove the proposition it remains to show that I —IV = 0. In fact,
it is enough to show that for each ¢t > 0,

2
(3.37) V-VI= / Vau(z, t)Vao,(z,t) do — / u(:c,t)ﬂ(:c,t) dx = 0.

Notice that by condition (ii) in the Definition 3.2, for each ¢ > 0 the integral
V is absolutely convergent. Similarly, by the boundedness of u (condition
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(i) in Definition 3.2) and the explicit expression for vy, the integral VI is
absolutely convergent.

Fix ¢t > 0. Extend u and vy, to all of H by putting u(x,t) = 0, v,(x,t) =0
for (z,t) ¢ Q x [0,00). We have

8vn
V= Z/ / 83% 8:1:Z~ —(z,t)dzy ... dxg.

Now we need to show that

< ou ov,, B > ovy,
(3.38) o, —(x,t)— oz, (x,t)dz; = / u(z, t)&c (x,t) dx;.

—00 7

Observe that the integral on the left is absolutely convergent by condition
(ii) in Definition 3.2 and the integral on the right is well defined by Lemma
3.19, (ii). The justification of (3.38) is almost the same as the justification
of (3.10) in the proof of Proposition 3.4 and therefore we omit it. It follows

that
Z/ xtavnxt)dﬂs.

On the other hand,

(3.39) Avp(x,t) Z 8vn gzg (x,t) =0.

This gives (3.37) and proves the proposition. O

We now define the “variational spaces” for the set 2 x [0,00), where Q
is a smooth bounded connected domain. For any u:Qx[0,00) = R, we
put a(z) = u(z,0), z € Q and ||a||o = (J,@? dyc)l/2 Let G1(Q) = {u €
G(Q) : ||lu|]lq = 1} and for n > 2, let

Gn(Q) ={ueG(Q):aLh,...Up_1; ||t)|q =1}
and as before, we will write G,,(2) for G,, when the set € is well understood.

Proposition 3.21. Let Q C R? be a smooth bounded connected domain.
Then

Vin = 1nf/ /|Vu(:c,t)|2dxdt,
Q

uGQn
for alln € N.

43



This Proposition follows from Proposition 3.20 exactly in the same way
as Theorem 3.8 follows from Proposition 3.7 (see the proof of Theorem 3.8)
and we leave the details to the reader.

Proof of Theorem 3.18. For (x,t) € Q x [0,00), consider the function

u(z,t) = </A 02 (z) dm) o (Laup)(x,t).

By Lemma 3.10,

/OOO/QWU(CCJ)P dxdt:/AWU(ﬂc,t)P du di
_ (/A @2 (x) dm)1/A|V(1Aun)(fb“at)|2dmdt: A,

Since A C Q2 x [0,00), we see that u € G. Note that ||i||q = 1, so u € G;.
Hence by Proposition 3.21 we obtain

Vi () < /OOO/Q |Vu(z,t)|> dedt = M\,(D),

proving the theorem. O

4 Eigenfunctions and Eigenvalues

In this section we will derive several results which will be of use in §5 below
and which are also of independent interest. Our first result, the real ana-
lyticity of eigenfunctions, is a basic regularity results that we believe should
be known, and as pointed out to us by A. S4 Barreto, it may follow from
general considerations of pseudo—differential operators as in [19]. However,
we have not been able to find an appropriate reference in the literature for it.
Therefore we provide the simple, although technical, proof here. We point
out that it is possible to generalize this result to all « € (0,2) but such
a proof would demand more technical details. For simplicity, and because
our main application here is to the Cauchy process we restrict ourselves to
a = 1. In a similar fashion, our second result (Theorem 4.3) which gives
the existence of an antisymmetric eigenfunction ¢,, could be generalized to
a € (0,2) and the assumptions on the domain in Theorem 4.3 such as Lip-
schitz boundary and connectedness of the domain are not necessary. Such
assumptions make the arguments less technical and give the results we will
need in our applications.
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Theorem 4.1. Let D C R? be a bounded domain. The Cauchy eigenfunc-
tions @, are real analytic in D.

We need some auxiliary facts and additional notation. Let A be the set
of all multi-index 5 = (f1,...,84) with 5; € {0,1,2,...} and as usual set
18] = B1+ ...+ By4. For any f:R? — R and 3 € A set
oo B
PR

D f(x) = Db f(a) = f(z)

whenever all the derivatives exist.
We will need some estimates on Dgp(s, z,y). Set F(z) = (s2+|z[>)~(+D/2]
z e€RY s> 0.

Lemma 4.2. For any 3 € A,

(4.1) DJF(z) = wp(x)(s” + [af*)~WI=HD72,
where wg(x) = 32 cn.(y1<)i8)] CnBT1 -+ Ty andcy g € R, Forn=0,1,2,...
set
an = ﬁeﬁ%‘:n( > lesD:
' yeA: [VI<IIB]
Then for any s <1 andn=0,1,2...
(4.2) ap < (d+3)"(n!).

Also, for any f € A, s <1 and x € RY,
(4.3) |DIF ()| < max(1, |z ~2IP1=4=1) (d + 3) (]| g |1).
In particular for 3 € A, s <1, z,y € R we obtain

44)  |IDIp(s,,y)| < camax(1, |z -y (@ 4 3) 1701 6.

xT

Proof. We will prove (4.1) and (4.2) by induction. The proof is completely
elementary based on our explicit expression for F. We present it here for
completeness. Of course, for 5 = (0,...,0) both formulas are true. Assume

that (4.1) and (4.2) are true for some 3 € A. For any i € {1,...,d} we see

i
that 8(18)7;1_1:)(:1:) is equal to

(4.5) (—=18]] = (d+1)/2)2z;ws(z) + 881;;? (x)(s® + a4 ... + %)

x (8% 4 |o|2)~IBII=1=(d+1)/2,
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This justifies the induction step for (4.1). (4.5) and the assumption that
s <1 also gives

ant1 < Q2lIBI[ + (d+ 1)an + [|B]|(d + 1)an
= an(||Bl[(d +3) +d+ 1) < an(|[B]] + 1)(d + 3),

and (4.2) follows.
Now (4.3) will follow from (4.1) and (4.2). In fact, for s <1 we have

(4.6) ws@l < S leysllen™ ..zl
yeA:I<]IB]

and

(4.7 (s2 + |z|2)~IBII=(d+D)/2 | ~21Bll—d—1

Also, if |z| <1 then the right hand side of (4.6) is bounded above by

S evsl < aygy

veA: [ I<IIAll

and (4.3) follows. On the other hand, if |z| > 1 then the right hand side
of (4.6) is no larger than ‘x’HﬂHallﬁH‘ This also gives (4.3). (4.4) follows
trivially from (4.3) and our formula for p(s,z,y) as given in (1.1). O

Proof of Theorem 4.1. Fix t > 0 and k € N. For any z € D, t > 0 and
ke N,

em%%%J?w@%JWWMj/m&%w%@M%
D

where rp(t,z,y) is given by (2.1). Of course, the function x — Pipg(x), is
real analytic in D. We must prove that the function

%w@Zéﬂﬁmww@@

is also real analytic in D. Fix 0 < ¢t < 1. By (2.1) and the fact that
TD(taxay) - TD(t,y,Zlf),

Sppr(z) = /DEy[t > 1p;p(t — 1,2, X (mDp))]¢r(y) dy, x € D.
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Fix an arbitrary z € D and r € (0,0p(2)/2]. We claim that

(48)  DX(Sppw)(x / BVt > 73 D2p(t — 72, X (7))o (y) dy.

for any 8 € A and = € B(z,7). In particular we claim that the left hand
side of (4.8) is well defined. On the set {t > 7p}, we get by (4.4) (recall
€ (0,1)) that |DEp(t — 7p, =, X (p))| is bounded above by

camax(1, o — X (rp)|2II=4=1) (@ + 3) 1711 g ).

But |z — X (mp)| > 6p(2)/2 for x € B(z,r), r € (0,6p(2)/2]. Hence D2 p(t —
Tp, %, X(7p)) is bounded on B(z,r). Recall also that ¢ is bounded on D.
This gives that DQ(SDgok)(x) is well defined for = € B(z,r) and that (4.8)
holds. Moreover, for x € B(z,r) we get

(49 |DJ(Sppr)(x)] < (D, k)max(1, (3p(z)/2)"2IFlI=4-T)
x - (d+3)(IsI.

Thus the function (Spyy) is C*° in B(z,r). We may therefore expand this
function into its Taylor’s series on B(z,7) about the point z and we must
show that the remainder goes to zero uniformly in B(z,7). Let us denote
this remainder by R, (Spyy). For any n > 1 and x € B(z,7) we have

d
|Rn(SDSOk)(x)| = |% Z [DQ(SDgOk)(Z + h(x — Z))Cﬂ H |$z _ Zi|/6i]|’
B:118l|=n =1

where h € (0,1) depends on z, z and n, cg = [|B||/(B1!...34)" . By (4.9)
applied to the point z + h(x — 2) € B(z,r) the above expression is bounded
above by

(4.10) (D, k)max(1, (5p(2)/2) 2"~ ) (d+3)" D cﬁ]‘[yxz—zz\ﬁz

B:lBll=n  i=1
But
d d "
> eslwi—al” = <Z\xz —%’) < ( dZm zi 1/2> <d"?rm,
Blidl=n =1 i=1

Thus it is clear that for sufficiently small » > 0, (4.10) goes to 0 as n goes
to oo and this completes the proof of the theorem. O
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For any domain D C RY, weset Dy ={x € D:x1 >0} and D_ = {z €
D :x; <0}. For each x = (x1,22,...,24) we put T = (—x1,x2,...,24). We
say that D is symmetric relative to the x1—axis if 7 € D whenever xz € D.
If D c R? is a connected bounded Lipschitz domain which is symmetric
relative to the x;—axis, it is easy to show that there exists an eigenfunction
1, with corresponding eigenvalue p, for the Dirichlet Laplacian, which is
antisymmetric relative to the z1—axis ( . (x) = —1.(Z), x € D) and (up to
a sign) ¥, (x) > 0 for € Dy and ¢, (z) < 0 for x € D_. We wish to prove
a similar result for the Cauchy process.

Theorem 4.3. Let D C R% be a connected, bounded Lipschitz domain which
is symmetric relative to the x1—axis. Then there exists an eigenfunction g,
for the Cauchy process with corresponding eigenvalue A, which is antisym-
metric relative to the x1-azis ((p«(x) = —p(T), z € D) and (up to a sign)
() > 0 for x € Dy and pi(x) < 0 for x € D_. Moreover, if ¢ is any
eigenfunction with eigenvalue A such that ¢ is antisymmetric relative to the
x1-azis and @ is different from s (p ¢ Span{p.}) then A\x < A\. In other
words, s has the smallest eigenvalue among all eigenfunctions which are
antisymmetric relative to x1—axis.

We first need some lemmas. Let R? = {z € R? : z; > 0}. For any
T,y € Ri, t > 0, put p(t,z,y) = p(t,x,y) — p(t,x,y). It is easy to check
that p(t,x,y) > 0. We wish to prove a similar result for the killed process.

Lemma 4.4. Let D be as in Theorem (4.3). Fix t > 0 and let 0 < t; <
to <...t, <t. Forxz € Dy, y€ D define R[t1](x,y) = p(ti,z,y). Then

Rlt1)(z,y) — Rt ](z,y) = p(ts, =, y).

Forn>2,xe€ Dy, yeD, define
R[tl,...,tn](x,y):/ Rlt1,... tn—1](z, 2)p(tn — tn-1, 2,y) dz
D
:/ .../p(tl,x,zl)...p(tn—tn1,zn1,y)dz1...dzn1.
D D

Then for any x,y € Dy,

Rlt1,...,ty](x,y) — R[t1, ..., tn](x,7) =
(4.11) / .. p(t1,x,21) ... ptn — tn—1,2n-1,y) dz1 ... dzp_1.
Dy Dy
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Proof. For notational convenience, we will abbreviate Rlti,...,t,](z,y) to
R, (z,y). We will show (4.11) by induction. The case n = 1 is obvious.
Assume (4.11) holds for n. For any x,y € D, we have

Rp1(z,y) — Ruya(z,9)

- \/D RTL('TWZ)(p(tTLJrl - tn7z7y) _p(tn+1 - tn,Z,:/y\)) dz
+

(412) +/ Rn(x,z)(p(tn+1 _tnvzvy) _p(tn-i-l _tnvzvg)) dz.
The integral in (4.12) equals

Rn(.ilf, 3)(P(tn+1 — tp, /Z\, y) - p(tn—l—l — tp, /Z\a :Z/\)) dz.
Dy

Note that for any s > 0, z,y € R? we have p(s,2,y) = p(s,2,7) and
p(s,2,Y) = p(s, z,y). Consequently the integral in (4.12) equals

| Bale D0ltnss 2 0) ~ pltnss b 20)
Dy
It follows that for any x,y € D4

Rn—i—l(xa y) - Rn—i—l(xa Z//\)

= /D (Rn(xv Z) - Rn(xv /z\))(p(tn-i-l —tn, Zvy) - p(tn-i-l —ln, zv@\)) dz.

Now (4.11) for n + 1 follows from (4.11) for n. O

Lemma 4.5. For any z,y € D4, t > 0, put pp(t,z,y) = pp(t,x,y) —
pp(t,x,y). Then we have pp(t,x,y) > 0.

Proof. Let x € D4, t > 0. For any B(yo,r) C Dy we have

/ pp(t,z,y)dy = P*(X, € Blyo,r);t < 7p)
B(yo,r)

(4.13) = lim P"(Xj,, € D,j=1,2,...n, X; € B(yo, 7))
= lim Rit/n,...,(n—1)t/n,tl(z,y)dy
" J B(yo,r)
Similarly,
[ pottagdy=tm [ Ritfn.. - Dtfnt5) dy.
B(yo,r) "0 B(yo,r)

49



Therefore using Lemma 4.4 we obtain that | Blyour) pp(t,z,y) dy equals

lim/ / / pt/n,x,z1)...p(t/n, zn_1,y)dz1 ... dzp—1 dy.
" JB(yo,r) /D4 Dy

The function y — pp(t, x,y) is continuous on D because y — pp(t,x,y)
is continuous. Since p(t,z,y) > 0 it follows that pp(¢,z,y) > 0 for all z,y €
Dy, t > 0. However, to show that pp(t,z,y) is strictly positive requires
additional work. To do this we will use the fact that the Cauchy kernel may
be represented as the subordination of the Gaussian kernel p?(t, z, y) which,
to avoid confusion here, we shall denote by

g(ta xz, y) = (47rt)_d/2 exp(—]:): - y’2/4t)7
by the one-sided stable transition function
fi(s) = m V247312 exp(—t2/45)1[07oo)(5), t>0,seR

of index 1/2. That is, we have
o
o) = [ ats.z ) ds
z,y € R%, t > 0. Similarly we have
o
i) = [ a0 fis) ds

T,y € Ri, t > 0, where g(s,z,y) = g(s,z,y) — g(s,z,7).

Let us now denote by gq(t,z,y), z,y € , t > 0 the heat kernel of the
Brownian motion Y; (running at twice the speed with kernel g(¢, z, y)) killed
on 2 C R% It is trivial that for Q; C Q9 we have go, (t,2,9) < ga,(t,z,),
x,y € Q1, t > 0. In addition, one easily checks that g(¢,z,y) = Ird (t,z,y)
and in particular we have gp, (t,z,y) < gRi(t,:c,y) and gp, (t,z,y) > 0,
z,y € Dy, t>0. Let us put

up, (t,2,y) = /0 9p. (52,9 fo(5) ds.

Then by standard arguments up, (t,z,y) satisfies the semigroup property.
That is,

(414) uD+(t1 +t2,$,y) _/ uD+(t1,x,z)uD+(t2,z,y) dZ,
D
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for x,y € D4, t1,to > 0. Indeed,
/ / 0D, (51,2, 2) fn (51) disy / 0D, (52,2, y) o (52) dso dz
D, Jo 0

Z/ / gD, (81 + 52, 2,y) fr, (51) ds1 fi,(s2) ds2
o Jo

Substituting s = s1 + s, ds = ds; the previous expression equals
o0 (o]
[ | 90t (915 = 52 i) s
o Jo
o S
— [ anetsn) [ fuls = sl dsads
0 0
But it is well known ([8], page 19) that fi, * fi,(s) = fi,+¢,(s). This gives
(4.14). Tt also follows easily that for fixed ¢ > 0, x € D, the function
y — up, (t,x,y) is continuous on D, and up_ (t,z,y) > 0 for z,y € D,

t>0.
Now, for z,y € D4 we have

o) = [ gasa)hil)ds
> [ op(sa)ils) ds = up. (t.2.)
0

It follows that for B(yg,r) C Dy, x € Dy, t >0,

/ po(t,z,y)dy

B(yo,r)

= lim / / e / p(t/n,x,z1)...p(t/n, zn_1,y)dz1 ... dzp—1 dy
" B(yo,r) J Dy Dy

> 1im/ / / up, (t/n,xz,21)...up, (t/n,2n_1,y)dz1 ... dzp_1 dy
B(yo,r) Y Dy Dy

n—oo

- / uD+ (tvxuy) dy)
B(yo,r)

where we used the semigroup property for up, in the last equality. From
this we see that

ﬁD(ta x, y) > Upy (t’ xz, y) > 07
for all ,y € D4, t > 0, and this completes the proof of the lemma. O
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Lemma 4.6. Forx,y € D we have pp(t,Z,y) = pp(t,x,y) andpp(t,z,y) =
pD(tvxay)'

Proof. This follows immediately from formula (4.13), the corresponding
properties for p(t,z,y) and the fact that D is symmetric relative to the
T1—axis. O

Proof of Theorem 4.3. Tt is easy to check that the kernel pp(t,x,y) defines
a semigroup on L?(Dy). Let us denote this semigroup by PP. By the
general theory of and the strict positivity of pp(¢,x,y) ([27]) there exists
an orthonormal basis of eigenfunctions {¥,} for L?(D,) and corresponding
eigenvalues {a,, } satisfying 0 < a1 < ag < az < ... for this operator. That is,
PP, (z) = exp(—ant)V,(x), z € Dy, t > 0, n € N. All the eigenfunctions
U, are bounded and continuous by the properties of the kernel pp (¢, z,y). In
addition, strict positivity of pp(t,z,y) implies that the first eigenfunction
W, is strictly positive and aq is simple. All this follows from the general
theory of heat semigroups as in [27].

Now define U,,(z) = U, (x) for € Dy, VU, (x) = —U, (&) for x € D_
and W, (z) = 0 for x € D\ (Dy U D_). It is easy to check that ¥, is an
eigenfunction for PP with corresponding eigenvalue a,. That is,

PPV, (z) = exp(—ant)¥,(z), z€D,t>0n¢eN,
In fact using Lemma 4.6 we get forx € D_, ¢t >0, n €N
e, (1) = —e ', (7) = —PtD\IJn(EE)

:_/ Pt 7,y) 0 ()dy+/ P (t,3,5)Wn(y) dy

D+ D+

—— [ polta @ Vay+ [ it W) dy
D+ D+

= [ poltaTutndy+ [ polta (o) dy = PPT ().
- +
For x € D\ (DyUD_) and x € Dy, this property may be checked similarly.
Of course, a priori we do not know that W,, is continuous for z € D\ (D4 U
D_). Since all eigenfunctions for PP have continuous extensions and ¥, is
continuous on D, we must have that ¥,, (defined as above) is continuous
on D.

Analogously if ¢, is an eigenfunction which is antisymmetric relative to
the z1-axis (¢n(x) = ¢n (7)) then we can show that @, (x) = 1p, (z)en(z),
x € D4 is an eigenfunction for PtD with corresponding eigenvalue A,. Thus
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there is one-to—one correspondence between the eigenfunctions for P and

the antisymmetric eigenfunctions for PP. It follows that ¢, = ¥; and
A« = a1 and all the properties of ¢, and A, follow from the corresponding
properties for ¥ and aq. This completes proof of the theorem. O

Theorem 4.7. Let D C R be a bounded Lipschitz domain and set

A, = —_ .
P 8:1:?

(i) For x € D we have Ayp1(z) < 0.

(ii) If in addition D is connected and symmetric relative to the x1-axis,
then for x € Dy we have Azp.(x) <O0.

Proof. Using Proposition 3.2 (iii) twice we obtain

82u1

W(w,t) = Ny (x,t) — M Py (z) + 2(1’3,57“1(30)), (x,t) € Hy.

ot

Since u; is harmonic in H,

82u1
W(xvt) = —Agui(z,t), (z,t) € Hy.
It follows that

~ SHBr(@), (@) € Hy
We know that for x € D we have uy(z,t) — p1(z) > 0, as t — 0. Since
r1 € LY(R?) and equals 0 on D, we get that Pri(x) — 0 for € D,
as t — 0T. To finish the proof of the first part of the theorem we must
show that for z € D, lim;_,+ (%Ptrl (x)) exists and is nonnegative and that
Ayup(x,t) tends to Agpr(z) ast — 0. To do this observe that for z € D
and ¢t > 0 we have

(4.15) Agup(z,t) = —Nuy(z,t) + M\ Pirq(z)

8(];;T1) (z) = /R ) %p(t,%y)ﬁ (y) dy.

Using the formula for %p(t,x,y) (Lemma 3.3 (b)) and the fact that r; €
LY(R%) and supp(r1) C D¢, we obtain that for x € D

. o(Br), r1(y)
(4.16) t£%1+ Y (x) =cq /Rd P dy.
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Since ¢1(z) > 0 on D, r1(x) > 0 on R? so the limit in (4.16) is nonnegative.

Now we will show that for z € D, Ayu;(z,t) tends to Ay (z) ast — 0.
Fix x € D, z € D and r > 0 such that B(z,3r) C D and = € B(z,r).
Let f € C(R?) be such that f = 1 on B(z,7) and f = 0 on B%(z,2r).
Set g(y) = 1 — f(y), y € R% Recall that p(t,z,y) = p(t,x — y) (where
p(t,y) = p(t,0,y)). For any t > 0,

i (2,t) = /de(t,w —y)(e1f)(y)dy + / pt,z —y)(p19)(y) dy

Rd

@) = [ eene=ndr+ [ o=
Note that ¢1 f = 0 on B¢(z,2r). Since ¢ is real analytic on D it follows
that ¢y f is C* on R?. Therefore for any ¢ > 0 we have

Aol [ ptene=ndn) = [ pt)Alerf)o =) do

However, the last integral tends to A, (p1f)(z) = Azpi(x), as t — 0T,
On the other hand,

@18) Al st =i = [ Al =)o) dy

Note that @19 = 0 on B(z,r) and that ;g is bounded and has compact
support. Using the formula for Agp(t,x — y) (Lemma 3.3 (c)) it is easy
to show that the integral on the right hand side of (4.18) tends to 0 as
t — 0%. Hence (4.17) gives that A,uj(z,t) tends to Aypi(z) as t — 0T
which finishes the proof of the first part of the theorem.

In the exact same way, we get (4.15) with wu; replaced by u., A1 by
A« and 71 by 7., where u.(z,t) = Pipy(x), re(x) = limy_ o+ (us(z,t)/t) for
r € int(D¢) and ry(x) = 0 for z € D. Notice that 7.(z) = —r.(Z) and
ro(z) > 0 for z € RY = {z € R? : 21 > 0}. It follows that for z € D,
the expression on the right hand side of (4.16) with r; replaced by 7, is
nonnegative. The rest of the proof is the same as in (i). This proves (ii) and
completes the proof. O

Proposition 4.8. Let D C R? be a connected bounded Lipschitz domain
which is symmetric relative to the x1—axis. Then

A < Vs
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Proof. We have (Theorem 3.8)

A\, = inf / |Vu(z, t)|* dz dt,
ueF« J g

where
Fe={ue F:|lul]a=1 and @ is antisymmetric relative to the x;—axis}.

Put v, (z,t) = exp(—/uxt)«(x), (z,t) € H. By direct calculations as in
the proof of Theorem 3.14, we get

/ |V, (2, t)|? de dt = \/fix.
H

It is easy to check that v, € F, and from this it follows that

A g/ |V, (2,1)|? do dt = \/fix,
H

proving the proposition. ]

5 The One Dimensional Case

In this section we study the Cauchy eigenvalue problem in one dimension
for the set D = (-1,1). In such a simple case we will be able to prove
several detailed properties for the eigenfunctions functions ¢, similar to
those discussed in the introduction for the eigenfunctions of the Laplacian.
Our main result in this section is Theorem 5.3 which provides information
on the second eigenfunction.

First, let us recall that the first eigenvalue A; is simple, its correspond-
ing eigenvalue 1 is positive (true for any domain of finite volume in any
dimension) and that by Corollary 2.2, 1 < A\; < 37/8. In addition to this,
we also have the following additional information on the shape of ;.

Theorem 5.1. Let D = (—1,1). Then ¢1 is symmetric relative to the origin
and concave. It is nondecreasing on (—1,0) and nonincreasing on (0,1).

Proof. Put ¢1(z) = p1(x) + p1(—z). It is easy to show that @ is also an
eigenfunction corresponding to A;. Since Ay has multiplicity 1 it follows that
1 is symmetric. The concavity of ¢; follows from Theorem 4.7. Since ¢ is
symmetric and concave on (—1, 1) it must be nondecreasing on (—1,0) and
nonincreasing on (0,1) and this completes the proof. O
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For our next result we need to recall a few facts for the one dimensional
Cauchy process. In one dimension the transition densities are given by

1 t

(5.1) p(t,z,y) = 2T (=)

where ¢ > 0, z,y € R. For any a > 0 and = € (—a,a) we have, by (2.12),
that

(5.2) E*(T(—aa) = Va? — 22.

The distribution of X (7(,4)) is given in [10] explicitly by the formula

1 (r? — |& — wo[H)/?
5.3 P*(X (7, eB_—/ dy,
( ) ( ( ( 7b)) ) T )5 (|y—£€0|2 —T2)1/2|x—y| Yy

where a,b € R, a < b, z € (a,b), B C (a,b)¢, zog=(a+b)/2, r=(b—a)/2.

Lemma 5.2. (i) For any a € (0,1) and z € (-1, —a),

PY(X(7(~1,—q)) € (a,1)) <

(ii) For any a € [1/4,1) and z € (=1, —a) U (a, 1),
1
EI(T(—I,—a)U(a,l))

> g(a),

where

9la) = 1- 8ma? 4ma®(1 — a)

The function g is positive and increasing on [1/4,1).

2 (1_ (1—a)2> :87Ta2—(1—a)2.

Proof. By (5.3) we get

1 1 (?”2 o ‘x _ x0‘2)1/2
54) PU(X(r_i_g) € (a,1)) = = dy,
4) PO ) € ) = [y
where r = (1 — a)/2 and 29 = (=1 — a)/2. For any = € (—1,—a) and
y € (a,1) we have 72 — |z —zo|> < 12, |y —20|> — 7% > (2a)? and |z —y| > 2a.
Therefore (i) follows from (5.4).
Let

q= sup E"(1_1,-q) = sup E%(1(41)) = (1—a)/2
ze(—1,—a) z€(a,l)
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and
p = sup PX(71,-a) € (a,1)) = sup P*(X(7(41)) € (—a,-1))
ze(—1,—a) z€(a,1)
< (1—a)?/(8md?).

By the strong Markov property we have that for any « € (—1,—a) U (a, 1)
= q
k __
Ew(T(—l,—a)U(a,l)) < ];_O qap = 1— p~

Note also that for a € [1/4,1) we have (1 — a)?/(87a®) < 1 (the interval
[1/4,1) is not of course optimal). Therefore the estimate for E*(7(_1,_q)u(a,1))
follows from the above bounds for p and ¢, and this proves (ii). O

Theorem 5.3. Let D = (—1,1). Then 2 < Ay <, it has multiplicity 1, its
eigenfunction s is negative on (—1,0), positive on (0,1) and antisymmetric
relative to the origin. @9 is convex on (—1,0) and concave on (0,1). In
particular, there is an a € (0,1) such that s is nondecreasing on (—a,a)
and nonincreasing on (—1,—a) and (a,1). The antisymmetric property is
inherited by ue in the sense that ug(x,t) = —ug(—x,t), (z,t) € H. In
addition, us has two nodal parts:

A={(z,t) e H:2<0,t >0} U{(x,0) € H:2 € (—-1,0)}

and
B={(z,t)e H:2>0,t>0}U{(z,0) € H:2z € (0,1)}.

with ug(z,t) <0 for (z,t) € A and ua(x,t) > 0 for (z,t) € B.

1 0 1

Figure 1. Nodal parts for us.

Remark 1. Of course, whenever s is an eigenfunction with eigenvalue Ao
so is —¢9, hence the above statements should be interpreted “up to sign.”
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Proof. By Theorem 4.3 there exists an eigenfunction ¢, with corresponding
eigenvalue \, satisfying the following properties: ||p.||2 = 1, ¢ is antisym-
metric, negative on (—1,0) and positive on (0,1). By Theorem 4.7 (ii), .
is concave on (0,1) and convex on (—1,0). If we denote u.(z,t) = Prpx(z),
(x,t) € Hy, then u, has two nodal parts A and B such as in the formulation
of the theorem.

By Proposition 4.8 we have A\, < /u2, where pz is the second eigenvalue
of the Dirichlet Laplacian in D = (—1,1). Hence A. < w. On the other
hand, note that A = (—1,0) (recall that A = {z € D : (z,0) € A}). So by
Proposition 3.12 and scaling we get

Ae = M((=1,0)) = 201 ((—1,1)) = 2); > 2.

We will now show that A\s = A, and that ¢, is the unique eigenfunction
corresponding to Ae. Suppose on the contrary that there exists an eigen-
function ¢ (with ||¢||2 = 1) corresponding to Ag which is different from .
That is, ¢ # ¢« and @ # —p,. By Theorem 4.1 ¢(x) is real analytic on D.
In particular, the zeros of ¢(z) have no accumulation points in D. We will
say that a real analytic function f : D — R changes sign at the point x¢g € D
if there exists ¢ > 0 such that f(z) > 0 on (xg,z9 4+ ¢) and f(z) < 0 on
(xo—e,x0) or such that f(z) < 0on (zg,x0+¢) and f(z) > 0on (zg—e, o).

Consider v(x,t) = Pyp(z), (z,t) € Hy and v(x,0) = ¢(z), z € RY. By
Theorem 3.11 the function v has no more than two nodal parts. Since ¢ is
orthogonal to ; it must change its sign and hence v has exactly two nodal
parts.

We will show that ¢ changes sign at no more than two points in D.
Assume this is not the case. That is, ¢ changes sign at more than two
points. We may assume that ¢ changes the sign at 3 consecutive points a;,
az, as (a1 < az < az). We may also assume that ¢(z) > 0 for = € (ag,a1)
and z € (az,a3) and ¢(z) <0 for x € (a1,a2) and x € (a3, ay), where

—1<agy<a <as<ag<ayg <1.
Let us denote A; = {(z,0) € H : x € (a;—1,a;) and p(z) # 0}, i = 1,2,3,4.

All sets Ay, Ay, A3, Ay are nonempty. Let Py = {(z,t) € H : v(z,t) > 0}
and P_ = {(x,t) € H : v(x,t) < 0}. Of course A; U Az belongs to Pj.
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-1 ao ai az as a4 1

Figure 2. Nodal parts for v.

If P, is connected then P_ is not connected and v has more than two
nodal parts. If Py is not connected then again v has more than two parts.
This gives a contradiction and shows that ¢ changes its sign at no more
than two points in D.

By Theorem 4.3, ¢ is not antisymmetric. This follows from the fact
that ¢ # ., ¢ # —p, and that every antisymmetric eigenfunction (with
norm 1) different from ¢, (or —¢.) has greater corresponding eigenvalue.
Set o(x) = ¢(x) + ¢(—z). By the last remark ¢ is not identically zero. It
easy to show that @ is an eigenfunction with corresponding eigenvalue A,.
Hence from our assumptions on ¢, it follows that there exists a symmetric
eigenfunction with corresponding eigenvalue Ao. Therefore we assume that
© is symmetric. We have shown that v = P;¢ has two nodal parts and that ¢
changes its sign at no more than two points in D. Since it must change sign
and is symmetric, it must change sign at exactly two points in D. Therefore
there is an a € (0,1) such that ¢p(a) = ¢(—a) = 0 and ¢ change sign at
a and —a. We may assume that ¢(z) > 0 for x € (—=1,—a) U (a,1) and
o(x) <0 for z € (—a,a).

U_

1 —a 0 a 1

Figure 3. Nodal parts for v.

Let us denote
Uy ={(z,t) € H : v(x,t) > 0},

and
U_ ={(z,t) € H : v(z,t) < 0}.
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If U_ is unbounded then U, would not be connected and v would have more
than two nodal parts. Hence, U_ is bounded. Denote by N = {(z,t) € H; :
v(x,t) = 0} the nodal line for v. Note that we have used Hy (and not
H) in the definition of N. The function ¢ is analytic in D, hence its zeros
have no accumulation points in D. Thus the zeros at points —a and a are
isolated. If N N {(x,0) : z € R} is different from {—a,a}, then either U, or
U_ would not be connected and v would have more than 2 nodal parts. We
must therefore have N N {(z,0) : x € R} = {—a,a}. Let

Il ={(z,0):z>1} and - ={(z,0):2<—1}.

From the above it follows that for each point (z,0) € I; Ul_ there exist
s = s(z) > 0 such that for (y,t) € {(y,t) € Hy : |(y,t) — (x,0)] < s}, we
have v(y,t) > 0. Let r(z) = lim;_,o+ v(x,t)/t for |z| > 1 and 0 for |z| < 1.
This r(x) is nothing more than the function defined in Proposition 3.1 and
it follows that r(z) > 0 for all z € R.

We shall now apply Proposition 3.15 which is the key argument in this
proof. From this it follows that if for some (z¢,t9) € H we have v(zg,ty) > 0,
then for all ¢t > to we have v(zg,t) > 0. Recall that for z € (—1,—a] U [a,1)
we have ¢(x) = v(z,0) > 0 and for all |x| > 1 we have p(z) = v(z,0) = 0.
Therefore for all |x| > a and t > 0 we get v(z,t) > 0. Thus U_ C (—a,a) x
[0,00). Since the first eigenvalue iy for the Dirichlet Laplacian in (—a,a) is
72 /4a?, it follows from Theorem 3.18 that A > 7/2a. On the other hand,
for the interval (—1,1) the second eigenvalue of the Dirichlet Laplacian is
7% and hence Theorem 3.14 gives Ay < . We conclude that

S <hsm
iFrom this it follows that a > 1/2. Since p(z) < 0 for all x € (—a,a), it
follows that U, C (—1,—a)U(a, 1), where Uy = {z € D : (z,0) € Uy }. The
set (—1, —a)U(a,1) is trivially a bounded Lipschitz domain. By Proposition
3.12, the fact that a > 1/2, and domain monotonicity of A1, we obtain

Ao > Ai((=1,—a) U (a,1)) > A ((—1,—1/2) U (1/2,1)).

Put Q = (—-1,—-1/2) U (1/2,1). From Proposition 2.1 and Lemma 5.2 we
conclude that

1 2 (1-1/2)*\ 1
M) 2 sup,cq E*(1q) 1= 1/2 (1 -~ 8n(1/2)2 > =14 (1 87r) '

7> A > M (Q) > (sup E%(mq)) "t >4 —1/(27) >,
zeQ
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which gives a contradiction and completes the proof of the theorem. O

When dealing with Brownian motion (the Laplacian) in D = (—1,1), we
know the full set of eigenfunctions and eigenvalues. The above theorem gives
some information, although not as precise, on the second eigenvalue and the
second eigenfunction for the Cauchy process. It would be very desirable to
develop some general techniques to study properties of higher eigenvalues
and eigenfunctions for the Cauchy process and, in particular, to gain a better
understanding of their geometric properties. For general eigenfunctions this
goal seems too ambitious at this point. In the next theorem we aim to gain
some understanding for ¢3 and for the corresponding Steklov function us.
We hope that even some limited knowledge on ¢3 and us can provide some
intuition about other eigenfunctions.

Theorem 5.4. Let D = (—1,1). Then, 3.4 < X3 < 37/2, it has multiplicity
1, its eigenfunction @s is symmetric and has two zeros at —a,a, where a €
[1/3,0.6]. Moreover, @3 is positive on (—1,—a) U (a,1) and negative on
(—a,a). The corresponding Steklov function us satisfies us(x,t) = ug(z, —t),
(x,t) € H and has two nodal parts A and B. Assume that uz(x,t) > 0 for
(x,t) € A and us(z,t) < 0 for (z,t) € B. Then B C (—a,a) x [0,00) and
B is bounded. If ug(xo,tg) > 0 for some (xg,tg) € H then for all t > ty we
have ug(xg,t) > 0.

B

-1 —a 0 a 1

Figure 4. Nodal parts for us.

A remark similar to that after Theorem 5.3 applies here as well concern-
ing the sign of 3.

Proof. By Theorem 3.11 ug has at most 3 nodal parts. In follows from the
argument, of Theorem 5.3 that if ug has 2 nodal parts then it changes its
sign at no more than 2 points. In a similar way, it may be shown that if the
function us has 3 nodal parts then it changes sign at no more than 4 points.
From this we conclude that if u3 has 2 nodal parts then it changes sign at
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no more than 2 points and if w3 has 3 nodal parts then it changes sign at
no more then 4 points.

Next we show that @3 is symmetric. Assume on the contrary that g is
not symmetric. Put ¢(z) = p3(x)—¢3(—z), r € D. Then ¢ is antisymmetric
and orthogonal to the antisymmetric eigenfunction ¢s. Therefore ¢ must
change sign at least at 3 points (including the origin 0). Let v(z,t) = Pip(x),
(x,t) € H. Since  is antisymmetric and changes sign at at least 3 points, v
must have at least 4 nodal parts, which gives a contradiction. Therefore 3
is symmetric. From the above it follows that only the following cases can
oceur:

e Case 1: ug has 2 nodal parts and 3 changes sign at 2 points.
e Case 2: usg has 3 nodal parts and 3 changes sign at 2 points.

e Case 3: us has 3 nodal parts and 3 changes sign at 4 points.

Assume that Cases 2 and 3 do not occur. (These cases will be ruled out
later, they represent the most difficult part of the proof.) Since we have not
yet shown that A3 has multiplicity 1, our assumption is the following: For
any eigenfunction corresponding to Az, Case 2 and Case 3 can not happen.
Under this assumption we will show that the functions 3 and us have the
properties asserted by the theorem.

As in the proof of Theorem 5.3, there exists an a € (0,1) such that
v3(a) = p3(—a) = 0 and ¢3 change sign at a and —a. We may assume that
w3(z) > 0 for z € (—1,—a) U (a,1) and ¢3(z) < 0 for z € (—a,a). Put
A = {(z,t) € H : ug(xz,t) > 0} and B = {(z,t) € H : uz(x,t) < 0} (see
Figure 4). Let r3(z) = lim;_,o+ ug(x,t) for |z| > 1 and r3(x) = 0 for |z| < 1.
By the same arguments as in the proof of Theorem 5.3 we get that r3(z) > 0
for all x € R. Proposition 3.15 now yields that if for some (zg,ty) € H we
have us(zg,tg) > 0, then for all ¢t > to we have us(zg,t) > 0. Note that for
all z € (—1,—a) U (a,1) we have p3(x) = us(z,0) > 0 and for all x| > 1 we
have u3(z,0) = 0. Therefore for all |x| > a and t > 0 we have us(z,t) > 0.
Hence B C (—a,a) x [0,00). Of course, B must be bounded or else, as
before, A will not be connected.

From Proposition 3.17 we get that ¢3(z) > 0 for all z € (-1, —a)U(a, 1).
We will also show that p3(x) < 0for all z € (—a, a). We know that p3(x) <0
for all z € (—a,a). If p3(zg) = 0 for some zy € (—a,a) then by Proposition
3.15, us(xg,t) > 0 for all t > 0 and B will not be connected. Therefore the
eigenfunction (3 on the set D has exactly 2 zeros at points —a and a.
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We next estimate A3 and a. Since B C (—a,a) x [0,00), Theorem 3.18
gives A3 > 7/(2a). On the other hand, by Theorem 3.14 we have \3 <
VI3 = /(3m/2)2 = 31/2 (as before, u3 is the solution of the Dirichlet
eigenvalue problem (3.31)). Therefore 7/(2a) < 37/2 and so a > 1/3. This
gives the desired upper bound for A3 and the lower bound for a.

We also have A = (—1, —a)U(a, 1) (recall that A = {z € D : (z,0) € A})
and by Proposition 3.12 we get

A3 > )\1(21) > (sup E‘”(TA))A.
z€A

Since a > 1/3, we obtain

A3 > (sup E¥(r5)) " > g(a),
T€EA

where g is given in Lemma 5.2.

Put f(z) = 7/(2z), x € [1/3,1]. We have

A3 2 max{f(a),g(a)}.

We note that f, g are continuous on [1/3,1), f is decreasing and g is in-
creasing. We also have f(1/3) = 3n/2, ¢(1/3) < 2/(1 —1/3) =3 < 37/2,
f(1) = 7/2 and lim_,;- g(b) = oo. Therefore there is exactly one zy €
(1/3,1) such that f(x¢) = g(zo). Moreover,

Az > max{f(a),g(a)} = f(zo)

and for any x € (z9,1) we have A3 > f(xo) > f(x). We will show that
0.46 > xg. Indeed, g(0.46) > 3.48 and f(0.46) < 3.42. Hence f(0.46) <
9(0.46) which gives 0.46 > xy. Thus A3 > f(0.46) > 3.4.

We will show that a < 0.6. We have 37/2 > A3 > g(a). Since g is
increasing it suffices to show that ¢(0.6) > 37/2. In fact, ¢(0.6) > 4.8 >
3m/2.

Next we prove that A3 has multiplicity 1. As before, we argue by con-
tradiction. Assume there are two eigenfunctions ®;, ®5 corresponding to
A3 which are orthogonal ([, ®1(x)®2(z)dr = 0) and [|®1]]2 = [|P2][2 = 1.
Let us recall that we are under the assumption that Cases 2 and 3 do not
occur. Therefore both ®; and &5 satisfy the conditions of case 1. Hence the
functions ®; and ®- are symmetric and have exactly 2 zeros at points —ay,
a;. If a; = ag then ®; and ®5 would not be orthogonal and this can not
happen.
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We may assume that 0 < a; < az < 1 and that for ¢ = 1,2, we have
®;(x) > 0 for x € (—1,—a;) U (a;,1) and ®;(x) < 0 for z € (—ay,a;).
Consider functions f; = (1 — t)®g — t®y, t € [0,1]. Of course, for each
t € [0, 1] the function f; is also an eigenfunction corresponding to A3. Note
that for x € [—ag, —a1]U[a1,as] fi(x) < 0. Of course, fy = P2 and fo(xz) <0
for z € [—ay, a;1]. Let

s =inf{t € [0,1] : max{fi(z) : z € [—a1,a1]} = 0}.

Since f; = —®1, s < 1. We have max{fs(x) : * € [—a1,a1]} = 0. Let us
denote the point at which this maximum is attained by y;. We have fs(y1) =
0 and fs(z) <0 for all x € [—ay,a1]. Since for x € [—ag, —a1] U [a1,as] we
have fs(z) < 0 and fs (as an eigenfunction for Az) is orthogonal to ¢ > 0,
there exists y2 € (—1,—a2) U (ag, 1) such that fs(y2) > 0. Of course, f,
is symmetric so we may assume that yo € (a2,1) and fs(—y2) = fs(y2) >
0. Now for sufficiently small ¢ > 0 we have fsi.(—y2) = fsye(y2) > 0,
fste(y1) > 0 and fsyo(—a2) = fsie(az) < 0 (because for all t € (0,1]
fi(ag) < 0) . Since —y2 < —az < y1 < a2 < yz we obtain that fs changes
sign in more than at 2 points. But recalling again that we are under the
assumption of Case 1, this cannot happen. So, (under assumption that
Cases 2 and 3 can not occur) we obtain a contradiction, and conclude that
A3 has multiplicity 1.

Our goal now is to show that for any eigenfunction corresponding to As,
Case 2 and Case 3 cannot happen. To obtain a contradiction let us assume
that there exists an eigenfunction corresponding to A3, denote it again by
3, such that @3 satisfies conditions of either Case 2 or Case 3. Recall that
in both cases we may assume that o3 is symmetric. We look at each of the
two cases separately.

Case 2. us = P;p3 has 3 nodal parts and (3 changes sign at 2 points.
Let a € (0,1) and assume that (3 changes sign at —a, a and @3(z) > 0 for
x € (—=1,—a) U (a,1) and ¢3(x) < 0 for z € (—a,a). We will consider two
subcases.

Case 2a: The set {(z,t) € H : u(x,t) > 0} is not connected.

Under this assumption, ug has 2 nodal parts A, B, on which ug > 0 and
a nodal part C' on which us < 0, see Figure 5.
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Figure 5. Nodal parts for u3. T'wo possibilities in Case 2a.

Since the set {(x,t) € H : u(z,t) > 0} = AUB is not connected the nodal
part C = {(z,t) € H : u(z,t) < 0} is not bounded and by the symmetry of
3, we must have u3(0,t) < 0 for all ¢ > 0. On the other hand, we know
that 3 is orthogonal to ¢; and so

1
/_1 p3(z)p1(z) de = 0.

Let us recall that ¢; is positive, non-constant, symmetric, nondecreasing on
(—1,0) and nonincreasing on (0, 1). Therefore we get

1
/_ w3(z)p1(a)dr >0,

1

which implies
1
/ w3(x) dxr > 0.
-1

But for ¢ > 0,
1t
w(0.0) = Puga0) = = [ ety
It follows that .
tws0,8) = = [ alo) do

TJ-1

as t — oo. Therefore for sufficiently large ¢ we have uz(0,t) > 0 which
contradicts the fact that u3(0,¢) < 0 for all ¢ > 0 and Case 2a cannot occur.

Case 2b. The set {(x,t) € H : uz(x,t) > 0} is connected.

Then w3 has 2 nodal parts A and B on which uz < 0 and a nodal part
C on which ug > 0, see Figure 6.
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Figure 6. Nodal parts for uz. Case 2b.

As before, we have r3(x) > 0 so (by Proposition 3.15) it follows that
A C (—a,0) x [0,00). Therefore by Theorem 3.18, A\3 > m/a. Since 37/2 >
Az, we get 37/2 > w/a. Hence, a > 2/3. Put Q = (—1,-2/3) U (2/3,1) and
recall that
C={reD:(x,00€C}C(~1,—a)U/a,1).

By Proposition 3.12 and domain monotonicity of A;, we have

A > A((=1,—a) U(a,1)) > Ai((=1,—2/3) U (2/3,1))

a -1
(supEx(m)> >g(2/3) > 5> 3m/2,
e

v

which gives a contradiction (g is given in Lemma 5.2).

It remains to rule out Case 3.

Case 3. wug has 3 nodal parts and 3 changes sign at 4 points. Let
a,b € (0,1), a < b and assume that 3 changes sign at —b, —a, a, b and
that p3(z) > 0 for x € (—1,-b) U (—a,a) U (b,1) and ps(x) < 0 for z €
(=b,—a) U (a,b). As above, we will consider 2 subcases.

Case 3a. The set {(z,t) € H : ug(z,t) < 0} is connected.

+
[\
1 b —a 0 a b 1

Figure 7. Case 3a.

Under this assumption, ug has 2 nodal parts A, B on which uz > 0 and
a nodal part C' on which u3 < 0. Note that rz(xz) > 0 for all z € R and
therefore by Proposition 3.15 we obtain that us(x,t) has the following prop-
erty: If us(zo,to) > 0 for some (zg,tg) € H then for all t > tg, us(zo,t) > 0.
This contradicts the connectedness of the set {(x,t) € H : ug(x,t) < 0}.
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Case 3b. The set {(x,t) € H : uz(x,t) < 0} is not connected.

Figure 8. Case 3b.

This is the most difficult case to rule out. In this case ug has 2 nodal
parts A, B on which ug < 0 and a nodal part C' on which ug > 0. Note that
rs(x) > 0 for all x € R. Therefore by Proposition 3.15, A C (—b, —a) x [0, c0)
and B C (a,b) x [0,00). By Proposition 3.17 we get that p3(z) > 0 for
x € (—1,-b) U (b,1). By Theorem 3.18 we get A3 > 7/(b — a) and by
Theorem 3.14, A3 < 37/2. Therefore b —a > 2/3. Put Q = (—1,—b). Then
7o < 7p and by (2.2) for z € Q we have

D
Nlos@) = Gpps(a) = B /O o(X,) dt

TD

TQ
_E‘”/ <p3(Xt)dt—|—Ex/ os(X,) dt
0 T

Q

_ e /Om os(X,) dt + E* <(/OTD os(X2) dt) 0 em> .

By the strong Markov property this is

TQ ™D
Ew/ ©3(X,) dt + E® <EX(TQ)/ ©3(Xy) dt; X (1) € D\ Q)
0 0

= Gaps(r) + E*(Gpes(X(ma)); X (1) € D\ Q)
= Gaws(a) + A3 E*(p3(X(10)); X (10) € D\ Q).

It follows that for x € 2 we have

N ¢a(a)

(5.5) T Gops(@)  Gaps(@) + A3 LB (ps(X(m0)): X(a) € D\ Q)

We want to estimate E*(p3(X (mq)); X (1) € D\ Q). Since g3 is orthogonal

to ¢1,
/D w3(y)e1(y) dy = 0.
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Since @1 is positive, symmetric on (—1,1), nondecreasing on (—1,0) and
nonincreasing on (0, 1), we obtain that

b
0 > /_bws(y)wl(y)dy

—a a b
> / wz(y)w(a)der/ wz(y)wl(a)der/ w3(y)p1(a)dy

-b —a

b
/b<p3(y) dy < 0.

Using the density for P*(X(1q) € -) given by (5.3) we see that for x € Q
we have

and it follows that

(5.6)  F(ps(X(ra)); X (ra) € D\ Q) = /D LW

where
1 (7”2 — |z — aco|2)1/2

0 = =P )
= (1-10)/2 and 29 = (—1 — b)/2. Of course, f depends on z and y
but z may be treated as fixed. We have f(y) = cp(y)q(y), where ¢ =

(% = v — 202, p(y) = (Jy — wol* —r2) 7Y%, q(y) = |z —y|~*. We may
assume that r < —b < y < 1. For such z, y we have

P (y) = —(y — 20)((y — z0)* — 12) 732 <0,

() = 2y — 20 + )((y — w0 — 1) > 0
and
q(y)=—-(y—2)2<0,¢"(y) =2y —2)~> > 0.

Therefore

() = c@"()aly) + 20 (v)d'(y) + p(y)d" (y)) > 0.

In other words, f(y) is a convex function for y € (—=b,1). Let 0 <y < z < b.
We have f(z) — f(y) = (z —9)f'(§), € € (y,2) and f(—y) — f(—2) =
(z=y)f'(n), n € (—z,—y). By convexity we see that f'(£) > f'(n), so
fz) = fy )Ef( y) — f(=2). Therefore f(z) + f(=2) = f(y) + f(—y) for

0<y<z<h.
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We know that ¢3 is symmetric, p3(y) > 0 for y € (—a,a) and p3(y) <0
for y € (—b, —a) U (a,b). Hence

b
/ o3(0) £ (v) dy

—b

a b
= /Ows(y)(f(y)Jrf(—y))der/ e3(y)(f(y) + f(~y))dy

a b
< / o3)(F(a) + F(—a)) dy + / o3()(F(a) + F(—a)) dy
b

— (@ +saz [ alt) do

But we know that the last integral is negative and therefore

b
/ o3(0)(y) dy < 0.

—b
Thus for x € Q = (—1,—b) we get by (5.6)

E*(p3(X(10)); X(10) € D\ Q) < E*(p3(X(10)); X(10) € (b,1)).

Note also that for x € 2 the denominator on the right hand side of (5.5) is
positive. Therefore for z € 2 we get from (5.5)

(5.7) A3 > - #s(z) .

Gaps(z) + A3 £ (p3(X(0)); X(10) € (b,1))
Let ||¢3]la = sup{ps(x) : © € Q} and z, € Q be such that ¢3(z.) = ||¢3]la-
By symmetry, sup{ps(z) : z € (b,1)} = ||¢3||q. Putting z = z, in (5.7) we
obtain

. s lsllo
" lleallaGal(e.) + 35 llealloP™ (X (ra) € (.7)

1
(5.8) T B () + 3 P (X(mm) € (b,1))

By Lemma 5.2 (i), the formula (5.2) and the fact that b € [2/3,1), we get
E*(1q) < (1—-15)/2<1/6 and

(1 —b)? 1
AL G

8wb?  — 327
Also, A3 > A2 > 2. Therefore the expression in (5.8) is no smaller than
(1/6 + 1/(647))~' > 5. By (5.7) we get A3 > 5 > 3m/2, which gives a
contradiction and completes the proof of the theorem. O

P*(X(mq) € (b,1)) <
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We conclude with a proposition providing some information for general
An’s and general ¢,,’s in D = (—1,1).

Proposition 5.5. Let D = (—1,1) and n € N. Then A\, < nn/2 and ¢,
has no more than 2n — 2 zeros in D.

Proof. The inequality A, < nm/2 follows from Theorem 3.14 and the fact
that for D = (—1,1), u, = (n7/2)?, where p, are the eigenvalues for the
Dirichlet Laplacian in D, problem (3.31).

For zg € D we will say that the Steklov function u,, changes the sign at
(w9,0) € H if for each r > 0 the set {(z,t) € H : (x—m0)?>+t> < r?} contains
the points for which u,(z,t) < 0 and the points for which u,(z,t) > 0. By
Proposition 3.17 and Theorem 4.1 if ¢,(x¢9) = 0, 9 € D, then u, must
change sign at (x,0). If u, changes sign at (z,0), x € D more than 2n — 2
times, then w, would have more than n nodal parts (we omit the details
here). But this is impossible by Theorem 3.11. It follows that ¢, has no
more than 2n — 2 zeros in D as asserted by the proposition. O
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